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blue one. The violinist drinks orange juice. The fox is in
a house next to that of the physician. The horse is in a
house next to that of the diplomat. [Hint: Make a table
where the rows represent the men and columns represent
the color of their houses, their jobs, their pets, and their
favorite drinks and use logical reasoning to determine the
correct entries in the table.]

43. Freedonia has 50 senators. Each senator is either honest
or corrupt. Suppose you know that at least one of the
Freedonian senators is honest and that, given any two
Freedonian senators, at least one is corrupt. Based on these
facts, can you determine how many Freedonian senators are
honest and how many are corrupt? If so, what is the answer?

44. Find the output of each of these combinatorial circuits.
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45. Find the output of each of these combinatorial circuits.
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46. Construct a combinatorial circuit using inverters,
OR gates, and AND gates that produces the output
(p ∧ ¬r) ∨ (¬q ∧ r) from input bits p, q, and r.

47. Construct a combinatorial circuit using inverters,
OR gates, and AND gates that produces the output
((¬p ∨ ¬r) ∧ ¬q) ∨ (¬p ∧ (q ∨ r)) from input bits p, q,
and r.

1.3 Propositional Equivalences
1.3.1 Introduction
An important type of step used in a mathematical argument is the replacement of a statement
with another statement with the same truth value. Because of this, methods that produce propo-
sitions with the same truth value as a given compound proposition are used extensively in the
construction of mathematical arguments. Note that we will use the term “compound proposi-
tion” to refer to an expression formed from propositional variables using logical operators, such
as p ∧ q.

We begin our discussion with a classification of compound propositions according to their
possible truth values.

Definition 1 A compound proposition that is always true, no matter what the truth values of the proposi-
tional variables that occur in it, is called a tautology. A compound proposition that is always
false is called a contradiction. A compound proposition that is neither a tautology nor a con-
tradiction is called a contingency.

Tautologies and contradictions are often important in mathematical reasoning. Example 1 illus-
trates these types of compound propositions.

EXAMPLE 1 We can construct examples of tautologies and contradictions using just one propositional vari-
able. Consider the truth tables of p ∨ ¬p and p ∧ ¬p, shown in Table 1. Because p ∨ ¬p is always
true, it is a tautology. Because p ∧ ¬p is always false, it is a contradiction. ◂


