The Basics of Trigonometry

I. Definitions

A. An angle is formed by rotating a ray around its endpoint or vertex. The initial
position of the ray is the initial side of the angle, while the location of the ray
at the end of its rotation is the terminal side of the angle. If the rotation of an
angle is counterclockwise, the angle is positive; if the rotation is clockwise, the

angle is negative.
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B. An angle is in standard position if its vertex is at the origin of a rectangular
coordinate system and its initial side is along the positive x-axis. An angle in
standard position is said to lie in the quadrant where its terminal side lies.
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C. An angle in standard position whose terminal side coincides with the x-axis or
y-axis is called a guadrantal angle. Two angles with the same initial side and
the same terminal side, but different amounts of rotation, are called coterminal

angles.
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Suppose a circle has radius » > 0. Let @ be a central angle of the circle. If @
; : ; s
cuts off an arc of length s on the circle, then the radian measure of @ is @ = -
¥
The radian measure of an angle is the ratio of the arc length cut by the angle to
the radius of the circle. For this reason, a radian measure is a real number
without any units.
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Example: Convert 150 to radian measure and 7:5 to degree measure.

150°=150°{ d ]:Sﬁ and %[]80 ]:7(45"):315"
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E. Let P(x,y) be a point other than the origin on the terminal side of an angle
@ in standard position. Let r be the distance from the origin to P(x,y);ie

r=qx?+ y2 . Then the trigonometric ratios of @ are defined as follows:
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Example: The terminal side of an angle & goes through the point (-3, 4).
Find the values of the trigonometric ratios of ¢ .
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II. Trigonometric ratios for special angles
A. 0°
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B. 30° Recall from geometry thatin a 30° —60° —90°

h% triangle, the hypotenuse is always twice as long
? as the shortest side (side opposite the 30° angle)
and the medium side (side opposite the 60°
(\@ ;1) angle) is J3 times as long as the shortest side.
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C. 45° Recall from geometry that in a 45° —45° —90°
y triangle, the legs are the same length and the
T hypotenuse is v/2 times as long as either of the
(1, 1) legs.
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r=\/x2+y2 =\/02+12 =J1=1

sin90° = ]1 = csc90° =1
o 0 s A
cos90 =T:O sec90 =6=undeﬁned
o 1 s 0
tan 90 =6=undeﬁned cot90 =T:O
r=q(-D?+0% =1=1
: o 0 o 1
sin180 :TZO cscl180 =6:undeﬁned
o _I o 1
cosl80" =—=-1 secl80 =—1=~1
0 o —1
tan180 =—1=0 cot180 =F=undeﬁned
r=10%+(-1)% =1=1
. o —1 o
sin 270 =T:_] csc 270" =-1
. 0 o 1
cos270 =T:O sec270 =6=undeﬁned

tan270° = _F] =undefined cot270° = % = {]



II1. Trigonometric ratios using quadrants and reference angles

A. Trigonometric ratios and quadrants
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Sin and csc All trig ratios
are positive are positive.
< 1
Tan and cot Cos and sec
are positive are positive
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Example 1: Suppose that cosa = —% and ¢ lies in quadrant I1. Find the other
5

trigonometric ratios for « .
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cosaz—gz—:smcer>0,x=—3 and r=5. To find y, r=\fx2+y2 =
r

5:\¢(—3)2 +y2 :>2S=9+y2 :>y2 =16 = y =14. Since « lies in
quadrant I, y >0 = y = 4.
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Example 2: Suppose that tan f = — and sin f < 0. Find the other trigonometric
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ratios for f.
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B. 30°, 150°, 210°, 330°
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C. 45°,135°,225°, 315°
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The reference angle for the angle « is the positive acute angle formed by the
terminal side of & and the x-axis. The following diagrams show the reference
angle f for an angle & whose terminal side lies in the second, third, or fourth

quadrants. Quadrantal angles do not have a reference angle. The reference angle
for an angle in the first quadrant is the given angle.
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Example 1: Find the exact value of tan120°.

The terminal side of the angle whose measure is 120° lies in the 2™ quadrant,

so 180" —120° = 60° is the reference angle. Also, tan is negative in the 2"
quadrant. Thus, tan120° = —tan 60° = —/3 .

Example 2: Find the exact value of sin210°.

The terminal side of the angle whose measure is 210° lies in the 3™ quadrant,
so 210° —180° =30° is the reference angle. Also, sin is negative in the 3™
quadrant. Thus, sin210° = —sin30° = —;.

Example 3: Find the exact value of cos315°.

The terminal side of the angle whose measure is 315° lies in the 4™ quadrant,

s0 360° —315° =45° is the reference angle. Also, cos is positive in the 4"

o ~0 2
quadrant. Thus, cos315° =co0s45° = V2
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Practice Sheet — The Basics of Trigonometry

Convert the following degree measures to exact radian measures:
(1) 35°= (2) 150°= (3) 220°= (4) 405°

Convert the following radian measures to degree measures:

(1)

W | b

= 2) gﬁ: (3) —7= () §x=

The terminal side of an angle & goes through the point (8, — 15).

(Hr= (2) sin@= (3) cos@= (4) tan@=
Suppose that tana = —i and cosa < 0.

(1) sinex = (2) cosa=

Suppose that sin f = g and tan 5 > 0.

(1) cos = (2) tan B =

Find the exact values for each of the following:

(1) sin45°= (2) cos90°= (3) tan150° = (4) sin240°=
(5) cos315°=  (6) tan390°= (7) sin510° = (8) cos(=60°) =
(9) tan(=135°) = (10) sin(=90°) =

10



Solution Key for The Basics of Trigonometry
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