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1 Section 6.1 Problem 11

A unit mass hangs in equilibrium from a spring with a constant k = 1—16 Starting

at t = 0, a force F(t) = 3sin (¢) is applied to the mass. Find its displacement
for t > 0.

To start out, we need to derive the Differential Equation we’ll be working

with for this problem. The textbook gives us a general equation of motion for
mass:

my" + ¢y + ky = F(t)
The problem gives us a few given values: m, k, and F(¢). Since we’re working
with a unit mass, the mass in our problem will be 1g. Section 6.1 focuses
specifically on working with undampened springs, meaning our value of ¢ will

be 0. Lastly, we're provided F'(t) = 3sint. Plugging our given values into the
equation of motion for mass, we get:

Y’ + 15y = 3sin (t)

Now, we have a second-order linear non-homogeneous equation! Let’s go
through what finding the solution for this equation looks like.

First, we need to find the solution of the associated homogeneous equation:
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Since this is a case 3 homogeneous second-order equation, the solution to yp
will be:

r



— in 1 1
Yn = €181 3t + c2 cos ;1.

Now that we have our yp, we now need to find our particular solution y,. To
do this, let’s start off by assuming that y, will take the form of Asint¢. Then,

yp = Asint
yp = Acost
yp = —Asint

Plugging back into our original equation:

—Asint — £ (Asint) = 3sint
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Bringing our y; and ¥, together, we get the general solution of:
(t) 10 Gt 4 e sin ot + o sin -t
= ——sint 4 ¢y sin =t + co sin —
Y 5 LT sy

This general solution represents the displacement or change in position acting
on our mass at some time t. However, we know from the problem that at
t = 0, our mass is hanging in equilibrium. When something is in equilibrium,
that implies that its positionality, or y(0) will be equal to 0. Therefore,
y'(0) = 0 as well. Remember that for initial value problems, we’re typically
given values for y(t) and y'(t).

y(0) = =28 sin (0) + 1 sin (0) + 2 cos (0)

y'(0) = =28 cos (0) + %1 cos (0) — o sin (0)



Therefore, the particular solution for the displacement of our mass on an
undampened spring at ¢ > 0 can be found with the equation:

y(t) = =3%sin (t) + & sin §(¢)



