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Preface

The text A First Course in Linear Algebra presents an introduction to the fascinating subject of linear
algebra for students who have a reasonable grasp of basic algebra. It was originally written by Ken Kuttler
who generously made it available under an open license. The text has since been extensively revised and
adapted by various contributors under the guidance of the Lyryx Learning editorial group.

The 2023 A version celebrates the 10 anniversary of the text!

The major techniques of linear algebra are presented in detail, with proofs of important theorems
provided. Various additional topics and applications of key concepts are explored in an effort to assist
those students who are interested in continuing on with linear algebra connections to other fields, or to
pursue the subject in advanced courses.

A new feature “Looking under the Hood” provides additional insight into key results for the benefit
of students interested in better understanding how these techniques actually work! Those can be found
throughout the book where appropriate, and can be omitted without loss of continuity.

Each chapter begins with a list of desired outcomes for students to achieve upon completing the chapter.
Throughout the text, examples and diagrams are included to reinforce ideas and provide guidance on how
to approach various problems. Students are encouraged to work through the suggested exercises provided
at the end of each section, with selected solutions found at the end of the text.

As this is an open licensed text, everyone is encouraged to interact with the textbook through annotat-
ing, revising, and reusing to their advantage.

This open text is part of the Lyryx with Open Texts project. Authors and the Lyryx editorial team
develop and update open texts which are made available at no cost to everyone. Various supplements,
including slides and chapter exercises are available to Lyryx with Open Texts users.

Lyryx with Open Texts further offers educational software to support student learning and course as-
sessment. The Lyryx online homework and examinations platform provides instructors with all the tools
necessary to manage their course assessment. The Lyryx online problems are designed by experienced in-
structors, and the Lyryx marking algorithms capture their expertise to analyze and assess students’ work,
looking for common errors, consistent mistakes through multi-part questions, and arithmetic errors, to
provide instant and informative personalized feedback.

This text has been enhanced with the Engage active learning app, “chunking” the content in small
blocks each with interactive questions designed to encourage students in reading and learning course
material!

Contact Lyryx at for inquiries.






Chapter 1

1.1

Systems of Equations

Systems of Equations, Geometry

A. Relate the types of solution sets of a system of two (three) variables to the intersections of
lines in a plane (the intersection of planes in three space)

Welcome! We will begin our study of linear algebra by investigating methods of finding solutions
to systems of linear equations. There are three highlighted terms in that last sentence, and it will be
worthwhile to review what we mean by each of them. We’ll start with the third term.

* A linear equation is an algebraic expression that includes an equals sign (hence, an equation), one or

more variables (usually denoted by italicized letters like x and y and z or maybe subscripted letters
like x3 and z;5). In a linear equation these variables can be multiplied by numbers and then added to
or subtracted from other such expressions or numbers, but no other operations are allowed. So the
following are examples of linear equations:

2 5
x+3=5, y=4x+7, —3x+17y—42z7=24601, gxl—?XQ+7TX3:3X4—4X5;

while these expressions, although equations, are not linear:

y=x* 3x+2xy=12, cos(2x+3y)=0.123.
Again, in linear algebra we will be not be looking at these nonlinear equations.

A system of linear equations is just a collection of one or more linear equations. So you are already
an expert at solving systems of one linear equation. And you will soon be an expert at solving
systems of more than one such equation.

To solve a system of equations that involve the variables some set of variables means to find sets
of numbers, one for each variable, so that when the numbers are substituted for the variables in the
equations, every one of the equations is true. For example, the ordered pair of numbers (x,y) = (3,1)
is a solution to the system of linear equations

y=2x—-35
2x—4y =2

since it is the case that 1 =2-3 —5and 2-3 —4 -1 = 2 are both true statements.

You probably remember that if we take an equation in the two variables x and y, for example the
equation 2x 4+ 3y = 6, we can draw the graph of the equation in the coordinate plane. When we do that we
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are really just coloring in the collection of all of the solutions to the linear equation. Is (0,2) on the graph
of 2x+ 3y = 6? That means that the ordered pair of numbers (x,y) = (0,2) is a solution to the equation.
Since (3,17) is not on the graph of the equation, then the ordered pair (x,y) = (3,17) is not a solution to
the equation. The graphs of linear equations allow us to tie together the algebraic object (the equation)
with a geometric object (the graph of the equation) and use one to help inform us about the other. In this
section we will concentrate on the geometric objects and use them to investigate what we can say about
solutions to systems of equations in two or three variables.

Suppose you consider a system of two linear equations in the variables x and y. Each of these equations
can be graphed as a straight line, and consider graphing both of these lines using the same set of axes. What
would it mean if there exists a point of intersection between the two lines? This point, which lies on both
graphs, gives x and y values for which both equations are true. In other words, this point gives the ordered
pair (x,y) that satisfy both equations. If the point (x,y) is a point of intersection, we say that (x,y) is
a solution to the system of two equations. In linear algebra, we often are concerned with finding the
solution(s) to a system of equations, if such solutions exist. First, we consider graphical representations of
solutions and later we will consider the algebraic methods for finding solutions.

When looking for the intersection of two lines in a graph, several situations may arise. The follow-
ing picture demonstrates the possible situations when considering two equations (two lines in the graph)
involving two variables.

y/\ y/\ y/\
7 x 7 x 7 x
One Solution No Solutions Infinitely Many Solutions

In the first diagram, there is a unique point of intersection, which means that there is only one (unique)
solution to the two equations. In the second, there are no points of intersection and no solution. When no
solution exists, this means that the two lines are parallel and they never intersect. The third situation which
can occur, as demonstrated in diagram three, is that the two lines are really the same line. For example,
x+y =1 and 2x+ 2y = 2 are equations which when graphed yield the same line. In this case there are
infinitely many points which are solutions of these two equations, as every ordered pair which is on the
graph of the line satisfies both equations. When considering linear systems of equations, there are always
three types of solutions possible; exactly one (unique) solution, infinitely many solutions, or no solution.

Example 1.1: A Graphical Solution

Use a graph to find the solution to the following system of equations

x+y=3
y—x=35

Solution. Through graphing the above equations and identifying the point of intersection, we can find the
solution(s). Remember that we must have either one solution, infinitely many, or no solutions at all. The
following graph shows the two equations, as well as the intersection. Remember, the point of intersection
represents the solution of the two equations, or the (x,y) which satisfy both equations. In this case, there
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is one point of intersection at (—1,4) which means we have one unique solution, x = —1,y = 4.

yJ\

6 i
(x,y)=(—1,4
2 J
— i i 1 >
X
4 -3 -2 -1 + 1

[ )

In the above example, we investigated the intersection point of two equations in two variables, x and
y. Now we will consider the graphical solutions of three equations in two variables.

Consider a system of three equations in two variables. Again, these equations can be graphed as
straight lines in the plane, so that the resulting graph contains three straight lines. Recall the three possible
types of solutions; no solution, one solution, and infinitely many solutions. There are now more complex
ways of achieving these situations, due to the presence of the third line. For example, you can imagine
the case of three intersecting lines having no common point of intersection. Perhaps you can also imagine
three intersecting lines which do intersect at a single point. These two situations are illustrated below.

y y

X
No Solution One Solution

Consider the first picture above. While all three lines intersect with one another, there is no common
point of intersection where all three lines meet at one point. Hence, there is no solution to the system of
three equations. Remember, a solution is a point (x,y) which satisfies all three equations. In the case of
the second picture, the lines intersect at a common point. This means that there is one solution to the three
equations whose graphs are the given lines. You should take a moment now to draw the graph of a system
which results in three parallel lines. Next, try the graph of three identical lines. Which type of solution is
represented in each of these graphs?

We have now considered the graphical solutions of systems of two equations in two variables, as well
as three equations in two variables. However, there is no reason to limit our investigation to equations in
two variables. We will now consider equations in three variables.
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You may recall that linear equations in three variables, such as 2x 44y — 5z = 8, represent a plane in
three-space. Above, we were looking for intersections of lines in order to identify any possible solutions.
When graphically solving systems of equations in three variables, we look for intersections of planes.
These points of intersection give the (x,y,z) that satisfy all the equations in the system. What types of
solutions are possible when working with three variables? Consider the following picture involving two
planes, which are given by two equations in three variables.

Notice how these two planes intersect in a line. This means that the points (x,y,z) on this line satisfy
both equations in the system. Since the line contains infinitely many points, this system has infinitely
many solutions.

It could also happen that the two planes fail to intersect. However, is it possible to have two planes
intersect at a single point? Take a moment to attempt drawing this situation, and convince yourself that it
is not possible! This means that when we have only two equations in three variables, there is no way to
have a unique solution! Hence, the types of solutions possible for two equations in three variables are no
solution or infinitely many solutions.

Now imagine adding a third plane. In other words, consider three equations in three variables. What
types of solutions are now possible? Consider the following diagram.

New Plane

In this diagram, there is no point which lies in all three planes. There is no intersection between all
planes so there is no solution. The picture illustrates the situation in which the line of intersection of the
new plane with one of the original planes forms a line parallel to the line of intersection of the first two
planes. However, in three dimensions, it is possible for two lines to fail to intersect even though they are
not parallel. Such lines are called skew lines.

Recall that when working with two equations in three variables, it was not possible to have a unique
solution. Is it possible when considering three equations in three variables? In fact, it is possible, and we
demonstrate this situation in the following picture.
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New Plane

e

In this case, the three planes have a single point of intersection. Can you think of other types of
solutions possible? Another is that the three planes could intersect in a line, resulting in infinitely many
solutions, as in the following diagram.

We have now seen how three equations in three variables can have no solution, a unique solution, or
intersect in a line resulting in infinitely many solutions. It is also possible that the three equations represent
the same plane, which also leads to infinitely many solutions.

You can see that when working with equations in three variables, there are many more ways to achieve
the different types of solutions than when working with two variables. It may prove enlightening to spend
time imagining (and drawing) many possible scenarios, and you should take some time to try a few.

You should also take some time to imagine (and draw) graphs of systems in more than three variables.
Equations like x +y — 2z +4w = 8 with more than three variables are often called hyper-planes. You may
soon realize that it is tricky to draw the graphs of hyper-planes! Through the tools of linear algebra, we
can algebraically examine these types of systems which are difficult to graph. In the following section, we
will consider these algebraic tools.
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"

’(2 ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

1.2 Systems of Equations, Algebraic Procedures

A. Use elementary operations to find the solution to a linear system of equations.

B. Given a matrix, use row operations to reduce it to row-echelon form and to reduced row-
echelon form.

C. Determine whether a system of linear equations has no solution, a unique solution or an
infinite number of solutions from its row-echelon form.

D. Solve a system of equations using Gaussian Elimination and Gauss-Jordan Elimination.

E. Model a physical system with linear equations and then solve.

We have taken an in depth look at graphical representations of systems of equations, as well as how to
find possible solutions graphically. Our attention now turns to working with systems algebraically.


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/
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Definition 1.2: System of Linear Equations

A system of linear equations is a list of equations,

anxy +apxy + - +apx, = by
ar1x1+axyxs+---+ax, = bs

A1 X1 +amaxz + - -+ QunXy, = by

where a;; and b; are real numbers. The above is a system of m equations in the n variables,
X1,X2 -+ ,X,. Written more simply in terms of summation notation, the above can be written in

the form .

Za,-jxj Zbi, i= 1,2,3,--- ,m
j=1

The relative size of m and n is not important here. Notice that we have allowed a;; and b; to be any
real number. We can also call these numbers scalars . We will use this term throughout the text, so keep
in mind that the term scalar just means that we are working with real numbers.

Now, suppose we have a system where b; = 0 for all i. In other words every equation equals 0. This is
a special type of system.

Definition 1.3: Homogeneous System of Equations

A system of equations is called homogeneous if each equation in the system is equal to 0. A
homogeneous system has the form

aynxitapxa+--+apmx, =0
a1 x; +apxs+---+apx, =0

Am1X1 + A X2 + -+ - + QX = 0

where a;; are scalars and x; are variables.

Recall from the previous section that our goal when working with systems of linear equations was to
find the point of intersection of the equations when graphed. In other words, we looked for the solutions to
the system. We now wish to find these solutions algebraically. We want to find values for x, - - - ,x,, which
solve all of the equations. If such a set of values exists, we call (x1,---,x,) the solution set.

Recall the above discussions about the types of solutions possible. We will see that systems of linear
equations will have one unique solution, infinitely many solutions, or no solution. Consider the following
definition.

Definition 1.4: Consistent and Inconsistent Systems

A system of linear equations is called consistent if there exists at least one solution. It is called
inconsistent if there is no solution.
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If you think of each equation as a condition which must be satisfied by the variables, consistent would
mean there is some choice of variables which can satisfy all the conditions. Inconsistent would mean there
is no choice of the variables which can satisfy all of the conditions.

The following sections provide methods for determining if a system is consistent or inconsistent, and
finding solutions if they exist.

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"

)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

Elementary Operations

We begin this section with an example.

Example 1.5: Verifying an Ordered Pair is a Solution

Algebraically verify that (x,y) = (—1,4) is a solution to the following system of equations.

x+y=3
y—x=35

Solution. By graphing these two equations and identifying the point of intersection, we previously found
that (x,y) = (—1,4) is the unique solution.

We can verify algebraically by substituting these values into the original equations, and ensuring that
the equations hold. First, we substitute the values into the first equation and check that it equals 3.

x+y=(=1)+(4)=3

This equals 3 as needed, so we see that (—1,4) is a solution to the first equation. Substituting the values


https://lyryx.com/lyryx-engage
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into the second equation yields
yox= (@)= (~1)=4+1=5

which is true. For (x,y) = (—1,4) each equation is true and therefore, this is a solution to the system. &

Now, the interesting question is this: If you were not given these numbers to verify, how could you
algebraically determine the solution? Linear algebra gives us the tools needed to answer this question.

The idea here is this: If we don’t know the solution to this system of equations, let’s take the system
and trade it in for an easier, equivalent system of equations. We will say that two systems of equations are
equivalent if they have the same solution set. We hope to take our system of equations and eventually find
an equivalent system of equations that has a solution set that we can easily (or at least sort of easily) see.

The following basic operations are important tools that we will utilize.

Elementary operations are those operations consisting of the following.

1. Interchange the order in which the equations are listed.
2. Multiply any equation by a nonzero number.

3. Add a multiple of one equation to another equation.

It is important to note that none of these operations will change the set of solutions of the system of
equations, as we prove below in Theorem 1.2. So, if we have a system of equations and apply one of these
elementary operations, we will end up with a system of equations that is equivalent to the system that we
started with. Elementary operations are the key fool we use in linear algebra to find solutions to systems
of equations.

Consider the following example.

Example 1.7: Effects of an Elementary Operation

Show that the system
x+y=7
2x—y=2_8
has the same solution as the system
x+y=7
—3y=-6

Solution. Notice that the second system has been obtained by taking the second equation of the first system
and adding -2 times the first equation, as follows:

2x—y+(=2)(x+y) =8+ (-2)(7)

By simplifying, we obtain
—3y=-6
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which is the second equation in the second system. Now, from here we can solve for y and see that y = 2.
Next, we substitute this value into the first equation as follows

x+y=x+2=7

Hence x = 5 and so (x,y) = (5,2) is a solution to the second system. We want to check if (5,2) is also a
solution to the first system. We check this by substituting (x,y) = (5,2) into the system and ensuring the
equations are true.

x+y=(5+(2) =
2x—y=2(5)- (2)
Hence, (5,2) is also a solution to the first system. )

This example illustrates how an elementary operation applied to a system of two equations in two
variables does not affect the solution set. However, a linear system may involve many equations and many
variables and there is no reason to limit our study to small systems. For any size of system in any number
of variables, the solution set is still the collection of solutions to the equations. In every case, the above
operations of Definition 1.6 do not change the set of solutions to the system of linear equations.

In the following theorem, we use the notation E; to represent an expression, while b; denotes a constant.

Theorem 1.8: Elementary Operations and Solutions

Suppose you have a system of two linear equations
g i Z; (1.1)
Then the following systems have the same solution set as 1.1:
1.
gf _ z? (1.2)
2. i
KE> = kb .3
for any scalar k, provided k # 0.
3. -
B> KEy — by + Kby 14
for any scalar k (including k = 0).

Before we proceed with the proof of Theorem 1.8, let us consider this theorem in context of Example
1.7. Then,
Ei=x+y, b =17
E,=2x—y, b,=28
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Recall the elementary operations that we used to modify the system in the solution to the example. First,
we added (—2) times the first equation to the second equation. In terms of Theorem 1.8, this action is
given by

or

E,+ (—2) Ei=by+ (—2) b

2x—y+(-2)(x+y) =8+(-2)7

This gave us the second system in Example 1.7, given by

Ei=b;
Er+(-2)E,=by+(-2)b;

From this point, we were able to find the solution to the system. Theorem 1.8 tells us that the solution

we found is in fact a solution to the original system.

We will now prove Theorem 1.8.

Proof.

1. The proof that the systems 1.1 and 1.2 have the same solution set is as follows. Suppose that

(x1,--+,X,) is a solution to E| = by, E, = by. We want to show that this is a solution to the system
in 1.2 above. This is clear, because the system in 1.2 is the original system, but listed in a different
order. Changing the order does not effect the solution set, so (xg,---,x;,) is a solution to 1.2.

. Next we want to prove that the systems 1.1 and 1.3 have the same solution set. Thatis E| = b, E; =

b has the same solution set as the system E; = by,kEy = kb, provided k # 0. Let (x,---,x,) be a
solution of £y = b1, E> = by,. We want to show that it is a solution to E; = by, kE>» = kb;. Notice that
the only difference between these two systems is that the second involves multiplying the equation,
E, = b, by the scalar k. Recall that when you multiply both sides of an equation by the same number,
the sides are still equal to each other. Hence if (xi,---,x,) is a solution to E; = by, then it will also
be a solution to kE, = kb,. Hence, (xi,---,x,) is also a solution to 1.3.

Similarly, let (x;,---,x,) be a solution of E; = by,kE; = kb,. Then we can multiply the equation
kE, = kb, by the scalar 1/k, which is possible only because we have required that k # 0. Just as
above, this action preserves equality and we obtain the equation E; = b,. Hence (x1,-- - ,x,) is also
a solution to E| = by, Er, = bs.

. Finally, we will prove that the systems 1.1 and 1.4 have the same solution set. We will show that

any solution of E; = by, E, = b, is also a solution of 1.4. Then, we will show that any solution of
1.4 is also a solution of E; = by, E; = by. Let (x1,---,x,) be a solution to E| = by, E, = by. Then
in particular it solves E1 = by. Hence, it solves the first equation in 1.4. Similarly, it also solves
E> = b;. By our proof of 1.3, it also solves kE| = kb;. Notice that if we add E;, and kE1, this is equal
to by + kb, . Therefore, if (xy,---,x,) solves E| = by, E» = b, it must also solve E> +kE| = by + kb .

Now suppose (x1,- -+ ,X,) solves the system E; = by,E> +kE| = by + kb;. Then in particular it is a
solution of £y = b;. Again by our proof of 1.3, it is also a solution to kE| = kb;. Now if we subtract
these equal quantities from both sides of E; + kE| = by + kb we obtain E; = b,, which shows that
the solution also satisfies £; = b1, E» = b».

[ )
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Stated simply, the above theorem shows that the elementary operations do not change the solution set
of a system of equations.

We will now look at an example of a system of three equations and three variables. Similarly to the
previous examples, the goal is to find values for x,y,z such that each of the given equations are satisfied
when these values are substituted in.

Example 1.9: Solving a System of Equations with Elementary Operations

Find the solutions to the system,

x+3y+6z=25
2x+7Ty+ 14z =58 (1.5)
2y+5z=19

Solution. We can relate this system to Theorem 1.8 above. In this case, we have

Ei=x+3y+6z b =25
Ey =2x+7y+ 14z, by =158
E; =2y+5z, b; =19

Theorem 1.8 claims that if we do elementary operations on this system, we will not change the solution
set. Therefore, we can solve this system using the elementary operations given in Definition 1.6. First,
replace the second equation by (—2) times the first equation added to the second. This yields the system

x+3y+6z=25
y+2z=28 (1.6)
2y+5z=19

Now, replace the third equation with (—2) times the second added to the third. This yields the system

x+3y+6z=25
y+2z=28 (1.7)
z=3

At this point, we can easily find the solution. Simply take z = 3 and substitute this back into the previous
equation to solve for y, and similarly to solve for x.

x+3y+6(3)=x+3y+18=25
y+2(3)=y+6=8
z=3

The second equation is now
y+6=38

You can see from this equation that y = 2. Therefore, we can substitute this value into the first equation as

follows:
x+3(2)+18=25

By simplifying this equation, we find that x = 1. Hence, the solution to this system is (x,y,z) = (1,2,3).
This process is called back substitution.
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Alternatively, in 1.7 you could have continued as follows. Add (—2) times the third equation to the
second and then add (—6) times the second to the first. This yields

x+3y=7
y=2
z=3

Now add (—3) times the second to the first. This yields

x=1
y=2
z=3

a system which has the same solution set as the original system. This avoided back substitution and led
to the same solution set. It is your decision which you prefer to use, as both methods lead to the correct
solution, (x,y,z) = (1,2,3). '

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"

)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

Gaussian Elimination

The work we did in the previous section will always find the solution to the system. In this section, we
will explore a less cumbersome way to find the solutions. First, we will represent a linear system with
an augmented matrix. A matrix is simply a rectangular array of numbers. The size or dimension of a
matrix is defined as m x n where m is the number of rows and » is the number of columns. In order to
construct an augmented matrix from a linear system, we create a coefficient matrix from the coefficients
of the variables in the system, as well as a constant matrix from the constants. The coefficients from one
equation of the system create one row of the augmented matrix.
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For example, consider the linear system in Example 1.9

x+3y+6z=25
2x+Ty+ 14z =58
2y+5z=19

This system can be written as an augmented matrix, as follows

1 3 6|25
2 7 1458
02 5|19
Notice that it has exactly the same information as the original system. Here it is understood that the
1
first column contains the coefficients from x in each equation, in order, | 2 | . Similarly, we create a
0
3
column from the coefficients on y in each equation, | 7 | and a column from the coefficients on z in each
2
6
equation, | 14 | . For a system of more than three variables, we would continue in this way constructing
5

a column for each variable. Similarly, for a system with fewer than three variables, we simply construct a
column for each variable.
25
Finally, we construct a column from the constants of the equations, | 58
19

The rows of the augmented matrix correspond to the equations in the system. For example, the top
row in the augmented matrix, [ 1 36 | 25 } corresponds to the equation

x+3y+ 6z =25.

Consider the following definition.

For a linear system of the form

anxy+--+ax, = by

Am1X1 + -+ -+ QpXn = by,

where the x; are variables and the a;; and b; are constants, the augmented matrix of this system is
given by
apn -+ ain | by

Aml *** Qmn | bm
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Now, consider elementary operations in the context of the augmented matrix. The elementary opera-
tions in Definition 1.6 can be used on the rows just as we used them on equations previously. Changes to
a system of equations as a result of an elementary operation are equivalent to changes in the augmented
matrix resulting from the corresponding row operation. Note that Theorem 1.8 implies that any elementary
row operations used on an augmented matrix will not change the solution to the corresponding system of
equations. We now formally define elementary row operations. These are the key fool we will use to find
solutions to systems of equations.

The elementary row operations (also known as row operations) consist of the following

1. Switch two rows. The operation of taking a matrix A, switching row i and row j, and obtaining
the matrix B will be denoted like this:

riHrj

— B.

2. Multiply a row by a nonzero number. To denote multiplying row i of matrix A by the nonzero
number k and obtaining the matrix B, we will write

kr;

A — B.

3. Add a multiple of one row to another row. If take k times row i of the matrix A and add it to
row j of A, producing the matrix B, we express that by writing

kri+r;
' B.

Recall how we solved Example 1.9. We can do the exact same steps as above, except now in the
context of an augmented matrix and using row operations. The augmented matrix of this system is

1 3 6|25
M=1|2 7 14|58
02 5|19

Thus the first step in solving the system given by 1.5 would be to take (—2) times the first row of the
augmented matrix and add it to the second row,

13 6[257 | 1 3 6]25
2 7 14|58 n g 1 2] 8
02 5|19 02 5|19

2

(V)1

1
0
0

O = W

6
2
1

W oo
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This augmented matrix corresponds to the system

x+3y+6z=25
y+2z=28
z=3
which is the same as 1.7. By back substitution you obtain the solution x = 1,y = 2, and z = 3.

Through a systematic procedure of row operations, we can simplify an augmented matrix and carry it
to row-echelon form or reduced row-echelon form, which we define next. These forms are used to find
the solutions of the system of equations corresponding to the augmented matrix.

In the following definitions, the term leading entry refers to the first nonzero entry of a row when
scanning the row from left to right.

An augmented matrix is in row-echelon form if

1. All nonzero rows are above any rows of zeros.

2. Each leading entry of a row is in a column to the right of the leading entries of any row above
it.

3. Each leading entry of a row is equal to 1.

We also consider another reduced form of the augmented matrix which has one further condition.

An augmented matrix is in reduced row-echelon form if

1. All nonzero rows are above any rows of zeros.

2. Each leading entry of a row is in a column to the right of the leading entries of any rows above
it.

3. Each leading entry of a row is equal to 1.

4. All entries in a column above and below a leading entry are zero.

Notice that the first three conditions on a reduced row-echelon form matrix are the same as those for
row-echelon form.

Hence, every reduced row-echelon form matrix is also in row-echelon form. The converse is not
necessarily true; we cannot assume that every matrix in row-echelon form is also in reduced row-echelon
form. However, it often happens that row-echelon form is sufficient to provide information about the
solution of a system.

The following examples describe matrices in these various forms. As an exercise, take the time to
carefully verify that they are in the specified form.
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Example 1.14: Not in Row-Echelon Form

The following augmented matrices are not in row-echelon form (and therefore also not in reduced
row-echelon form).

0 000
1 2 3(3 1 2| 3 (1) ? (3) ;
0102/, 2 4|-6 |, 75 01
0 0 01 4 0| 7 00 10
00010

Example 1.15: Matrices in Row-Echelon Form

The following augmented matrices are in row-echelon form, but not in reduced row-echelon form.
1 065 8|2 (1) ? ?) ‘71 1 060
001273 00 1lo 01 40
00O0O0TIj|1|"° 00 ol ’ 00 1|0
0 00O0O0]|O0 (00 0[0 0 00|0

Notice that we could apply further row operations to these matrices to carry them to reduced row-
echelon form. Take the time to try that on your own. Consider the following matrices, which are in
reduced row-echelon form.

Example 1.16: Matrices in Reduced Row-Echelon Form

The following augmented matrices are in reduced row-echelon form.
1 0 0|0
17005040 0100 1 0 0|4
001200
, 00 1]0], 01 0|3
00 0O0T1]l1
0000 0l0 00 0]l 00 1|2
0000

If we go through the trouble to reduce a matrix to row-echelon form, it becomes easy to identify the
pivot positions and pivot columns of the matrix.

Definition 1.17: Pivot Position and Pivot Column

A pivot position in a matrix is the location of a leading entry in an row-echelon form of the matrix.
A pivot column is a column that contains a pivot position.

For example consider the following.
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Example 1.18: Pivot Position

Let

Where are the pivot positions and pivot columns of the augmented matrix A?

Solution. One row-echelon form of this matrix is

1 2 3
01 2
00O

S DIw

This is all we need in this example, but note that this matrix is not in reduced row-echelon form.

In order to identify the pivot positions in the original matrix, we look for the leading entries in an
row-echelon form of the matrix. Here, the entry in the first row and first column, as well as the entry in
the second row and second column are the leading entries. Hence, these locations are the pivot positions.
We identify the pivot positions in the original matrix, as in the following:

2 3] 4
3 1| 6
4 4 4110
Thus the pivot columns in the matrix are the first two columns. 'y

Row-Reducing a Matrix

The following is an algorithm for carrying a matrix to row-echelon form and reduced row-echelon form.
You may wish to use this algorithm to carry the above matrix to row-echelon form or reduced row-echelon
form yourself for practice.

The process we describe, called row reducing a matrix, will be a common thing to do for the rest of
this text. It will seem that every time we want to do anything, the first step will be to find an appropriate
matrix and row reduce it. That isn’t quite true, but it is close. So you want to take the time to become very
familiar with the process of row reduction.

In modern applications, row reduction is almost always carried out by using technology. There are
several software packages, web sites, and calculators that can take a matrix and reduce it to reduced row-
echelon form. It will be worth your while, however, to practice reducing at least smallish matrices by hand,
if for no other reason than you might be asked to do so on an examination where you won’t be allowed to
use technology.
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This algorithm provides a method for using row operations to convert an matrix A to row-echelon
form (Gaussian Elimination) or to reduced row-echelon form (Gauss-Jordan Elimination).

1. Starting from the left, find the first nonzero column of matrix A. Switch rows if needed to put
a nonzero number at the top of this column. This is the current pivot column, and the position
at the top of this column is the current pivot position.

2. Use row operations to make the entries below the current pivot position (in the current pivot
column) equal to zero.

3. Ignoring the row containing the current pivot position and any rows above that row, repeat
steps 1 and 2 with the remaining rows. Repeat the process until there are no more rows to
modify.

4. Divide each nonzero row by the value of its leading entry, so that the leading entry becomes
1. The matrix will then be in row-echelon form. This concludes the process for Gaussian
Elimination.

The following step will carry the matrix from row-echelon form to reduced row-echelon form:

5. Moving from right to left, use row operations to create zeros in the entries of the pivot columns
which are above the pivot positions. The result will be a matrix in reduced row-echelon form.
This concludes the algorithm for Gauss-Jordan Elimination.

Most often we will apply this algorithm to an augmented matrix in order to find the solution to a system
of linear equations. However, we can use this algorithm to compute the reduced row-echelon form of any
matrix which could be useful in other applications.

Consider the following example of Algorithm 1.19.

Example 1.20: Finding Row-Echelon Form and

Reduced Row-Echelon Form of a Matrix

0 -5 —4
A=|1 4 3
5 10 7

Find an row-echelon form of A. Then complete the process until A is in reduced row-echelon form.

Solution. In working through this example, we will use the steps outlined in Algorithm 1.19.

1. The first pivot column is the first column of the matrix, as this is the first nonzero column from the
left. Hence the first pivot position is the one in the first row and first column. Switch the first two



22

Systems of Equations

rows to obtain a nonzero entry in the first pivot position, outlined in a box below.

0 -5 —4] 4 3
1 4 3™ 0 -5 —4
5 10 7 5 10 7

. Step two involves creating zeros in the entries below the current pivot position. The first entry of the

second row is already a zero. All we need to do is add —5 times the first row to the third row. The
resulting matrix is

14 37 1 4 3
0 =5 —4 | 8% 19 —4
5 10 7 0 —10 -8

. Now ignore the top row, since it contains the current pivot position. The second column becomes our

current pivot column and the pivot position (boxed above) already has a non-zero entry. Therefore,
we need to create a zero below it. To do this, add —2 times the second row (of this matrix) to the
third. The resulting matrix is

o4 3] 1 4 3
0 -5 —4| 2810 -5 —4
0 —10 —8 0 0 0

Now if we ignore all of the rows at and above the current pivot position, there are no non-zero
columns and there are no more rows to modify.

. Now, we need to create leading 1’s in each row. The first row already has a leading 1 so no work is

needed here. Multiply the second row by —% to create a leading 1. The result is

14 37 1 4 3
0 -5 —4|2301 %
0O 0 O 000

This matrix is now in row-echelon form.

. Now create zeros in the entries above pivot positions in each column, in order to carry this matrix

all the way to reduced row-echelon form. Notice that there is no pivot position in the third column
so we do not need to create any zeros in this column! The column in which we need to create zeros
is the second. To do so, add —4 times the second row to the first row. The resulting matrix is

1 4
0 1 —4nAn
0 0

O vk W
oS = O
o Uik Li—

1
0
0

This matrix is now in reduced row-echelon form.
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A Word on Record Keeping

In the solution above you probably noticed that we kept track of the operations that we
used to create our reduced matrix as we were going along. This may strike you as wasted effort
and overly picky, but it will be useful to us later. Either use our notation, notation suggested
by your instructor, or come up with your own, but do understand that the operations that we
use to arrive at row-echelon form or reduced row-echelon form of a matrix will be important
to us. And if you make a mistake (which you certainly will at some point), knowing what you
were trying to do will help you chase down where the mistake happened.

The above algorithm gives you a simple way to obtain an row-echelon form and reduced row-echelon
form of a matrix. The main idea is to do row operations in such a way as to end up with a matrix in
row-echelon form or reduced row-echelon form. This process is important because the resulting matrix
will allow you to describe the solutions to the corresponding linear system of equations in a meaningful
way.

In the next example, we look at how to solve a system of equations using the corresponding augmented
matrix.

Example 1.21: Finding the Solution to a System

Give the complete solution to the following system of equations

2x+4y—3z=—1
Sx+10y—T7z= -2
3x+6y+5z=9

Solution. The augmented matrix for this system is

2 4 -3|-1
5 10 =72
36 51 9

In order to find the solution to this system, we wish to carry the augmented matrix to reduced row-
echelon form. We will do so using Algorithm 1.19. Notice that the first column is nonzero, so this is our
first pivot column. The first entry in the first row, 2, is the first leading entry and it is in the first pivot
position. We will use row operations to create zeros in the entries below the 2.

This can be done by adding —5/2 times the first row to the second. This is perfectly fine but will
introduce fractions which we try to avoid as long as possible. So instead we will do two operations: first
multiply the second row by 2 and then add —5 times the first row to that new row. Thus together we are
replacing the second row with —5 times the first row plus 2 times the second row. This yields

2 4 3[-17] 2 4 3|1 2 4 -3|-1
510 =72 122110 20 —14| -4 | 242100 1] 1
3 6 5| 9 3 6 5/ 9 36 5| 9

Now, using the same technique, replace the third row with —3 times the first row added to 2 times the third
row. This yields

24 3|17 2 4 3|17, 2 4 —3]—1
00 1] 12210 o 1| 1 Al o0 1] 1
3 6 6 12 10| 18 00 19|21
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Now the entries in the first column below the pivot position are zeros. We now look for the second pivot
column, which in this case is column three. Here, the 1 in the second row and third column is in the pivot
position. We need to do just one row operation to create a zero below the 1.

Taking —19 times the second row and adding it to the third row yields

24 =3|-17 2 4 3] -1
00 1| 1| ™2"oo 1] 1
00 19| 21 00 0] 2

We could proceed with the algorithm to carry this matrix to row-echelon form or reduced row-echelon
form. However, remember that we are looking for the solutions to the system of equations. Take another
look at the third row of the matrix. Notice that it corresponds to the equation

Ox+0y+0z=2

There is no solution to this equation because for all x,y, z, the left side will equal 0 and 0 # 2. This shows
there is no solution to the given system of equations. In other words, this system is inconsistent. [

The following is another example of how to find the solution to a system of equations by carrying the
corresponding augmented matrix to reduced row-echelon form.

Example 1.22: An Infinite Set of Solutions

Give the complete solution to the system of equations

3x—y—5z=9
y—10z=0 (1.8)
—2x+y=-6

Solution. The augmented matrix of this system is

3 -1 =5| 9
0O 1 —-104 O
-2 1 0| -6

In order to find the solution to this system, we will carry the augmented matrix to reduced row-echelon
form, using Algorithm 1.19. The first column is the first pivot column. We want to use row operations
to create zeros beneath the first entry in this column, which is in the first pivot position. As in the last
example, replace the third row with 2 times the first row added to 3 times the third row. This gives

3 -1 =5 97, 3 -1 -5]|9
0 1 —10| o2 B lo 1 —10l0],
2 1  0]|-6 0 1 —1010

where we have suppressed writing out the intermediate matrix.

Now, we have created zeros beneath the 3 in the first column, so we move on to the second pivot
column (which is the second column) and repeat the procedure. Take —1 times the second row and add to
the third row.

3—1—59_1 3 -1 =519
o 1 —10/0| 2”0 1 —-10]0
0 1 —1010 0 0 010
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The entry below the pivot position in the second column is now a zero. Notice that we have no more pivot
columns because we have only two leading entries.

At this stage, we also want the leading entries to be equal to one. To do so, multiply the first row by %

3 -1 5097, [1 -3 —3I3
0 1 —1000|>{09 1 —10l0
0 0 0/0 o o olo

This matrix is now in row-echelon form.

Let’s continue with row operations until the matrix is in reduced row-echelon form. This involves

creating zeros above the pivot positions in each pivot column. This requires only one step, which is to add
% times the second row to the first row.

1 -3 —3[3], 10 -5|3
§Q+n

0 1 =101]0 — 01 —-10(0

0 0 olo 00 010

This is in reduced row-echelon form, which you should verify using Definition 1.13. The equations
corresponding to this reduced row-echelon form are

x—5z=3
y—10z=0
or
x=3+4+5z2
y=10z

Observe that z is not restrained by any equation. In fact, z can equal any number. For example, we can
let z = ¢, where we can choose ¢ to be any number. In this context 7 is called a parameter . Therefore, the
solution set of this system is

x=3+5t
y=10¢t
z=1

where ¢ is arbitrary. The system has an infinite set of solutions which are given by these equations. For

any value of ¢ we select, x,y, and z will be given by the above equations. For example, if we choose t = 4
then the corresponding solution would be

[ )

In Example 1.22 the solution involved one parameter. It may happen that the solution to a system
involves more than one parameter, as shown in the following example.
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Example 1.23: A Two Parameter Set of Solutions

Find the solution to the system
xX+2y—z+w=3
xt+y—z+w=1
x+3y—z4+w=35

Solution. The augmented matrix is

1 2 -1 1]3
11 -1 1]1
1 3 -1 1]5

We wish to carry this matrix to row-echelon form. Here, we will outline the row operations used. However,
make sure that you understand the steps in terms of Algorithm 1.19.

Take —1 times the first row and add to the second. Then take —1 times the first row and add to the
third. This yields

12 -1 137 1 1 2 -1 1] 3
11 —1 1|1 | 82 "Its g 1 0 0] =2

1 3 -1 1]5 0O 1 00| 2

Now add the second row to the third row and multiply the second row by —1.

12 -1 1] 3] U2 -3
0 -1 00|—2|2F 1o 1 0o0]2 (1.9)
0 1 00| 2 00 000

This matrix is in row-echelon form and we can see that x and y correspond to pivot columns, while
z and w do not. Therefore, we will assign parameters to the variables z and w. Assign the parameter s
to z and the parameter ¢ to w. Then the first row yields the equation x 42y — s+t = 3, while the second
row yields the equation y = 2. Since y = 2, the first equation becomes x +4 — s 4+t = 3 showing that the
solution is given by

x=—14s5—t¢
y=2
z=s
w=t

It is customary to write this solution in the form

X —14s—t
y | 2
S| = P (1.10)
w t
[

This example shows a system of equations with an infinite solution set which depends on two param-
eters. It can be less confusing in the case of an infinite solution set to first place the augmented matrix in
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reduced row-echelon form rather than just row-echelon form before seeking to write down the description
of the solution.

In the above steps, this means we don’t stop with our matrix in row-echelon form in equation 1.9.
Instead we first place it in reduced row-echelon form as follows.

1 0 -1 1]-1
01 00| 2
00 0O O
Then the solution is y = 2 from the second row and x = —1 4 z — w from the first. Thus letting z = s and

w =t, the solution is given by 1.10.

You can see here that there are two paths to the correct answer, which both yield the same answer.
Hence, either approach may be used. The process which we first used in the above solution is called
Gaussian Elimination. This process involves carrying the matrix to row-echelon form, converting back
to equations, and using back substitution to find the solution. When you do row operations until you obtain
reduced row-echelon form, the process is called Gauss-Jordan Elimination.

We have now found solutions for systems of equations with no solution and infinitely many solutions,
with one parameter as well as two parameters. Recall the three types of solution sets which we discussed
in the previous section; no solution, one solution, and infinitely many solutions. Each of these types of
solutions could be identified from the graph of the system. It turns out that we can also identify the type
of solution from the reduced row-echelon form of the augmented matrix.

* No Solution: 1In the case where the system of equations has no solution, the reduced row-echelon
form of the augmented matrix will have a row of the form

(000 | 1]

This row indicates that the system is inconsistent and has no solution.

* One Solution: In the case where the system of equations has one solution, every column of the
coefficient matrix is a pivot column. The following is an example of an augmented matrix in reduced
row-echelon form for a system of equations with one solution.

1 0 0|5

01 0]0

0 0 1|2

* Infinitely Many Solutions: In the case where the system of equations has infinitely many solutions,
the solution contains parameters. There will be columns of the coefficient matrix which are not
pivot columns. The following are examples of augmented matrices in reduced row-echelon form for
systems of equations with infinitely many solutions.

100] 5
01 2|-3
|00 0] 0]
or ~ _
1 00| 5
01 0|3
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Uniqueness of the Reduced Row-Echelon Form

As we have seen in earlier sections, we know that every matrix can be brought into reduced row-echelon
form by a sequence of elementary row operations. Here we will prove that the resulting matrix is unique;
in other words, the resulting matrix in reduced row-echelon form does not depend upon the particular
sequence of elementary row operations or the order in which they were performed.

Let A be the augmented matrix of a homogeneous system of linear equations in the variables x,x7, - - , X,
which is also in reduced row-echelon form. The matrix A divides the set of variables in two different types.
We say that x; is a basic variable whenever A has a leading 1 in column number i, in other words, when
column i is a pivot column. Otherwise we say that x; is a free variable.

Recall Example 1.23.

Example 1.24: Basic and Free Variables

Find the basic and free variables in the system

xX+2y—z+w=3
x+y—z+w=1
x+3y—z4+w=35

Solution. Recall from the solution of Example 1.23 that the row-echelon form of the augmented matrix of
this system is given by
1 2 -1 1]3
01 002

00 000
You can see that columns 1 and 2 are pivot columns. These columns correspond to variables x and y,
making these the basic variables. Columns 3 and 4 are not pivot columns, which means that z and w are
free variables.

We can write the solution to this system as

x=—14s5—t¢
y=2
z=s
w=t

Here the free variables are written as parameters, and the basic variables are given by linear functions
of these parameters. 'y

In general, all solutions can be written in terms of the free variables. In such a description, the free
variables can take any values (they become parameters), while the basic variables become simple linear
functions of these parameters. Indeed, a basic variable x; is a linear function of only those free variables
x;j with j > i. This leads to the following observation.
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Proposition 1.25: Basic and Free Variables

If x; is a basic variable of a homogeneous system of linear equations, then any solution of the system
with x; = 0 for all those free variables x; with j > i must also have x; = 0.

Using this proposition, we prove a lemma which will be used in the proof of the main result of this
section below.

Lemma 1.26: Solutions and the Reduced Row-Echelon Form of a Matrix

Let A and B be two distinct augmented matrices for two homogeneous systems of m equations in n
variables, such that A and B are each in reduced row-echelon form. Then, the two systems do not
have exactly the same solutions.

Proof. With respect to the linear systems associated with the matrices A and B, there are two cases to
consider:

* Case 1: the two systems have the same basic variables

* Case 2: the two systems do not have the same basic variables

In case 1, the two matrices will have exactly the same pivot positions. However, since A and B are not
identical, there is some row of A which is different from the corresponding row of B and yet the rows each
have a pivot in the same column position. Let i be the index of this column position. Since the matrices are
in reduced row-echelon form, the two rows must differ at some entry in a column j > i. Let these entries
be a in A and b in B, where a # b. Since A is in reduced row-echelon form, if x; were a basic variable
for its linear system, we would have a = 0. Similarly, if x; were a basic variable for the linear system of
the matrix B, we would have b = 0. Since a and b are unequal, they cannot both be equal to 0, and hence
x; cannot be a basic variable for both linear systems. However, since the systems have the same basic
variables, x; must then be a free variable for each system. We now look at the solutions of the systems in
which x; is set equal to 1 and all other free variables are set equal to 0. For this choice of parameters, the
solution of the system for matrix A has x; = —a, while the solution of the system for matrix B has x; = —b,
so that the two systems have different solutions.

In case 2, there is a variable x; which is a basic variable for one matrix, let’s say A, and a free variable
for the other matrix B. The system for matrix B has a solution in which x; = 1 and x; = 0 for all other free
variables x;. However, by Proposition 1.25 this cannot be a solution of the system for the matrix A. This
completes the proof of case 2. [

Now, we say that the matrix B is equivalent to the matrix A provided that B can be obtained from A
by performing a sequence of elementary row operations beginning with A. The importance of this concept
lies in the following result.

Theorem 1.27: Equivalent Matrices

The two linear systems of equations corresponding to two equivalent augmented matrices have
exactly the same solutions.
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The proof of this theorem is left as an exercise.

Now, we can use Lemma 1.26 and Theorem 1.27 to prove the main result of this section.

Theorem 1.28: Uniqueness of the Reduced Row-Echelon Form

Every matrix A is equivalent to a unique matrix in reduced row-echelon form.

Proof. Let A be an m x n matrix and let B and C be matrices in reduced row-echelon form, each equivalent
to A. It suffices to show that B = C.

Let A" be the matrix A augmented with a new rightmost column consisting entirely of zeros. Similarly,
augment matrices B and C each with a rightmost column of zeros to obtain B™ and C*. Note that B™ and
C* are matrices in reduced row-echelon form which are obtained from A by respectively applying the
same sequence of elementary row operations which were used to obtain B and C from A.

Now, A", B™, and C™" can all be considered as augmented matrices of homogeneous linear systems
in the variables x1,xp,---,x,. Because BT and C* are each equivalent to AT, Theorem 1.27 ensures that
all three homogeneous linear systems have exactly the same solutions. By Lemma 1.26 we conclude that
Bt = C™". By construction, we must also have B = C. 'S

According to this theorem we can say that each matrix A has a unique reduced row-echelon form.
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Rank and Homogeneous Systems

There is a special type of system which requires additional study. This type of system is called a homo-
geneous system of equations, which we defined above in Definition 1.3. Our focus in this section is to
consider what types of solutions are possible for a homogeneous system of equations.

Consider the following definition.

Consider the homogeneous system of equations given by

anxy +apxy+--+apx, =0
azx1 +axnxy+---+ayx, =0

Am1X1 + AppX2 + -+ - + QpnXn = 0

Then, x; =0,x, =0,---,x, =0 is always a solution to this system. We call this the trivial solution.

If the system has a solution in which not all of the x1, - - - , x,, are equal to zero, then we call this solution
nontrivial . The trivial solution does not tell us much about the system, as it says that 0 = 0! Therefore,
when working with homogeneous systems of equations, we want to know when the system has a nontrivial
solution.

Suppose we have a homogeneous system of m equations, using n variables, and suppose that n > m.
In other words, there are more variables than equations. Then, it turns out that this system always has
a nontrivial solution. Not only will the system have a nontrivial solution, but it also will have infinitely
many solutions. It is also possible, but not required, to have a nontrivial solution if n = m and n < m.

Consider the following example.

Example 1.30: Solutions to a Homogeneous System of Equations

Find the nontrivial solutions to the following homogeneous system of equations

2x+y—2z=0
x+2y—2z=0

Solution. Notice that this system has m = 2 equations and n = 3 variables, so n > m. Therefore by our
previous discussion, we expect this system to have infinitely many solutions.

The process we use to find the solutions for a homogeneous system of equations is the same process
we used in the previous section. First, we construct the augmented matrix, given by
(2 1 —1]|0
12 =20

Then, we carry this matrix to its reduced row-echelon form, given below.

(10 0|0
(01 —1]0
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So we see that x and y are the basic variables, while z is the free variable for our system. Let z =1,
where ¢ is any real number. Since the system of equations that corresponds to our row-reduced matrix is

x=0
y—z=0"
our solution has the form
x=0
Hence this system has infinitely many solutions, with one parameter ¢. [

Suppose we were to write the solution to the previous example in another form. Specifically,

x=0+0¢
y=0+1
z=0+41¢

which can be conveniently written, using basic matrix arithmetic of addition and scalar multiplication as
we wil see in the next chapter, in the form:

X 0 0
y| =1011+4+¢]|1
Z 0 1

Notice that we have constructed a column from the constants in the solution (all equal to 0), as well as a
column corresponding to the coefficients on ¢ in each equation. While we will discuss this form of solution
more in further chapters, for now consider the column of coefficients of the parameter z. In this case, this
0
is the column | 1
1

There is a special name for this column, which is basic solution. The basic solutions of a homogeneous
system of equations are columns constructed from the coefficients on parameters in the solution. We often
denote basic solutions by Xi,X> etc., depending on how many solutions occur. Therefore, Example 1.30

0
has the basic solution X; = | 1
1

We explore this further in the following example.
Example 1.31: Basic Solutions of a Homogeneous System
Consider the following homogeneous system of equations.

x+4y+3z=0
3x+12y+9z=0

Find the basic solutions to this system.
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Solution. When we take the augmented matrix of this system and reduce it to reduced row-echelon

form we obtain:
1 4 3|0 73L1+>r2 1 4 310
3 12 9]0 00010

When written in equations, this last system is given by
x+4y+3z=0

Notice that only x corresponds to a pivot column. In this case, we will have two parameters, one for y and
one for z. Let y = s and z = ¢ for any numbers s and ¢. Then, our solution becomes

x=—4s—3t
y=s
z=t

which can be written as (again the constants in the solution are all equal to 0):

X 0 —4 -3
y|=10/|+s 1|+t
Z 0 1

You can see here that we have two columns of coefficients corresponding to parameters, specifically one
for s and one for . Therefore, this system has two basic solutions! These are

—4 -3
X = 1], X, = 0
0 1
[ )
We now present a new definition that is central to linear algebra.
Let Xq,---,X,,,V be column matrices. Then V is said to be a linear combination of the columns

Xi,---,X, if there exist scalars, ay,--- ,a, such that

V=aXi+ - +aX,

A remarkable result of this section is that a linear combination of the basic solutions to a homogeneous
system of equations is again a solution to the system. Even more remarkable is that every solution can be
written as a linear combination of these solutions. Therefore, if we take a linear combination of the two
solutions to Example 1.31, this would also be a solution. For example, we could take the following linear

combination
—4 -3 —18
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You should take a moment to verify that

X —18
y | = 3
Z 2

is in fact a solution to the system in Example 1.31.

Also remarkable is that to write the general solution of a system of linear equations, one “only” needs
to find one solution of the system together with the general solution of the associated homogeneous system.
Here is an example of what this means.

Example 1.33: General Solution of a System

Consider the following homogeneous system of equations.

x+4y+3z=2
3x+12y+9z=6

Write the general solution of the system as the sum of a particular solution plus a linear combination
of the basic solutions of the associated homogeneous system.

Solution. One can find using the normal process that the general solution to the system is of the form:

x=2+—4s— 3t
y=s
7=t

which can be written as (note here that the constants are not all 0!):

X 2 —4 -3
yl=10]+s |+t 0
| 2 0 0 1
[ 2
You can verify here that Xo = | 0 | is a particular solution to the system (meaning it is one of the
0
possible solutions), and the remaining corresponds to the linear combination of the two basic solutions of
the associated homogeneous system from Example 1.31. [ )

It turns out that the general solution of a system of linear equations is always of that form, and this will
be revisited in a later chapter.

Another way in which we can find out more information about the solutions of a homogeneous system
is to consider the rank of the associated coefficient matrix. We now define what is meant by the rank of a
matrix.

Let A be a matrix and consider any row-echelon form of A. Then, the number r of leading entries
of A does not depend on the row-echelon form you choose, and is called the rank of A. We denote
it by rank(A).
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Similarly, we could count the number of pivot positions (or pivot columns) to determine the rank of A.

Example 1.35: Finding the Rank of a Matrix

Consider the matrix

N = =
EENV B o)
AN O W

What is its rank?

Solution. First, we need to find the reduced row-echelon form of A. Through the usual algorithm, we find

that this is
0 —1

0[1] 2

0O 0 O

Here we have two leading entries, or two pivot positions, shown above in boxes.The rank of A is r = 2.

)

Notice that we would have achieved the same answer if we had found the row-echelon form of A
instead of the reduced row-echelon form.

Suppose we have a homogeneous system of m equations in n variables, and suppose that n > m. The
system is consistent simply by being homogeneous, but further from our above discussion above we know
that this system will have infinitely many solutions. If we consider the rank of the coefficient matrix of this
system, we can find out even more about the solution. Note that for an homogeneous system it suffices to
analyze the coefficient matrix as opposed to the entire augmented matrix since the constants are all zero.

Theorem 1.36: Rank and Solutions to a Homogeneous System

Let A be the m x n coefficient matrix corresponding to a homogeneous system of m equations in
n variables, and suppose A has rank r. Then, the solution to the corresponding system has n —r
parameters.

Consider our above Example 1.31 in the context of this theorem. The system in this example has m =2
equations in n = 3 variables. First, because n > m, we know that the system has a nontrivial solution, and
therefore infinitely many solutions. This tells us that the solution will contain at least one parameter. The
rank of the coefficient matrix can tell us even more about the solution! The rank of the coefficient matrix
of the system is 1, as it has one leading entry in row-echelon form. Theorem 1.36 tells us that the solution
will have n —r =3 — 1 = 2 parameters. You can check that this is true in the solution to Example 1.31.

Notice that if n = m or n < m, it is possible to have either a unique solution (which will be the trivial
solution) or infinitely many solutions.

Looking beyond homogeneous systems of equations, the rank of a matrix can be used to learn about
the solutions of any consistent system of linear equations. In the previous section, we discussed that a
system of equations can have no solution, a unique solution, or infinitely many solutions. Suppose the
system is consistent, whether it is homogeneous or not. The following theorem tells us how we can use
the rank to learn about the type of solution we have.



36 = Systems of Equations

Theorem 1.37: Rank and Solutions to a Consistent System of Equations

Let A be the m x (n+ 1) augmented matrix corresponding to a consistent system of m equations in
n variables, and suppose A has rank r. Then

1. the system has a unique solution if r = n

2. the system has infinitely many solutions if r < n

We will not present a formal proof of this, but consider the following discussions.

1. No Solution The above theorem assumes that the system is consistent, that is, that it has a solution.
It turns out that it is possible for the augmented matrix of a system with no solution to have any
rank r as long as r > 1. Therefore, we must know that the system is consistent in order to use this
theorem!

2. Unique Solution Suppose r = n. Then, there is a pivot position in every column of the coefficient
matrix of A. Hence, there is a unique solution.

3. Infinitely Many Solutions Suppose r < n. Then there are infinitely many solutions. There are fewer
pivot positions (and hence fewer leading entries) than columns, meaning that not every column is a
pivot column. The columns which are not pivot columns correspond to parameters. In fact, in this
case we have n — r parameters.
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Balancing Chemical Reactions

The tools of linear algebra can also be used in the subject area of Chemistry, specifically for balancing
chemical reactions.

Consider the chemical reaction
SnOy +Hy — Sn+ H,O

Here the elements involved are tin (Sn), oxygen (O), and hydrogen (H). A chemical reaction occurs and
the result is a combination of tin (Sn) and water (H,O). When considering chemical reactions, we want
to investigate how much of each element we began with and how much of each element is involved in the
result.

An important theory we will use here is the mass balance theory. It tells us that we cannot create or
delete elements within a chemical reaction. For example, in the above expression, we must have the same
number of oxygen, tin, and hydrogen on both sides of the reaction. Notice that this is not currently the
case. For example, there are two oxygen atoms on the left and only one on the right. In order to fix this,
we want to find numbers x, y, z,w such that

xSn0, +yHy — zSn+wH»O0

where both sides of the reaction have the same number of atoms of the various elements.

This is a familiar problem. We can solve it by setting up a system of equations in the variables x, y, z, w.
Thus you need
Sn: x=z
O: 2x=w
H: 2y=2w

We can rewrite these equations as
Sn: x—z=0
O: 2x—w=0
H: 2y—2w=0

The augmented matrix for this system of equations is given by

1 0 -1 00
20 0 —-1(0
02 0 =210

The reduced row-echelon form of this matrix is

100 —1]0
010 —1]0
001 —1]0
The solution is given by
x—%w:O
y—w=20
z—%w:O
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which we can write as

_1
X =5t
y=t
z=5t
w=t

For example, let w = 2 and this would yield x = 1,y = 2, and z = 1. We can put these values back into
the expression for the reaction which yields

SnO, +2Hy — Sn+2H,0

Observe that each side of the expression contains the same number of atoms of each element. This means
that it preserves the total number of atoms, as required, and so the chemical reaction is balanced.

Consider another example.

Example 1.38: Balancing a Chemical Reaction

Potassium is denoted by K, oxygen by O, phosphorus by P and hydrogen by H. Consider the
reaction given by
KOH + H3PO4 — K3PO4+ H>0

Balance this chemical reaction.

Solution. We will use the same procedure as above to solve this problem. We need to find values for
x,y,Z,w such that

xKOH +yH3PO4 — zK3PO4 +wH>O
preserves the total number of atoms of each element.

Finding these values can be done by finding the solution to the following system of equations.

K: x=3z

O: x+4y=4z+w
H: x+3y=2w
P: y=z

The augmented matrix for this system is
1 0 -3 0|0
1 4 -4 —-1|0
13 0 —-2|0
01 -1 010
and the reduced row-echelon form is

1 00 —-1]0
010 -10
001 —1]0
000 00
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The solution is given by

which can be written as

Choose a value for ¢, say 3. Then w = 3 and this yields x =3,y = 1,z = 1. It follows that the balanced
reaction is given by
3KOH + 1H3PO4 — 1K3P0O4 4+ 3H,0

Note that this results in the same number of atoms on both sides. '
Of course these numbers you are finding would typically be the number of moles of the molecules on

each side. Thus three moles of KOH added to one mole of H3PO4 yields one mole of K3P0,4 and three
moles of H,O.
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Dimensionless Variables

This section shows how solving systems of equations can be used to determine appropriate dimensionless
variables. It is only an introduction to this topic and considers a specific example of a simple airplane
wing shown below. We assume for simplicity that it is a flat plane at an angle to the wind which is blowing
against it with speed V' as shown.

The angle 0 is called the angle of incidence, B is the span of the wing and A is called the chord.
Denote by [ the lift. Then this should depend on various quantities like 8,V ,B,A and so forth. Here is a
table which indicates various quantities on which it is reasonable to expect [/ to depend.

Variable Symbol | Units

chord A m

span B m

angle incidence | 6 mYkg0sec?
speed of wind |V msec™ !
speed of sound | Vj msec™ !
density of air p kgm™3
viscosity u kgsec Tm™!
lift [ kgsec > m

Here m denotes meters, sec refers to seconds and kg refers to kilograms. All of these are likely familiar
except for u, which we will discuss in further detail now.

Viscosity is a measure of how much internal friction is experienced when the fluid moves. It is roughly
a measure of how “sticky" the fluid is. Consider a piece of area parallel to the direction of motion of the
fluid. To say that the viscosity is large is to say that the tangential force applied to this area must be large
in order to achieve a given change in speed of the fluid in a direction normal to the tangential force. Thus

u (area) (velocity gradient) = tangential force

Hence

(units on p) m? < ) = kgsec >m

secm

Thus the units on u are

kg sec tm™!

as claimed above.
Returning to our original discussion, you may think that we would want

l :f(A’B’ G’V’VO’p’,uV)

This is very cumbersome because it depends on seven variables. Also, it is likely that without much care,
a change in the units such as going from meters to feet would result in an incorrect value for /. The way to
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get around this problem is to look for / as a function of dimensionless variables multiplied by something
which has units of force. It is helpful because first of all, you will likely have fewer independent variables
and secondly, you could expect the formula to hold independent of the way of specifying length, mass and
so forth. One looks for

l:f<g17 ’gk)pVZAB
where the units on pV2AB are

kg < m )2 2 kgxm
m3 \sec ~ sec?
which are the units of force. Each of these g; is of the form

AMIBR OBV po ut (1.11)
and each g; is independent of the dimensions. That is, this expression must not depend on meters, kilo-
grams, seconds, etc. Thus, placing in the units for each of these quantities, one needs

m* ' m'*? (mx“ sec*x“) (mx5 sec*x5) (kgnf3)x6 (kg sec” ! nfl)x7

= mokg0 sec”

Notice that there are no units on 0 because it is just the radian measure of an angle. Hence its dimensions
consist of length divided by length, thus it is dimensionless. Then this leads to the following equations for
the x;.

m: X|i+x2+x4+x5—3x—x7=0

sec : —x4—x5—x7=0
kg : x6+x7=0
The augmented matrix for this system is
11011 -3 —1]0
00011 0 170
00 0O0O0O 1 110
The reduced row-echelon form is given by
1 1000010
000T1T1TQO0T1|0
000O0O0OT1T1|0
and so the solutions are of the form
X1 —X2 — X7
X3 = X3
X4 = —X5—X7
X6 — —X7
Thus, in terms of vectors, the solution is
[ X1 ] [ —xp—x7 ]
X2 X2
X3 X3
x4 | = | —x5—x7
X5 X5
X6 —X7
[ X7 L V7 i
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Thus the free variables are x7,x3,x5,x7. By assigning values to these, we can obtain dimensionless variables
by placing the values obtained for the x; in the formula 1.11. For example, let x, = 1 and all the rest of the
free variables are 0. This yields

X1 = —1,X2 = 1,X3 = O,X4 = O,X5 = 0,x6 = O,X7 =0

The dimensionless variable is then A~'B!. This is the ratio between the span and the chord. It is called
the aspect ratio, denoted as AR. Next let x3 = 1 and all others equal zero. This gives for a dimensionless
quantity the angle 0. Next let x5 = 1 and all others equal zero. This gives

x1=0,x=0x3=0x4=—-1,x5=1,x=0,x;=0

Then the dimensionless variable is V_lVol. However, it is written as V /Vj. This is called the Mach number
. Finally, let x; = 1 and all the other free variables equal 0. Then

x1=—1x=0,x3=0x=—-1x=0x=—-1Lx=1

then the dimensionless variable which results from this is A~'V~!p~!u. It is customary to write it as
Re = (AVp) /u. This one is called the Reynold’s number. It is the one which involves viscosity. Thus we
would look for

= f(Re,AR,0,.4 ) kg x m/ sec*

This is quite interesting because it is easy to vary Re by simply adjusting the velocity or A but it is hard to
vary things like t or p. Note that all the quantities are easy to adjust. Now this could be used, along with
wind tunnel experiments to get a formula for the lift which would be reasonable. You could also consider
more variables and more complicated situations in the same way.
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An Application to Resistor Networks

The tools of linear algebra can be used to study the application of resistor networks. An example of an
electrical circuit is below.

18 volts i_—

'
S
AVAVAY

The jagged lines (— V V V) denote resistors and the numbers next to them give their resistance in

ohms, written as Q. The voltage source (4 F—) causes the current to flow in the direction from the shorter
of the two lines toward the longer (as indicated by the arrow). The current for a circuit is labelled /.

In the above figure, the current /; has been labelled with an arrow in the counter clockwise direction.
This is an entirely arbitrary decision and we could have chosen to label the current in the clockwise
direction. With our choice of direction here, we define a positive current to flow in the counter clockwise
direction and a negative current to flow in the clockwise direction.

The goal of this section is to use the values of resistors and voltage sources in a circuit to determine
the current. An essential theorem for this application is Kirchhoff’s law.

Theorem 1.39: Kirchhoff’s Law

The sum of the resistance (R) times the amps (I) in the counter clockwise direction around a loop
equals the sum of the voltage sources (V) in the same direction around the loop.

Kirchhoff’s law allows us to set up a system of linear equations and solve for any unknown variables.
When setting up this system, it is important to trace the circuit in the counter clockwise direction. If a
resistor or voltage source is crossed against this direction, the related term must be given a negative sign.

We will explore this in the next example where we determine the value of the current in the initial
diagram.
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Example 1.40: Solving for Current

Applying Kirchhoft’s Law to the diagram below, determine the value for I.

18 volts i_—

Solution. Begin in the bottom left corner, and trace the circuit in the counter clockwise direction. At the
first resistor, multiplying resistance and current gives 2/;. Continuing in this way through all three resistors
gives 211 +41; 4+ 21,. This must equal the voltage source in the same direction. Notice that the direction
of the voltage source matches the counter clockwise direction specified, so the voltage is positive.

Therefore the equation and solution are given by

20 +41+2, = 18

8hH = 18
9
L = -A
4
Since the answer is positive, this confirms that the current flows counter clockwise. 'y

Example 1.41: Solving for Current

Applying Kirchhoft’s Law to the diagram below, determine the value for I.

2
7lo>lts 30

A

AN
6Q2

Solution. Begin in the top left corner this time, and trace the circuit in the counter clockwise direction.
At the first resistor, multiplying resistance and current gives 4/;. Continuing in this way through the four
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resistors gives 411 + 61 + 117 + 31;. This must equal the voltage source in the same direction. Notice that
the direction of the voltage source is opposite to the counter clockwise direction, so the voltage is negative.

Therefore the equation and solution are given by

L +6hL+1L+3 = -27
141, = =27
L = 27A
Y
Since the answer is negative, this tells us that the current flows clockwise. 'y

A more complicated example follows. Two of the circuits below may be familiar; they were examined
in the examples above. However as they are now part of a larger system of circuits, the answers will differ.

Example 1.42: Unknown Currents

The diagram below consists of four circuits. The current (I;) in the four circuits is denoted by
11,1,15,14. Using Kirchhoft’s Law, write an equation for each circuit and solve for each current.

Solution. The circuits are given in the following diagram.

27 volts

18 volts i_—_

o
i

23 volts T———_ L 1Q § @ § 20

Starting with the top left circuit, multiply the resistance by the amps and sum the resulting products.
Specifically, consider the resistor labelled 2 that is part of the circuits of /; and /». Notice that current I,
runs through this in a positive (counter clockwise) direction, and /; runs through in the opposite (negative)
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direction. The product of resistance and amps is then 2(I, —I;) = 2I, — 2I;. Continue in this way for each
resistor, and set the sum of the products equal to the voltage source to write the equation:

2, — 211 +41) — 413+ 21, = 18

The above process is used on each of the other three circuits, and the resulting equations are:

Upper right circuit:

43 — 4 + 615 — 614 + Iz + 313 = —27
Lower right circuit:
3 +21+6l4—6+1,—11 =0
Lower left circuit:
SL+1L —I4+20 — 2, = -23

Notice that the voltage for the upper right and lower left circuits are negative due to the clockwise

direction they indicate.

The resulting system of four equations in four unknowns is

2L, =211 +4) — 413 +2, = 18

4 — 4L + 613 —6ly + I3 +1; = —27
2L+ 3L+ 6, —6L+1,—1, = 0
Sh+hL —L4+2L -2, = =23

Simplifying and rearranging with variables in order, we have:

25 +8hL -4 = 18

—4hL+ 14 —61; = -27
—L—-6L+12; = O
8h—2L -1y = 23

The augmented matrix is
-2 8 —4 0| 18

0 -4 14 —6|-27
-1 0 -6 12| 0
8 —2 0 —1]-23

The solution to this matrix is

L = -3A
1
12 — ZA
5
13 — —EA
3
14 — —EA

This tells us that currents I, I3, and I4 travel clockwise while I, travels counter clockwise. Y
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2.1 Matrix Addition and Scalar Multiplication

Outcomes

A. Perform the matrix operations of matrix addition and scalar multiplication. Identify when
these operations are not defined. Represent these operations in terms of the entries of a matrix.

B. Prove algebraic properties for matrix addition and scalar multiplication. Apply these proper-
ties to manipulate an algebraic expression involving matrices.

You have now solved systems of equations by writing them in terms of an augmented matrix and
then doing row operations on this augmented matrix. It turns out that matrices are important not only for
systems of equations but also in many applications. In this chapter we will study matrices as objects of
interest in their own right and build an algebra of matrices.

Recall that a matrix is a rectangular array of numbers. Several of them are referred to as matrices.
For example, here is a matrix.

1 2 3 4
5 287 2.1
6 -9 1 2

Recall that the size or dimension of a matrix is defined as m X n where m is the number of rows and 7 is
the number of columns. The above matrix is a 3 X 4 matrix because there are three rows and four columns.
You can remember the columns are like columns in a Greek temple. They stand upright while the rows
lay flat like rows made by a tractor in a plowed field. When specifying the size of a matrix, you always
list the number of rows before the number of columns.

Unsurprisingly, a matrix is said to be square if. . .

Definition 2.1: Square Matrix

A matrix A which has size n X n is called a square matrix . In other words, A is a square matrix if
it has the same number of rows and columns.

There is some notation specific to matrices which we now introduce. We denote the columns of a
matrix A by A; as follows
A=[A A - A, ]

Therefore, A is the j’h column of A, when counted from left to right.

The individual elements of the matrix are called entries or components of A. Elements of the matrix
are identified according to their position. The (i,j)-entry of a matrix is the entry in the i"" row and j'"
column. For example, in the matrix 2.1 above, 8 is in position (2,3) (and is called the (2,3)-entry) because
it is in the second row and the third column.

49
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In order to remember which matrix we are speaking of, we will denote the entry in the i/ row and
the j’h column of matrix A by a;;. Then, we can write A in terms of its entries, as A = [ai j]. Using this
notation on the matrix in 2.1, arz = 8,a3 = —9,a1, = 2, etc.

Among the collection of matrices, there are two that will be important to us as we build our matrix
algebra. They will play roles analogous to the numbers O and 1.

Definition 2.2: The Zero Matrix

The m x n zero matrix is the m X n matrix having every entry equal to zero. It is denoted by O.

One possible zero matrix is shown in the following example.

Example 2.3: The Zero Matrix

The 2 x 3 zero matrix is 0 = { vt }

000

Note there is a 2 x 3 zero matrix, a 3 X 4 zero matrix, etc. In fact there is a zero matrix for every size!

The zero matrix will be the additive identity for the operation of matrix addition, in the same way that
0 is the additive identity for the operation of (ordinary) addition: x40 = 0 +x = x. Our second special
matrix, the identity matrix, will be the multiplicative identity, once we get around to defining matrix
multiplication in the next section.

Definition 2.4: The Identity Matrix

The n X n identity matrix is the n X n matrix in which the entry at position ij is equal to 1 ifi = j,
and is equal to 0 if i # j.

We denote the n x n identity matrix by y I,. If the size is clear from context, we will denote the
identity matrix by I.

Notice that the identity matrix is always a square matrix, and it has the property that there are ones
down what we will call the main diagonal of the matrix and zeroes elsewhere.

Here are some identity matrices of various sizes.

1 000
[1]10 (1)(1)8 0100
’01’001’0010
0001

The first is the 1 x 1 identity matrix, the second is the 2 x 2 identity matrix, and so on. By extension, you
can likely see what the n x n identity matrix would be.
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Toward an Algebra of Matrices

We are going to build a system for solving equations involving matrices, and since equations involve
equals signs, we should probably be explicit about what we mean when we say that two matrices are
equal. Although you may well be surprised that we are taking the time to write the following definition
down, you probably will not be surprised at what the following definition says.

Let A and B be two m x n matrices. Then A = B means that for A = [a,-j] and B = [bij] , ajj = b;j
foralll <i<mandl < j<n.

In other words, two matrices are equal exactly when they are the same size and the corresponding
entries are identical. Thus

00
00|+ [ 8 8 }
— O 0 -
because they are different sizes. Also,
[0 1] 10
|3 2| 7 { 23 }

because, although they are the same size, their corresponding entries are not identical.

Addition of Matrices

The algebra of matrices that we are building will include equations that involve the sum of two matrices.
The notion of matrix addition is where we turn now.

When adding matrices, both matrices in the sum need have the same size. For example,

1 2
3 4
5 2
and
-1 4 8
{ 2 8 5]

cannot be added, as one has size 3 x 2 while the other has size 2 x 3.

However, the addition

4 63 0 5 0
5 04 |+]4 —4 14
1 -2 3 1 2 6

is possible.

The formal definition is as follows.
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Let A = [a;;] and B = [bj;| be two m x n matrices. Then A+ B = C where C is the m X n matrix
C= [c,- j} defined by
¢ij = aij+ bij

This definition tells us that when adding matrices, we simply add corresponding entries of the matrices.
Please look carefully at what we are doing here. We are defining a new operation, matrix addition, in
terms of a familiar operation, addition of numbers. Annoyingly, both of these operations are denoted by
the same sign. Looking carefully at Definition 2.1, we see that the symbol + appears twice. The first time
it appears, in A + B = C, the symbol represents the new operation, matrix addition. The second time you
see it, ¢;j = a;j + b;j, the plus sign is referring to addition of real numbers. So the new operation is defined
in terms of the old one. This will mean that many of the properties of (ordinary) addition will still hold
when we are thinking of matrix addition. This will be a theme of which you should be aware. Matrix
algebra will be sort of like ordinary algebra. However (and this is really important) there will be times
when the parallel breaks down, so you will have to be careful. We will try to point out those pitfalls as
they arise.

An example of matrix addition seems warranted here:

Example 2.7: Addition of Matrices of Same Size

Add the following matrices, if possible.
1 2 3 5 2 3
a=lioal =231

Solution. Notice that both A and B are of size 2 x 3. Since A and B are of the same size, the addition is
possible. Using Definition 2.6, the addition is done as follows.

(123 5 23] [ 145242 343] [ 6 4 6
A+B_[104]+{—621]_[1+—6 0+2 4+1}_[—525}

)

Note that when we write A 4+ B then we assume that both matrices are of equal size so that the operation
is indeed possible.

A Look Under the Hood: Matrix Addition and Scalar Multiplication

We mentioned above that matrix addition is, in many ways, similar to addition of integers. Being precise
about what we mean by that and actually establishing those claims is an integral part of what mathemati-
cians do. Knowing the statements of what is true or not is essential to actually being able to competently
do the computations involved in linear algebra. Understanding the proofs of those statements is one more
step in your maturation as a mathematician, hence the phrase “Looking Under the Hood.” You don’t need
to look under the hood to drive a car, but there is interesting stuff going on there, and sometimes a little
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knowledge (“How can I check whether I have enough 0il?”) can help make your life easier and keep you
out of big, expensive problems.

Let us start by examining our new operation, matrix addition.

Proposition 2.8: Properties of Matrix Addition

Let A, B and C be matrices. Then, the following properties hold.

e Commutative Law of Addition
A+B=B+A (2.2)

e Associative Law of Addition

(A+B)+C=A+ (B+C) (2.3)

» Existence of an Additive Identity

There exists a zero matrix 0 such that 2.4)
A+0=A ’

e Existence of an Additive Inverse

There exists a matrix —A such that

A+(-A)=0 )

Proof. Consider the Commutative Law of Addition given in 2.2. Let A, B,C, and D be matrices such that
A+ B =C and B+ A = D. We want to show that D = C. To do so, we will use the definition of matrix
addition given in Definition 2.6. Now,

Cij :aij-l-bij :bij-i-a,-j :dij

Therefore, C = D because the ij"* entries are the same for all i and j. Note that the conclusion follows
from the commutative law of addition of numbers, which says that if a and b are two numbers, then
a—+ b = b+ a. The proof of the other results are similar, and are left as an exercise. ' Y

We call the zero matrix in 2.4 the additive identity. Similarly, we call the matrix —A in 2.5 the
additive inverse. —A is defined to equal (—1)A = [—a;;]. In other words, every entry of A is multiplied
by —1.
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Scalar Multiplication of Matrices

Recall that we use the word scalar when referring to numbers. Therefore, scalar multiplication of a matrix
is the multiplication of a matrix by a number. To illustrate this concept, consider the following example in
which a matrix is multiplied by the scalar 3.

1 2 3 4 3 6 9 12
315 28 7 |=1]15 6 24 21
6 -9 1 2 18 =27 3 6

The new matrix is obtained by multiplying every entry of the original matrix by the given scalar.

The formal definition of scalar multiplication is as follows.

IfA = [a;j| and k is a scalar, then kA = [kaj] .

Consider the following example.

Example 2.10: Effect of Multiplication by a Scalar

Find the result of multiplying the following matrix A by 7.
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Solution. By Definition 2.9, we multiply each element of A by 7. Therefore,

aer[ 2] (38 8][4

[ )

Similarly to addition of matrices, there are several properties of scalar multiplication which hold.
Establishing those results is this subsection’s Look Under the Hood:

Proposition 2.11: Properties of Scalar Multiplication

Let A, B be matrices, and k, p be scalars. Then, the following properties hold.

e Distributive Law over Matrix Addition

k(A+B) =kA+kB
* Distributive Law over Scalar Addition
(k+p)A=kA+pA
» Associative Law for Scalar Multiplication
k(pA) = (kp)A

* Rule for Multiplication by 1

IA=A

The proof of this proposition is similar to the proof of Proposition 2.8 and is left an exercise to the
reader.
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2.2 Matrix Multiplication

A. Perform the operations of multiplying a matrix times a vector and multiplying a matrix times
a matrix. Identify when these operations are not defined. Represent these operations in terms
of the entries of the matrix/vector.

B. Prove algebraic properties for matrix multiplication. Apply these properties to manipulate an
algebraic expression involving matrices and/or vectors.

The next important matrix operation we will explore is multiplication of matrices. The operation of
matrix multiplication is one of the most important and useful of the matrix operations. Throughout this
section, we will also demonstrate how matrix multiplication relates to linear systems of equations.

First, we define objects called vectors. Vectors and matrices go together like peanut butter and jelly,
like Romeo and Juliet, like Yin and Yang, like. .. Well, you get the idea. . .

Matrices of size n x 1 are called vectors, or occasionally n-vectors. If X is such a matrix, then we
write x; to denote the entry of X in the i'* row of the matrix.

Vectors will often, but not always, be named with lower case letters surmounted by an arrow, for
example V. Here are some examples of vectors:
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; 2
3 0 4
i= 1|, x=|_,|, =16
4 5 0
3 1

__7T_

In this chapter, we will again use the notion of linear combination of vectors as in Definition 1.32. In
this context, a linear combination is a sum consisting of vectors multiplied by scalars. For example,

RN HAY

is a linear combination of three vectors.

It turns out that we can express any system of linear equations as an equation involving a linear combi-
nation of vectors. In fact, the vectors that we will use are just the columns of the corresponding augmented
matrix!

Suppose we have a system of equations given by

ayxy+ -+ apx, = by

Am1X1 +** + GunXn = by

We can express this system in vector form which is as follows:

apn ap ain by

asy ax a by
X1 . —|—X2 . -+ +xn . - .

aml am2 amn bm

Notice that each vector used here is one column from the corresponding augmented matrix. There is
one vector for each variable in the system, along with the constant vector.

The first important form of matrix multiplication is multiplying a matrix by a vector. Consider the
product given by
1 23 ;
4 5

%110

a5 le)= L]

We will soon see that this equals
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In general terms,

X1
ai; app a a a a
11 12 13 x) = x 11 1+ x 12 +x3 13
azy dazx ds 3 azi az? a3

ayixy +aipxy +azxs
a1 Xy +axxy +axxs

Thus you take x| times the first column, add to x, times the second column, and finally x3 times the third
column. The above sum is a linear combination of the columns of the matrix. When you multiply a matrix
on the left by a vector on the right, the numbers making up the vector are just the scalars to be used in the
linear combination of the columns as illustrated above.

Here is the version to repeat to yourself until your brain turns to mush: The product of a matrix and a
vector is a linear combination of the columns of the matrix, where the weights come from the entries
of the vector.

Having established that, we should look at the formal definition of how to multiply an m x n matrix by
an n X 1 column vector.

LetA = [a,-j} be an m x n matrix and let X be an n x 1 matrix given by

X1
A=[A1A), X=

Xn

Then the product AX is the m X 1 column vector which equals the following linear combination of

the columns of A: .

X1A1+ x40+ - +x,A, = ijAj
j=1

If we write the columns of A in terms of their entries, they are of the form

alj

s

Aj=| 7

amj

Then, we can write the product AX as

ari a2 ain
AX = x| a:ﬂ 0 a:22 Fot |
ar;ﬂ 01;12 Amn

Note that multiplication of an m X n matrix and an n X 1 vector produces an m x 1 vector.
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Here is an example.

Example 2.15: A Vector Multiplied by a Matrix

Compute the product AX for

—_— O N =

Solution. We will use Definition 2.14 to compute the product. Therefore, we compute the product AX as
follows.

1 2 1 3
10| +2]2]|+0]1]|+1] —2
2 1 4
1 4 0 3
=lo|+|4]|+|0|+]| -2
2 2 0 1
8
=12
5

)

Using the above operation, we can also write a system of linear equations in matrix form. In this
form, we express the system as a matrix multiplied by a vector. Consider the following definition.

Definition 2.16: The Matrix Form of a System of Linear Equations

Suppose we have a system of equations given by

a11x1+ - +aipxs = by
arixy+ -+ asx, = ba

am1X1 + -+ + GmnXn, = by

Then we can express this system in matrix form as follows.

ayl app - aip X1 by
ayl axp -+ G x2 by
aml Am2 - Amn Xn D

The expression AX = B, called the matrix form of the corresponding system of linear equations. The
matrix A is simply the coefficient matrix of the system, the vector X is the column vector constructed from
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the variables of the system, and finally the vector B is the column vector constructed from the constants of
the system. It is important to note that any system of linear equations can be written in this form.

Notice that if we write a homogeneous system of equations in matrix form, it would have the form
AX =0, for the zero vector O.

You can see from this definition that a vector

X1
x=|7
Xn
will satisfy the equation AX = B only when the entries x,x»,-- - ,x, of the vector X are solutions to the

original system.

Now that we have examined how to multiply a matrix by a vector, we wish to consider the case where
we multiply two matrices of more general sizes, although these sizes still need to be appropriate, as we
will see. For example, in Example 2.15, we multiplied a 3 x 4 matrix by a 4 x 1 vector. We want to
investigate how to multiply other sizes of matrices.

We have not yet given any conditions on when matrix multiplication is possible! For matrices A and
B, in order to form the product AB, the number of columns of A must equal the number of rows of B.
Consider a product AB where A has size m x n and B has size n X p. Then, the product in terms of size of

matrices is given by
these must match!

(mx n)(nxp )=mxp

Note the two outside numbers give the size of the product. One of the most important rules regarding
matrix multiplication is the following. If the two middle numbers do not match, you cannot multiply the
matrices!

When the number of columns of A equals the number of rows of B the two matrices are said to be
conformable and the product AB is obtained as follows.

Let A be an m x n matrix and let B be an n X p matrix of the form
B=[BiB,)
where B, ...,B), are the n X 1 columns of B. Then the m x p matrix AB is defined as follows:
AB=AI[B...B,| =[A(B1)...A(B,)],

where A(By) is the product of the matrix A and the vector By.

Consider the following example.
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Example 2.18: Multiplying Two Matrices

Find AB if possible.

[\ T \9}
—_

1
0

|

Solution. The first thing you need to verify when calculating a product is whether the multiplication is
possible. The first matrix has size 2 x 3 and the second matrix has size 3 x 3. The inside numbers are
equal, so A and B are conformable matrices. According to the above discussion AB will be a 2 x 3 matrix.
Definition 2.17 gives us a way to calculate each column of AB, as follows.

Third column

A\

Second column

A\

First column

A

{121} ! {121} § {121}?
0 2 1 _5 0 2 1 1 0 2 1 1

You know how to multiply a matrix times a vector, using Definition 2.14 for each of the three columns.
Thus
121 1 20
0 2 1 03 1]|=
-2 11

Since vectors are simply n x 1 or 1 X m matrices, we can also multiply a vector by another vector.

-1 9 3
-2 7 3

Example 2.19: Vector Times Vector Multiplication

1
2
1

If possible, compute the product [ 1 210 ] .

Solution. In this case we are multiplying a matrix of size 3 X 1 by a matrix of size 1 x 4. The inside
numbers match, so the product is defined. Note that the product will be a matrix of size 3 x 4. Using
Definition 2.17, we can compute this product as follows

Fourth column |

A\

Third column

A

Second column

A

[ First column

A

1 T1 T T T
2([1 21 0]=(|2[t]|2|[2]]2]|[t].|2]|][0]
1 1 1 1 1

You can use Definition 2.14 to verify that this product is

1
2
1

[NCIE S NS}

1
2
1

S O O
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Example 2.20: A Multiplication Which is Not Defined

Find BA if possible.

Solution. First we check if the product is defined. This product is of the form (3 x 3) (2 x 3). The inside
numbers do not match and so we cannot perform the requested multiplication. [

In this case, we say that the multiplication is not defined. Notice that these are the same matrices which
we used in Example 2.18. In this example, we tried to calculate BA instead of AB. This demonstrates
another property of matrix multiplication. While the product AB may be be defined, we cannot assume
that the product BA will also be defined. Therefore, it is important to always check that the product is
defined before carrying out any calculations.

Earlier, we defined the zero matrix O to be the matrix (of appropriate size) containing zeros in all
entries. Consider the following example for multiplication by the zero matrix.

Example 2.21: Multiplication by the Zero Matrix

Compute the product AO for the matrix

W =
&

and the 2 X 2 zero matrix given by

o
I
o o
o o

Solution. In this product, we compute

1 21[o0] Jo o
3 4 00| |00
Hence, A0 = 0. A

Notice that we could also multiply A by the 2 x 1 zero vector given by [ 8 } . The result would be the

2 x 1 zero vector. Therefore, it is always the case that AO = 0, for an appropriately sized zero matrix or
vector. So here we have another case of matrix algebra looking a lot like ordinary algebra: anything times
zero is equal to zero times anything is equal to zero. With matrices, however, you do have to check that
the matrices in the product are conformable, and that the matrix on the right hand side of the equal sign is
of the appropriate size.
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(Q N g Q g € into small blocks, each with an interactive assessment activity to promote

comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

The i/ Entry of a Product

In the previous section, we used the entries of a matrix to describe the action of matrix addition and scalar
multiplication. We can also study matrix multiplication using the entries of matrices.

What is the i/ entry of AB? It is the entry in the /" row and the j/ column of the product AB.
Now if A is m x n and B is n X p, then we know that the product AB has the form

al aip - dip bll b12 bl] blp
ayy ayp -+ Ay b21 b22 e sz v b2p
aml Am2 -+ Qmn bpi bpy -+ bnj -+ bp

The j** column of AB is of the form

apy app - dy by
ax axp - Ay byj
aml dm2 " Admn bnj

which is an m x 1 column vector. It is calculated by

ain a2 Aln
as ann aon

aml am?2 Amn
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Therefore, the ij'" entry is the entry in row i of this vector. This is computed by

n
anbij+apbyj+---+ainbyj =Y anby;
k=1

The following is the formal definition for the i/ entry of a product of matrices.

Definition 2.22: The i j/* Entry of a Product

LetA = [a,-j] be an m x n matrix and let B = [b,-j] be an n x p matrix. Then AB is an m X p matrix
and the (i, j)-entry of AB is defined as

n
(AB),'J' = Z a,-kbkj

k=1
Another way to write this is
by
sz
(AB)ij=[an ap - ain ]| .7 | =anbij+anbyj+- - +ainby;
bnj

In other words, to find the (i, j)-entry of the product AB, or (AB);;, you multiply the i’ row of A, on
the left by the j column of B. To express AB in terms of its entries, we write AB = [(AB),- j] .

Consider the following example.

Example 2.23: The Entries of a Product

Compute AB if possible. If it is, find the (3,2)-entry of AB using Definition 2.22.

231]

1 2
A:31,B:[
2 6 7 6 2

Solution. First check if the product is defined. It is of the form (3 x 2) (2 x 3) and since the inside numbers
match, it is possible to do the multiplication. The result should be a 3 x 3 matrix. We can first compute

1 2 1 2 1 2
NN RN
2 6 2 6 2 6

where the commas separate the columns in the resulting product. Thus the above product equals

16 15 5
13 15 5
46 42 14
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which is a 3 x 3 matrix as desired. Thus, the (3,2)-entry equals 42.
Now using Definition 2.22, we can find that the (3,2)-entry equals

2
Y anbiy = asbin+anbn
k=1

= 2x34+6x6=42

Consulting our result for AB above, this is correct!

You may wish to use this method to verify that the rest of the entries in AB are correct. [

Here is another example.

Example 2.24: Finding the Entries of a Product

Determine if the product AB is defined. If it is, find the (2, 1)-entry of the product.

2 31 1 2
A=|7 6 2|, B=|3 1
000 2 6

Solution. This product is of the form (3 x 3)(3 x 2). The middle numbers match so the matrices are
conformable and it is possible to compute the product.

We want to find the (2, 1)-entry of AB, that is, the entry in the second row and first column of the
product. We will use Definition 2.22, which states

n

(AB)ij = Z a,-kbkj
k=1

In this case, n = 3,i =2 and j = 1. Hence the (2, 1)-entry is found by computing

3 biy
(AB)21 =Y anbi = [ a1 axn ax || ba
k=1 b3
Substituting in the appropriate values, this product becomes
b1 1
[azl an a23} b1 :[7 6 2} 3| =1x74+3%x64+2x2=29
b3 2

Hence, (AB)2; = 29.

You should take a moment to find a few other entries of AB. You can multiply the matrices to check
that your answers are correct. The product AB is given by

13 13
AB=| 29 32
0 O
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[ )

You will, of course, through trial and error and lots of practice, find the way to compute the product
of two matrices that fits you best. But the short version of this subsection gives a quick and easy way to
remember how to multiply two conformable matrices by hand:

To compute the ij" entry of AB, take the i’ row of A and the j*" column of B. Multiply the
entries componentwise, then add.

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(6 N g Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

Properties of Matrix Multiplication

As pointed out above, it is sometimes possible to multiply matrices in one order but not in the other order.
However, even if both AB and BA are defined, they may not be equal.

Example 2.25: Matrix Multiplication is Not Commutative

Compare the products AB and BA, for matrices A = [ ; i } , B= [ 0 (1) }

Solution. First, notice that A and B are both of size 2 x 2. Therefore, both products AB and BA are defined.

The first product, AB is
1 2 01 2 1
AB_{3 4“1 o}_h 3]
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The second product, BA is

01 1 2 3 4
10 3 4 1 2
Therefore, AB # BA. )

This example illustrates that you cannot assume that AB = BA even when both products are defined.
We have stated several times that there are many ways in which matrix algebra is like ordinary the ordinary
algebra of integers. But here we have probably the major difference between the two. Multiplication of
numbers is commutative. Multiplication of matrices is not. So as you work with equations involving
matrix algebra, the order in which you write your products will be important. This will be rather annoying
until you get used to it, but do try to be careful.

But, in many other ways, matrix multiplication acts like regular multiplication. Notice that these
properties hold only when the size of matrices are such that the products are defined.

Proposition 2.26: Properties of Matrix Multiplication

The following hold for matrices A, B, and C and for scalars r and s,
A(rB+sC) =r(AB)+s(AC) (2.6)
(B+C)A=BA+CA (2.7)
A(BC)= (AB)C (2.8)

Proof. First we will prove 2.6. We will use Definition 2.22 and prove this statement using the i j* entries
of a matrix. Therefore,

(A (rB+sC Zalk rB+sC Zalk rby; +sck])

k k

Thus A (rB+ sC) = r(AB) + s(AC) as claimed.
The proof of 2.7 follows the same pattern and is left as an exercise.

Statement 2.8 is the associative law of multiplication. Using Definition 2.22,

Zazk (BC); Zazk Zbklcl j

= ZI"(AB),-lClj = ((AB)C);;

This proves 2.8. '
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2.3 The Transpose

A. Perform the operation of finding the transpose of a matrix and represent this operations in
terms of the entries of the matrix.

B. Prove algebraic properties for matrix transposition. Apply these properties to manipulate an
algebraic expression involving matrices.

C. Recognize symmetric and skew symmetric matrices.

The matrix operations we have investigated to this point have had strong analogies to operations on
the integers. In this short section we introduce the transpose of a matrix, which does not have a similar
analogy, as it is tied to the shape of a matrix. An example will make this clear:

In order to find the transpose of, just for example, the matrix

1 4
A=1|31],
2 6
all we will do is write the columns of A as the rows of the transpose of A, which we denote by A”. Like
this:

T

132
141 6]

Al =

N W =
AN = B
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What happened? The first column of A became the first row of A7 and the second column became
the second row. Thus the 3 x 2 matrix became a 2 x 3 matrix. The number 4 was in the first row and the

second column and it ended up in the second row and first column.

The official definition of the transpose of a matrix is as follows.

Let A be an m x n matrix. Then AT, the transpose of A, denotes the n x m matrix given by

AT = [a)]" = [a)i]

The (i, j)-entry of A becomes the (j,i)-entry of AT.

Consider the following example.

Example 2.28: The Transpose of a Matrix

Calculate AT for the following matrix

1 2 -6
A_{35 4}

Solution. By Definition 2.27, we know that for A = [a,- j} ,AT = [a j,-] . In other words, we switch the row
and column location of each entry. The (1,2)-entry becomes the (2, 1)-entry.

Thus,
1 3
AT = 25
—6 4
Notice that A is a 2 x 3 matrix, while AT is a 3 x 2 matrix. 'y

The operation of transposing a matrix has the following important properties:

Lemma 2.29: Properties of Transposition

Let A be an m x n matrix, B an n X p matrix, and r and s scalars. Then
1. (A7) =4

2. (AB)T =BTAT

3. (rA+sB)" = rAT +sBT

Proof. We prove 2. From Definition 2.27,

(AB)" = [(AB);]" = [(AB)ji] = Y ajubi = Y b
k k
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- ;[bik]T [akj]T = [bij}T [aij]T — BT AT

The proofs of Formulas 1 and 3 are left as exercises. o

Although you may have skimmed over that Look Under the Hood moment as we proved the second
property of transposition, let us look at it a little more carefully. This is one of the times that the non-
commutivity of matrix multiplication becomes important. If life were just and fair, one would hope that
the transpose of a product would be the product of the transposes, like this: (AB)? = ATBT. But that is
not how the world works, as you should convince yourself by picking any random 2 x 3 matrix A and any
random 3 x 1 matrix B. Compute (AB)” and try to compare it to A” B” and see what goes wrong. Where
multiplication is concerned, order is important. Even when the sizes of the matrices don’t get in the way,
order still matters. Try an example with two random 2 x 2 matrices A and B. Compare (AB)” and AT BT .
Even though both are defined, are they equal? Sometimes they will be, but most likely they will not. Order
is important.

The transpose of a matrix is related to other important topics. Consider the following definition.

An n x n matrix A is said to be symmetric if A = AT . It is said to be skew symmetric if A = —A” .

We will explore these definitions in the following examples.

Example 2.31: Symmetric Matrices

Let
2 1 3
A= |1 5 -3
3 -3 7

2 1 3
Al=11 5 -3
3 -3 7
Hence, A = AT, s0 A is symmetric. '

At this point you may be thinking to yourself, “Why is this sort of matrix called symmetric?” If you
look at the matrix A in the last example and imagine a mirror placed on the main diagonal of A, you can
see that there is mirror symmetry across the main diagonal: a;; = a ;. Hence the name.
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Example 2.32: A Skew Symmetric Matrix

Show that A is skew symmetric.

Solution. By Definition 2.30,

0 -1 -3
AT=11 0 -2
3 2 0
You can see that each entry of AT is equal to —1 times the same entry of A. Hence, AT = —A and so
by Definition 2.30, A is skew symmetric. 'y

Here, the mirror symmetry that we discussed after the last example is spoiled, but only by a minus sign.
So for a symmetric matrix A we have a;; = aj;, but for a skew symmetric matrix A, we have a;; = —aj;.
Notice that this forces the entries on the main diagonal of a skew symmetric matrix to be equal to 0.
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2.4 The ldentity Matrix and Matrix Inverses

A. Define an invertible matrix and prove that the inverse of a matrix, when it exists, is unique.
B. Prove that a potential candidate for the inverse of a given matrix A is or is not equal to A~!.

C. Prove that a non-invertible 2 x 2 matrix is not invertible.

As you no doubt remember from Section 2.1, we defined the n x n identity matrix to be the matrix that
has 1’s on the main diagonal and 0’s everywhere else. We mentioned that the identity matrix would play a
role similar to the role that the number 1 plays with respect to matrix multiplication. It is time to expand
on that idea a little further.

I, is called the identity matrix because it is a multiplicative identity in the following sense.

Lemma 2.33: Multiplication by the Identity Matrix

Suppose A is an m X n matrix, I,, is the n X n identity matrix and I, is the m X m identity matrix.
Then AL, = A and I,,A = A.

Proof. The (i, j)-entry of Al, is given by:

Y andi; = aij,
k
where
1 ifk=j
6kj: .
0 otherwise

Thus the (i, j)-entry of Al, is equal to a;;, and so Al, = A. The proof of the second claim is left as an
exercise for you. )

Now think back to the happy days of your youth. When you were first learning about negative numbers,
you found out that for any integer k, there was a special number called —k such that the sum of k and —k
was equal to 0. So k had an additive inverse, a number which, when added to k, gave a result which was the
additive identity. Notice that our matrices have the same property: Given any matrix A, there is a matrix
(namely —A) which, when added to A, yields a matrix which is the additive identity.

Still thinking of the days when you were young, you knew that there was a multiplicative identity, the
integer 1. But there were no multiplicative inverses because if you picked a random integer k (other than 1
or —1) there was no other integer j such that kj is equal to the multiplicative identity (i.e., 1). This made it
very hard to solve equations like 3x = 5 for x. The solution to this problem was to expand our collection of
numbers to the rational numbers. If you worked in the world of the rational numbers, then every number
x (except 0) had a multiplicative inverse, which you could call x~!.

Now we are working with matrices, and we want to see how things develop here. The situation will
turn out to be slightly more complicated than before, but there are plenty of parallels. This will turn out to
be a good thing and a bad thing, as you will have to be careful not to assume that everything you remember
to be true about numbers necessarily holds about matrices. But at this point, you are getting used to that.
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Let’s start by carefully defining what we mean when we say that a matrix A has an inverse. (Whenever
we say inverse, you can safely assume we mean multiplicative inverse.) Notice that we are going to restrict
ourselves to talking about square matrices.

A square n X n matrix A is said to be invertible if there is an n X n matrix B such that
AB=BA=1,.

We will say that such a matrix B is a witness that A is invertible.

300, . . . 10
is invertible, since if B= |3 1|, then AB =
05 0 1

BA = 1. Also notice that if A = I4, then B = I4 has the property that AB = BA = I. For a more complicated

For a couple of quick examples, notice that A =

examp]e, you can check that B = |i_47 _21} 1s a witness that A = |i3 j‘} is invertible.

Suppose that a matrix A is invertible. This means that there is some witness matrix B such that AB =
BA = I. But maybe there is another matrix C that also witnesses that A is invertible, so AC = CA = I.
We will prove that this cannot happen, so if there is a witness that A is invertible, there is only one such
witness.

Theorem 2.35: Uniqueness of Witnesses to Invertibility

Suppose A is an n X n invertible matrix. Suppose that AB = BA =1 and AC =CA =1. Then B=_C.

Proof. In this proof, it is assumed that / is the n x n identity matrix. Let A, B, and C be n X n matrices such
that AB = BA = AC = CA = I. We want to show that B = C. Now using properties we have seen, we get:

B=BI=B(AC)=(BA)C=IC=C
Hence, B = C which is what we wanted to prove. '

Now that we know that an invertible matrix A has only one witness to its invertibility, we can give that
witness a name. We will call the witness the inverse of A, and denote it by AL

If A is an invertible matrix, the inverse of A, denoted A~!, is the unique matrix such that

AA ' =A"1A=1,

Notice that Theorem 2.35 justifies calling it the inverse of A, rather than an inverse of A.

Like many things in mathematics, although it may be hard to find the inverse of a matrix A (more on
that soon), it is easy to check whether a given matrix is the inverse of A:
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Example 2.37: Verifying the Inverse of a Matrix

LetA = { L1 ].Show [ _% _i ] is the inverse of A.

I 2

Solution. To check this, multiply

1 1 2 -1 |1 g
|12 -1 1| |0 1|
and } _ i
2 -1 I 1 |10 7
-1 1 1 2 o 0 1] o
showing that this matrix is indeed the inverse of A. 'y

When we work with integers, no number, except for 1 and —1, has an inverse. When we work with
rational numbers, every number, except for 0, has an inverse. Are matrices more like the integers or more
like the rational numbers? It turns out that they are somewhere in between.

First, it is easy to convince yourself that the n X n zero matrix is not invertible, since for any matrix B,
0B = B0 = 0. We’ve seen examples of matrices that are not equal to the identity but still have inverses. But
some matrices besides the zero matrix also might not have an inverse. This is illustrated in the following
example.

Example 2.38: A Nonzero Matrix With No Inverse

1

LetA = { 1

i } . Show that A does not have an inverse.

Solution. We will show that A has no inverse by assuming that A~! does exist, and from that assumption
deriving a contradiction.

So for our matrix A, if A~! exists, then A~! would have to be some 2 x 2 matrix
-1 __|a b
=l
AAT =1

1 I{|a b| |a+c b+d| |1 O
1 1| |c d| |a+c b+d| |0 1|°
But then if we look at the entries of these equal matrices, we see that 0 = a + ¢ = 1, which means that

0 = 1, which is false. So our assumption that A~! existed leads us to a contradiction, which means that
A~! can not exist.

such that

So this means that

[ )
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So, some matrices have inverses and others do not. In the next section we will outline a procedure that
will find the inverse of A when it exists, and certify that A is not invertible when an inverse does not exist.
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2.5 Finding the Inverse of a Matrix

A. Use the matrix inversion algorithm to find the inverse of an n X n matrix, if that matrix exists.
B. Solve systems of n equations involving n unknowns using the matrix inverse.

C. Prove and use properties related to matrix inversion in analyzing algebraic expressions.

In Example 2.37, we were given A~! and asked to verify that this matrix was in fact the inverse of A.
In this section, we explore how to find AL
11
=11 2]

Let
as in Example 2.37. In order to find A~!, we need to find a matrix { i MZ} } such that

a5l ]

We can multiply these two matrices, and see that in order for this equation to be true, we must find the
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solution to the systems of equations,

x+y=1
x+2y=0
and
z+w=0
z+2w=1

Since we are already experts at solving systems of linear equations, we might as well put that skill to use.
(That was the whole point of Chapter 1, right?) Writing the augmented matrix for these two systems gives

1
1

O =

1
2

for the first system and

p— p—

(2.9)

[N
—_

for the second.

Let’s solve the first system. Take —1 times the first row and add to the second to get
1 1)1 i 11 1
1 210 0 1|-1
Now take —1 times the second row and add to the first to get

Lot 1] [1 0] 2
0 1|-1 0 1]-1

Writing in terms of variables, this saysx =2 andy = —1.
Now solve the second system, 2.9 to find z and w. You will find that z = —1 and w = 1.

If we take the values found for x,y,z, and w and put them into our inverse matrix, we see that the

inverse is
-1 _ | X 2| _ 2 —1
O M

After taking the time to solve the second system, you may have noticed that exactly the same row
operations were used to solve both systems. In each case, the end result was something of the form [/|X]
where / is the identity and X gave a column of the inverse. In the above,

]

y

the first column of the inverse was obtained by solving the first system and then the second column
Z
w

To simplify this procedure, we could have solved both systems at once. This is the key idea that will
give us our algorithm for computing the inverse of a matrix. So, for our example above, we could have

written
1 11 0
1 210 1
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and row reduced until we obtained
1 0| 2 —1
0 1/-1 1
and read off A~! as the 2 x 2 matrix on the right of the vertical line.

This exploration motivates the following important algorithm.

Algorithm 2.39: Matrix Inverse Algorithm

Suppose A is an n x n matrix. To find A~" if it exists, form the augmented n x 2n matrix
[AT]

If possible do row operations until you obtain an n X 2n matrix of the form
[1]B]

When this has been done, B = A~'. If it is impossible to row reduce to a matrix of the form [I|B],
then A has no inverse.

This algorithm shows how to find the inverse if it exists. It will also tell you if A does not have an
inverse.

Consider the following example.

Example 2.40: Finding the Inverse

1 2 2
LetA= |1 0 2 |.FindA~! ifitexists.
31 —1

Solution. Set up the augmented matrix

1 2 2
An=\10 2
31 —1

oSO =
o = O
—_ O O

Now we row reduce, with the goal of obtaining the 3 x 3 identity matrix on the left hand side. First,
take —1 times the first row and add to the second followed by —3 times the first row added to the third
row. This yields

12 2(100] . 1 2 2/l 100
10 2/01 0 g2 2045165 2 0l=11 0
31 -1/0 0 1 0 -5 —7|-3 0 1

Then take 5 times the second row and add to -2 times the third row.

12 20 100] 1 2 2] 10 o0
0 —2 0|—-1 10|28 2810 10 0/-55 0
0 -5 —7|-3 0 1 0 0 14| 1 5 =2
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Next take the third row and add to —7 times the first row. This yields

o2 o210 0] 7 —14 0|-6 5 -2
0 —10 0|-55 o2 ™01 o 10 0/-55 0
0 0 14| 15 —2 0 0 14| 1 5 —2

Now take —% times the second row and add to the first row.

-7 —-14 0|—-6 5 -2 -7 0O o 1 =2 =2
0 -10 0|55 O 0 -10 0/-5 S5 O
0 0 14} 1 5 -2 0 0 14| 1 5 -2

—%r2+r1
—

Finally multiply the first row by —1/7, the second row by —1/10 and the third row by 1/14 which yields

-7 0O 0| 1 -2 =2 | 1 1

— 11
0 10 0|-5 5 o4 —0P #3101 0] 5 -5 0
0 0O 14 1 5 =2 1 5 1

00 1| & —5

Notice that the left hand side of this matrix is now the 3 x 3 identity matrix /3. Therefore, the inverse is
the 3 x 3 matrix on the right hand side, given by

L2 2
7 7 7
1 1
2 2 0
15 _1
14 14 7

[ )

It may happen that through this algorithm, you discover that the left hand side cannot be row reduced
to the identity matrix. Consider the following example of this situation.

Example 2.41: A Matrix Which Has No Inverse

LetA = . Find A—1 if it exists.

N = =
o O
E =N \S I \V]

Solution. Write the augmented matrix [A|/]

1 22(1 00
1 02010
22 410 01

[E—

and proceed to do row operations attempting to obtain [I |A=!] . Take —1 times the first row and add to the
second. Then take —2 times the first row and add to the third row.

1 2 2|1 00 | ) 1 22 1
0| =82 TS 1o 2 01
1 0 -2 0|2

S = O
- o O

1 0 2]0 1
22 410 0
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Next add —1 times the second row to the third row.

1 22, 1 00
0 -2 0-1 10
0O 0 0|—-1 —-11

At this point, you can see there will be no way to obtain / on the left side of this augmented matrix. Hence,
there is no way to complete this algorithm, and therefore the inverse of A does not exist. In this case, we
say that A is not invertible. 'y

If the algorithm provides an inverse for the original matrix, it is always possible to check your answer.
To do so, use the method demonstrated in Example 2.37. Check that the products AA~!' and A~'A both
equal the identity matrix. Through this method, you can always be sure that you have calculated A~!
properly.

One way in which the inverse of a matrix is useful is in finding the solution of a system of linear
equations. Recall from Definition 2.16 that we can write a system of equations in matrix form AX = B.
Suppose you find the inverse of the matrix A~'. Then you could multiply both sides of this equation on
the left (not on the right!) by A~! and simplify. In fact the following staments are all equivalent for A

invertible:
AX =B

(AN AX =A"'B
(A~'A)x =A"'B
IX=A"'B
X=A"'B

Therefore we can find X, the unique solution to the system, by computing X = A~!B. Note that once you
have found A~!, you can easily get the solution for different right hand sides (different B). It is always just
A7'B.

We will explore this method of finding the solution to a system in the following example.

Example 2.42: Using the Inverse to Solve a System of Equations

Consider the following system of equations. Use the inverse of a suitable matrix to give the solutions
to this system.

x+z=1
x—y+z=3
X+y—z=2

Solution. First, we can write the system of equations in matrix form

1 0 1 X 1
AX=|1 -1 1 y|=1|3]|=8B (2.10)
I 1 — Z 2

The inverse of the matrix



80 Matrices

is

1 1

0 3 3
Al=11 -1 0
1 -1 _1

2 2

Verifying this inverse is left as an exercise.

From here, the solution to the given system 2.10 is found by

11 5
X 0 2 2 1 2
y|l=Aa"'B=|1 -1 0 3= -2

1 1 3
z I = =3 | L2 —3

What if the right side, B, of 2.10 had been | 1 | ? In other words, what would be the solution to

1 1 X 0
1 -1 yl=111]?
1 1 — z 3

By the above discussion, the solution is given by

L1

X 0 3 2 0 2
y|l=4A""B=|1 -1 0 1| =] -1
z 1 -3 -3 3 -2

This illustrates that for a system AX = B where A~! exists, it is easy to find the solution when the vector
B is changed.

Let’s gather together some properties of the inverse.
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Theorem 2.43: Properties of the Inverse

Let A be an n X n matrix and I the usual identity matrix.

1. Iisinvertible and ! =1

2. IfA is invertible then sois A~!, and (A=1)~1 = A

3. IfA is invertible then so is A, and (A%)~! = (A=1)

4. IfA is invertible and p is a nonzero real number, then pA is invertible and (pA)~! = %A’l
5. IfA and B are invertible matrices, then AB is invertible and (AB)~! = B~1A~!

6. IfA1,Ay, ..., Ay are invertible, then the product AjA; - - - Ay, is invertible, and (A1Ay---Ay) ' =
AAL Ay AT

7. IfA is an invertible matrix, then (A7)~ = (A=1T

These results are all established in the same way. There’s a claim that some matrix is invertible and
there is a candidate for what the inverse is. All we have to do is check that the proposed inverse works.
For example, to prove (4), all we have to do is check that the matrix %A‘l is, in fact, the inverse of the
matrix pA. So just notice that

1 1
(pA) <—A—1) =p-—AA ' =1.1=1
p p

and
1 -1 a -1
—A (pA)=—-pA—'A=1-1=1,
p p

and the result is established. The other claims are proven similarly.

We would be remiss if we didn’t emphasize result (5) in the Theorem above. Notice the order of the
matrices in (AB)~!. Since we know that there is no reason to expect AB to be equal to BA, there is also
no reason to expect B~!A~! to equal A='B~!. Try to be careful with the orders of the matrices you use in
finding the inverses of products.

A Look Under the Hood: Inverses and Systems of Linear Equations

Recall back in Chapter 1 we said that a system of linear equations can have either no solutions, one
(unique) solution, or an infinite number of solutions. Taking a look at what we have just accomplished
here, suppose that we have a system of equations AX = B in which A is invertible. Then our system
only has one solution no matter B, namely the solution X = A~!B. This is worth noting in the following
proposition.

Proposition 2.44: Invertible Matrices and Systems

Suppose that A is an invertible matrix. Then the system of equations AX = B has a unique solution
no matter B.
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On the other hand, if a square n X n matrix A is not invertible, we know that we found that out when
we tried to compute A~! via our algorithm and we reached a point where we know that the reduced row-
echelon form of A was not the identity matrix, as in Example 2.41. The only way our algorithm can fail
is if, in the process of trying to row reduce A, we reach a point where we see a row of all zeros to the left
of our vertical divider. This means that if we were to try to solve the system AX = B, when we transform
the augmented matrix to reduced row-echelon form there will be a row with either a leading 1 in the last
column in which case there is no solution to the system, or else since there are as many rows as columns
in A there is a column of A that is not a pivot column, so in this case our solution to AX = B must have
a free variable, a parameter. And (whew) this means that the system AX = B must have infinitely many
solutions. Let’s summarize:

Proposition 2.45: Systems with as Many Variables as Equations
Suppose that the system of equations AX = B consists of n equations and n unknowns. Then either:
1. The matrix of coefficients A is invertible and the system has a unique solution X = A~'B, or

2. The matrix of coefficients A is not invertible and the system has either no solution, or else
infinitely many solutions.

We conclude with a very useful summary of the various equivalences to matrix invertibility collected
so far.

Theorem 2.46: Various Equivalences of Invertibility

Let A be a square n X n matrix, and let X, B be n x 1 vectors. The following conditions are equivalent.
1. The rank of A is n.

A can be transformed to I, by elementary row operations.

A is invertible.

There exists an n X n matrix C with the property that CA = I,.

The system AX = B has a unique solution X for any choice of B.

The homogeneous system AX = 0 has only the trivial solution, X = 0.

NS A N

There exists an n X n matrix C with the property that AC = I,.

For completeness we briefly argue why these are all equivalent.

* 1 implies 2: The rank of A is the number of leading 1’s in the reduced row-echelon formof A. Since
the size of A is n X n, then A having rank n is equivalent to A being row-equivalent to ,,.

* 2 implies 3: If A can be transformed to I, by elementary row operations, then the matrix inversion
algorithm will succeed in creating A~!.

« 3 implies 4: If A is invertible, then one can use C = A~! to obtain CA =A~'A =1,.
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* 4 implies 5: If CA = I, for some matrix C, then multiplying AX = B on the left by C yields X = CB.

* 5 implies 6: Using B = 0, the assumption 5 says that AX = 0 has a unique solution, whcih mist be
the trivial solution X = O since this is always a solution.

* 6implies 1: By contrapositive, if rank of A is < n, then there are non-leading variables in the reduced
row-echelon formof [A|0]. Hence AX = 0 has infinitely many solutions.

At this point this shows that conditions 1-6 are all equivalent. Finally we show that 4 is equivalent to
7, maybe the most subtle and interesting case.

* 4 implies 7: If 4 holds, then by the above A is invertible so C = A~! can be used for 7.

e 7 implies 4: Assume that AC = I, we must show that CA = . But by taking the transpose AC =1
is equivalent to CT AT = I, which means that condition 4 holds for A”. Now since we have already
shown that 4 implies 3, it implies that AT is invertible. But we know this implies that A itself is
invertible, and thus C = A~! can be used to show that CA = I.

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € intosmall blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!
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2.6 Elementary Matrices

A. Identify elementary matrices and their inverses.

B. Recognize the relation between performing elementary row operations and left multiplying
by elementary matrices.

C. Represent row reducing a matrix A to its reduced row-echelon form as left multiplying A by
a matrix that is a product of elementary matrices.

D. Recognize that a matrix A is invertible if and only if it can be written as a product of elemen-
tary matrices.

We now turn our attention to a special type of matrix called an elementary matrix. An elementary
matrix is always a square matrix. Recall the row operations given in Definition 1.11. Any elementary
matrix, which we often denote by E, is obtained from applying one row operation to the identity matrix of
the same size.

For example, the matrix

01
“=[ Vol
is the elementary matrix obtained from switching the two rows of the 2 x 2 identity matrix. The matrix
1 00
E=[0 17 0
0 01

is the elementary matrix obtained from multiplying the second row of the 3 x 3 identity matrix by 17. The

matrix
10
SN

is the elementary matrix obtained from adding —3 times the first row of I, to the second row.

You may construct an elementary matrix from any row operation, but remember that you can only
apply one operation.

Here is the official definition.

Let E be an n x n matrix. Then E is an elementary matrix if it is the result of applying one row
operation to the n X n identity matrix I,.
Those which involve switching rows of the identity matrix are called permutation matrices.

Therefore, E constructed above by switching the two rows of I, is called a permutation matrix.

Elementary matrices can be used in place of row operations and therefore are very useful. It turns out
that multiplying (on the left hand side) by an elementary matrix £ will have the same effect as doing the
row operation used to obtain E.
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The following theorem is an important result which we will use throughout this text.

Theorem 2.48: Multiplication by an Elementary Matrix and Row Operations

To perform any of the three row operations on a matrix A it suffices to compute the product EA,
where E is the elementary matrix obtained by using the desired row operation on the identity matrix.

Therefore, instead of performing row operations on a matrix A, we can row reduce through matrix
multiplication with the appropriate elementary matrix. We will examine this theorem in detail for each of
the three row operations given in Definition 1.11.

First, consider the following lemma.

Lemma 2.49: Action of Permutation Matrix

Let P/ denote the elementary matrix which involves switching the i'" and the j** rows. Then P/ is

a permutation matrix and
P'A=B

where B is obtained from A by switching the i'" and the j'" rows.

We will explore this idea more in the following example.
Example 2.50: Switching Rows with an Elementary Matrix
Let

pl2 _

o = O

1 0
00|, A=
0 1

X & 9
~ L™

Find B where B = P'2A.

\. J

Solution. You can see that the matrix P!? is obtained by switching the first and second rows of the 3 x 3
identity matrix /.

Using our usual procedure, compute the product P'2A = B. The result is given by

c d
B=|a b
e f

Notice that B is the matrix obtained by switching rows 1 and 2 of A. Therefore by multiplying A by P!,
the row operation which was applied to I to obtain P'? is applied to A to obtain B. [

Theorem 2.48 applies to all three row operations, and we now look at the row operation of multiplying
a row by a scalar. Consider the following lemma.
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Lemma 2.51: Multiplication by a Scalar and Elementary Matrices

Let E (k,i) denote the elementary matrix corresponding to the row operation in which the i'" row is
multiplied by the nonzero scalar, k. Then

E (k,i)A=B

where B is obtained from A by multiplying the i'" row of A by k.

Here is an example of using this lemma:

Example 2.52: Multiplication of a Row by 5 Using Elementary Matrix

100
E52)=|05 0], A=
00 1

Qo Q
-~ /A

Find the matrix B where B=E (5,2)A

Solution. You can see that E (5,2) is obtained by multiplying the second row of the identity matrix by 5.

Using our usual procedure for multiplication of matrices, we can compute the product E (5,2) A. The
resulting matrix is given by

a b
B=| 5¢ 5d
e f
Notice that B is obtained by multiplying the second row of A by the scalar 5. [

There is one last row operation to consider. The following lemma discusses the final operation of
adding a multiple of a row to another row.

Lemma 2.53: Adding Multiples of Rows and Elementary Matrices

Let E (k x i+ j) denote the elementary matrix obtained from I by adding k times the i'" row to the
j. Then
E(kxi+j)A=B

where B is obtained from A by adding k times the i'" row of A to the j'* row of A.

Consider the following example.
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Example 2.54: Adding Two Times the First Row to the Last

100 a b
EQ@x143)=[0 10|, A=|c d
2 0 1 e f

Find B where B=E (2 x 1 +3)A.

Solution. You can see that the matrix E (2 x 1 4 3) was obtained by adding 2 times the first row of [ to the
third row of I.

Using our usual procedure, we can compute the product E (2 x 1 +3)A. The resulting matrix B is
given by

a b
B = c d
2a+e 2b+f
You can see that B is the matrix obtained by adding 2 times the first row of A to the third row. [

Inverses of Elementary Matrices

Suppose we have applied a row operation to a matrix A. Consider the row operation required to return A
to its original form, to undo the row operation. It turns out that this action is how we find the inverse of an
elementary matrix E.

Consider the following theorem.

Theorem 2.55: Elementary Matrices and Inverses

Every elementary matrix is invertible and its inverse is also an elementary matrix.

In fact, the inverse of an elementary matrix is constructed by doing the reverse row operation on /.
E~! will be obtained by performing the row operation which would carry E back to 1.

« If E is obtained by switching rows i and j, then E~! is also obtained by switching rows i and ;.

« If E is obtained by multiplying row i by the scalar k, then E~! is obtained by multiplying row i by
the scalar %

« If E is obtained by adding k times row i to row j, then E~! is obtained by adding —k times row i to
oW j.

Consider the following example.
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Example 2.56: Inverse of an Elementary Matrix

=[5

Find E~!.

Solution. Consider the elementary matrix E given by
10
altH
Here, E is obtained from the 2 x 2 identity matrix by multiplying the second row by 2. In order to carry E

back to the identity, we need to multiply the second row of E by % Hence, E~! is given by

0
1
2

We can verify that EE~! = I. Take the product EE~!, given by

ro]llo 10

—1 o o

et [ 3][58]-a¥

This equals I so we know that we have computed E~! properly. [

Row Reduction via Elementary Matrices

Suppose an m x n matrix A is row reduced to its reduced row-echelon form. By tracking each row operation
completed, this row reduction can be completed through multiplication by elementary matrices. Consider
the following definition.

Definition 2.57: The Form B =TA

Let A be an m x n matrix and let B be the reduced row-echelon form of A. Then we can write
B =TA where T is the product of all elementary matrices representing the row operations done to
A to obtain B.

Consider the following example.

Example 2.58: The Form B =TA

0 1
LetA = 0 |. Find B, the reduced row-echelon form of A and write it in the form B — TA.
0

1
2
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Solution. To find B, row reduce A. For each step, we will record the appropriate elementary matrix. First,
switch rows 1 and 2.

01 1 0
1 o|™ o1
20 20
[0 1 0
The resulting matrix is equivalent to finding the productof P'>=| 1 0 0 | and A.
[ 0 0 1
Next, add (—2) times row 1 to row 3.
Lol Lo |
o1 %01
2 0 00
1 00
This is equivalent to multiplying by the matrix E(—2 x 1 +3) = 0 1 O |. Notice that the
-2 0 1

resulting matrix is B, the required reduced row-echelon form of A.

We can then write

B = E(-2x1+2)(P'?A)
= (E(-2x1+2)P'?)4A
= TA

It remains to find the matrix 7.

T = E(-2x1+2)P?

1007[0 10
— | o1o0]|100
201001
[0 1 0]
- |1 00
0 -2 1|

Notice in the above calculation that the first row operation performed (switching rows 1 and 2) corre-
sponds to the elementary matrix that is on the right in the product.

We can verify that B = TA holds for this matrix 7':

TA =
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[ )

While the process used in the above example is reliable and simple when only a few row operations
are used, it becomes cumbersome in a case where many row operations are needed to carry A to B. The
following theorem provides an alternate way to find the matrix 7.

Theorem 2.59: Finding the Matrix 7’

Let A be an m x n matrix and let B be its reduced row-echelon form. Then B = TA where T is an
invertible m X m matrix found by forming the matrix [A|l,] and row reducing to [B|T].

Let’s revisit the above example using the process outlined in Theorem 2.59.

Example 2.60: The Form B = TA, Revisited

01
LetA = 0 |. Using the process outlined in Theorem 2.59, find T such that B = TA.
0

1
2

Solution. First, set up the matrix [A|Ly).

011 00
1 0j0 1 0
2 010 01

Now, row reduce this matrix until the left side equals the reduced row-echelon form of A.

0 1]1 00 [1.0/0 1 0
1 0010 nen 0 1/1 00
2000 01 |2 0/0 0 1
Coman | L O[O 10

AN 0 1|1 00

[0 0|0 —2 1

The left side of this matrix is B, and the right side is 7. Comparing this to the matrix 7" found above in
Example 2.58, you can see that the same matrix is obtained regardless of which process is used. [
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Invertible Matrices and Elementary Matrices

Recall from Algorithm 2.39 that an n X n matrix A is invertible if and only if A can be carried to the n X n
identity matrix using the usual row operations. This leads to an important consequence related to the above
discussion.

Suppose A is an n X n invertible matrix. Then, set up the matrix [A|l,] as done above, and row reduce
until it is of the form [B|T]. In this case, B = I,, because A is invertible.

B = TA
I, = TA
T-' = A

Now suppose that T = E| E - - - Ex where each E; is an elementary matrix representing a row operation
used to carry A to I. Then,
71 = (ElEz-“Ek)_l :E;1-~-E£1Efl

Remember that if E; is an elementary matrix, so too is Efl. It follows that

A = T}
-1 —1p—1
= E ' ---E; E|

and A can be written as a product of elementary matrices.

Thus the following provides another equivalent condition to invertibity, see Theorem 2.46.

Theorem 2.61: Product of Elementary Matrices

Let A be an n x n matrix. Then A is invertible if and only if it can be written as a product of
elementary matrices.

Consider the following example.

Example 2.62: Product of Elementary Matrices

0 10
LetA= |1 1 0 |. WriteA as a product of elementary matrices.
0 -2 1

Solution. We will use the process outlined in Theorem 2.59 to write A as a product of elementary matrices.
We will set up the matrix [A|/] and row reduce, recording each row operation as an elementary matrix.

First:

0 1 0]|100 1 10]010
1 1001 0|™10 10100
0 —2 1/0 0 1 0 —2 1]/0 0 1
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010
represented by the elementary matrix E; = | 1 0 0
0 01
Secondly:
1 10|01 0 (Dratn 1 00|-110
0 1 0|1 0O 0O 10 1 0O
0 -2 1|0 0 1 0O -2 1, 001
1 —1 0]
represented by the elementary matrix E, = | 0 1 O
0 0 1
Finally:
I 001107, 1 00]-110
0 10 100|™Flo10] 100
0 -2 1| 0 01 |00 1] 201
1 00
represented by the elementary matrix E3 = | 0 1 0O
0 21

Notice that the reduced row-echelon form of A is I. Hence I = TA where T is the product of the
above elementary matrices. It follows that A = T~!. Since we want to write A as a product of elementary
matrices, we wish to express 7! as a product of elementary matrices.

T~ = (EB3E:E))"!

= E/'E;'E;!
010 110 1 00
= |1too0f(j0o1O0||O0O 10
001][00T1]|]0 —21
= A

This gives A written as a product of elementary matrices. By Theorem 2.61 it follows that A is invert-
ible. [
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2.7 Two Theorems on Matrix Inverses

In this section, we will present two theorems which will clarify the concept of matrix inverses. The proofs
of these theorems are somewhat technical and definitely are in the Look Under the Hood part of linear
algebra. Because the results of the theorems are pretty important, we will present them first, and delay the
proofs of the theorems until later in this section.

The first theorem tells us that if we have square matrices A and B such that AB = I, then automatically
BA = I. Practically, this means that if we are given two matrices and asked if they are inverses of each
other, we need only check the product AB. If it works out that AB = I, then we can conclude that B = Al
without checking the product BA. Here’s the statement of the theorem:

Theorem 2.63: Unique Inverse of a Matrix

Suppose A and B are square matrices such that AB = I where I is an identity matrix. Then it follows
that BA = I. Thus both A and B are invertible and B=A"' and A = B~

Our second major theorem of this section makes explicit something you probably noticed in Section
2.5.

Theorem 2.64: The Reduced Row-Echelon Form of an Invertible Matrix

For any matrix A the following conditions are equivalent:

e A is invertible

* The reduced row-echelon form of A is an identity matrix
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A Look Under the Hood: Matrix Inverses

Let’s prove both of these theorems. To get started we will need a lemma (a small result used to prove
another result) that is based on our understanding of elementary matrices from the last section. Just to
refresh your memory, remember that applying row operations is the same as left multiplying by elementary
matrices, so if R is the reduced row-echelon form of a matrix A, then there are elementary matrices
E\,E;,...,E;suchthat R = (Ek -.- (E2 (EIA») =Ej---E>E A, If we let E denote the product Ey - - - E>Eq,
then R = EA, where E is an invertible matrix.

Now we can state and prove our lemma:

Lemma 2.65: Invertible Matrix and Zeros

Suppose that A and B are matrices such that the product AB is an identity matrix. Then the reduced
row-echelon form of A does not have a row of zeros.

Proof. Let R be the reduced row-echelon form of A. Then R = EA for some invertible square matrix E as
described above. By hypothesis AB = I where [ is an identity matrix, so we have a chain of equalities

R(BE™ )= (EAYBE Y =EABE '=EIE'=EE ' =1

If R would have a row of zeros, then so would the product R(BE~!). But since the identity matrix / does
not have a row of zeros, R cannot have one either. ' Y

Having established this lemma, we can proceed to a proof of Theorem 2.63:

Proof. (of Theorem 2.63): We assume that we are given square matrices A and B such that AB = 1. We
must prove that BA = 1.

We are assuming that AB = I, so by Lemma 2.65 we know that R, the reduced row-echelon form of
A, does not have a row of zeros. But since A is square, R is square also, and as R is a square matrix in
reduced row-echelon form which does not contain a row of zeros, R must be the identity matrix. (Take a
minute and convince yourself of that.) So (again by the last section) there is an invertible matrix £ such
that EA=R=1.

Using the two facts that AB = I and that EA = I, we can finish the proof with a chain of equalities.
Remember that we are trying to prove that BA is equal to I:

BA=IBIA = (EA)B(E"'E)A
= E(AB)E"'(EA)
= EIE™'I

EE'=1

Since we have shown that BA = I, our proof is complete.

[ )

Now we can prove Theorem 2.64. To show that the two given statements are equivalent, we will prove
that each one implies the other.
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Proof. (of Theorem 2.64).

First, assume that A is an invertible matrix. We must show that the reduced row-echelon form of A is
the identity matrix. As A is invertible, we know by Theorem 2.61 that A can be written as a product of
(invertible) elementary matrices:

A=E\E;...E}.

We left multiply both sides of this equation by the inverses of the E;’s, being careful about the order,
and we get
~1 —1p-1 ~1 —1p-1
E ' ...Ey E; A= (E_'...Ey 'E[')E\Ey...Ex=1.

But since each El._1 is an elementary matrix, this equation shows that A can be row reduced to the
identity matrix. Since the identity matrix is in reduced row-echelon form, this shows that the reduced
row-echelon form of the matrix A is I, as needed for this direction.

To show the other direction, we assume that A’s reduced row-echelon form is the identity matrix. We
must show that A is invertible. Again representing the row reduction of A as a matrix product, we are given
that EA = I, where E is a product of elementary matrices. But then by Theorem 2.63, this is enough to
conclude that A is invertible, as needed.

Having shown that each of the two conditions of our theorem implies the other, we have shown that
the two conditions are equivalent, as needed.

[ )

Theorem 2.64 corresponds to Algorithm 2.39, which claims that A~! is found by row reducing the
augmented matrix [A|]] to the form [I|{A™']. This will be a matrix product E [A|I] where E is a product of
elementary matrices. By the rules of matrix multiplication, we have that E [A|I| = [EA|EI] = [EA|E].

It follows that the reduced row-echelon form of [A|l] is [EA|E], where EA gives the reduced row-
echelon form of A. By Theorem 2.64, if EA # I, then A is not invertible, and if EA = I, A is invertible. If
EA = I, then by Theorem 2.63, E = A~!. This proves that Algorithm 2.39 does in fact find A=,
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2.8 LU Factorization

A. Recognize upper triangular matrices and lower triangular matrices.

B. Use back- or forward-substitution to efficiently find solutions to the equation AX = B when A
is triangular.

C. When possible, find an LU factorization of a given matrix A either by direct computation or
by the multiplier method.

D. In cases where the matrix A can be written as a product LU, efficiently use that LU factoriza-
tion to find solutions to the matrix equation AX = B.

When trying to solve a system of equations, we have developed an approach to the problem that
is guaranteed to produce the solution to the system. We simply use Gaussian Elimination to produce
an equivalent system of equations that is amenable to solution by back substitution. If the matrix of
coefficients is invertible, you can find A~! and then the solution to the system is X = A-'B. We've
practiced these techniques and we know that they produce the needed solution. What more could we
want?

Well, one difficulty with the above method for solution is that it is computationally inefficient. That
isn’t going to matter too much when one is solving a system of 3 or (with a computer) 30 or 300 equations.
But many problems that are actually solved in business and government settings involve thousands of
equations, and then computational efficiency becomes quite important. In this section, we will introduce
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you to one method of efficiently solving square systems of equations, called LU Factorization.

Triangular Matrices

To begin to understand the appeal of this method, assume that we are trying to solve a system of n equations
and n unknowns, AX =Y, and assume for the sake of argument that this system has a unique solution. If
A happens to already be in row-echelon form then it is easy to find the solution Y by back substitution, as
in this example:

Example 2.66: An Easy System to Solve

Find the solution to the system of equations

x+2y+3z=4
y—2z=17
3z=6

Solution. By back substitution, the third equation tells us that z = 2, then the second equation tells us that

y=7+42-2 =11, and then the first equation tells us that x = (mumble, mumble) = —24. So the solution
X —24

is [y| = | 11 |. Nothing easier! [ Y
Z 2

The matrix A for the last example is

A=

o o=
o =N
|
[\

and such a matrix is called an upper triangular matrix. There are also lower triangular matrices. Here is
the official definition:

Ann x n matrix U is said to be an upper triangular matrix if every entry below the main diagonal
is equal to 0. In other words, if i > j, then u;; = 0.

An n x n matrix L is said to be a lower triangular matrix if every entry above the main diagonal is
equal to 0. Le., if i < j, then [;; = 0.

Ann x n matrix A is said to be a triangular matrix if it is either upper triangular or lower triangular.

The short version is: Upper triangular matrices have 0’s below the main diagonal. Lower triangular
matrices have 0’s above the main diagonal. If a matrix is both square and triangular (that sounds weird, but
it is what we mean to say) then it looks triangular, but a matrix can be triangular without being square (that
sounds better, right?) Take a minute and look at the following examples to make sure that the previous
sentences make sense.
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Example 2.68: Triangular Matrices

The following matrices are all triangular:

1 00 é i _01 ‘71 1 2 3 4 5 300
01 0f, 00 0 5|° 02 3 -1 12f, 210
0 01 00 0 2 00 -1 2 7 4 7 1

The first, second, and third matrices are upper triangular, while the first and fourth are lower trian-
gular.

Example 2.66 involved showing that if U is an upper triangular matrix, then the system UX =Y is easy
to solve by back substitution. It is also easy to see! that if L is lower triangular, then the system LY = B
is easy to solve by forward substitution. The usefulness of the LU factorization that we are discussing in
this section relies on these observations.

Can We Find an LU Factorization?

We would like to solve a system AX = B, and our plan is going to be to factor A as a product of a lower
triangular and upper triangular matrix, A = LU, where L has ones along the main diagonal. Lots of times
this is doable, but not always. Partly because of this, we will emphasize the techniques of using LU
factorization rather than looking for proofs in this section. It turns out that it takes about half as many
operations to obtain an LU factorization as it does to find the reduced row echelon form. This makes using
the LU factorization to solve the system an attractive method of attack, when the matrix A is factorable.
Unfortunately, this is not always possible:

Example 2.69: A Matrix with no LU factorization

IfA = (1) (1) ], can we find a lower triangular matrix L with ones on the diagonal and an upper

triangular matrix U such that A = LU ?

Solution. To do so you would need
01| |10 a b| | a b
1 0o |x 1 0 ¢c| |xa xb+c |’

Therefore, b = 1 and a = 0. Also, from the bottom rows, xa = 1 which can’t happen and have a = 0.
Therefore, you can’t write this matrix in the form LU. It has no LU factorization. This is what we mean
above by saying the method lacks generality. [

Let’s examine a couple of methods for finding the LU factorization, when it does exist.

IThis is math speak for “Make up an example on your own that verifies what is claimed next.” Go ahead, do it. Write a
system of equations that generates a lower triangular coefficient matrix and solve it.



2.8. LU Factorization = 99

Finding An LU Factorization By Direct Computation

Which matrices have an LU factorization? It turns out it is those whose row-echelon form can be achieved
without switching rows. In other words matrices which only involve using row operations of type 2 or 3
to obtain the row-echelon form.

Example 2.70: An LU factorization

= o O
S = N

1 2
Find an LU factorizationof A= | 1 3
2 3

One way to find the LU factorization is to simply look for it directly. You need

1 2 0 2 1 00 a d h j
1 32 1(={x120 0 b e i
2340 y z 1 00 ¢ f
Then multiplying these you get
a d h Jj
xa xd+b xh+e xj+i

ya yd+zb yh+ze+c yj+iz+f

and so you can now tell what the various quantities equal. From the first column, you need a = 1,x =
1,y =2. Now go to the second column. Youneedd =2,xd +b =3 sob =1,yd +zb =3 so z= —1. From
the third column, 7 = 0,e = 2,c = 6. Now from the fourth column, j =2,i = —1, f = —5. Therefore, an
LU factorization is

I 00 1 20 2
1 10 012 -1
2 -1 1 0 06 =5

You can check whether you got it right by simply multiplying these two.
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LU Factorization via the Multiplier Method

Remember that for a matrix A to be written in the form A = LU, you must be able to reduce it to its row-
echelon form without interchanging rows. The following procedure, called the multiplier method, gives a
process for calculating the LU factorization of such a matrix A.

Example 2.71: LU factorization

Find an LU factorization for

Solution.

We take the matrix A and reduce it only using our third elementary row operation: adding a multiple
of one row to another, keeping track of the operations we use to clear out the columns of A below the main
diagonal:

12 3 12 3 12 3 12 3
—2 |+ 2 7

23 1 rz o -1 5| @iy 7 5Ok 1S

23 2 2 3 2 0 7 4 0 0 -3l

Notice that we have stopped our row reducing as soon as we have achieved an upper triangular matrix.
This is our matrix U.
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1 2 3
U=|0 -1 =5
0 0 =31

All we have to do is produce the lower triangular L.

To find L, you will notice that we have placed boxes around the multipliers that we have used in our
row reduction. Notice that the —2 was used to create a 0 in position (2,1) of our reduced matrix, the
multiplier 2 got us the 0 in position (3, 1), and the 7 was used to clear out position (3,2). To create the
matrix L, start with the identity matrix and then put the opposite of each multiplier in the position of the
matrix with which it is associated:

1 0 O
L=1{2 1 0f.
-2 =7 1

And that’s it! You can check that we have found L and U such that

1 2 3 1 0 O I 2 3
23 1|=]2 1 0 0 -1 =5
-2 3 =2 -2 =7 1 0 0 =31

Example 2.72: LU factorization

3 1 0 1
. . } 0 1 2 O
Find an LU factorization for the matrix A = ,
-9 -2 0 -2
0 2 4 1

Solution. We reduce the given matrix A to an upper triangular form, only using our third row operation:

31 0 1 3101 31 0 1 31 0 1
0O 1 2 0 3ritrs 0120 ~lragry 01 2 O —2rry 01 2 0
-9 -2 0 -2 0101 00 -2 1 00 -2 1
0 2 4 1 02 41 02 4 1 00 0 1

Since our matrix is upper triangular, we have found the matrix U:

31 0 1
01 2 0
U=1o 0 -2 1|
00 0 1
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Looking at our row reduction, we see that our multipliers are 3, —1, and —2. Taking the identity matrix
and inserting the opposite of the multipliers in the correct positions, we find that

1 000
0 100
L=ls 110
0 20 1

And you can check that A = LU.
[ )

One quick note to end this subsection. Suppose that the matrix A is not square, so that A is an n X m
matrix. The matrix L will always be an n X n square matrix, since we construct it by adding non-zero
entries to the n X n identity matrix. Our matrix U, on the other hand, will be an n X m matrix, since it is the
result of row reducing A. All of our examples to this point have started with square A’s, but you should be
aware of the general case, as it will show up soon.
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Solving Systems using LU Factorization

One reason people care about the LU factorization is it allows the quick solution of systems of equations.
Here is an example.

Example 2.73: LU factorization to Solve Equations

Use LU factorization to solve the equation

1 23 2 . 1

4 31 1 Yi=12

1230 ¢ 3
w

Solution.

Of course one way is to write the augmented matrix and grind away. However, this involves more
row operations than the computation of the LU factorization and it turns out that the LU factorization can
give the solution quickly. Here is how. You can (and probably should) check that the multiplier method
discussed above yields the following as an LU factorization for the coefficient matrix.

1 232 1 00 1 2 3 2
431 1]|=]410 0 -5 —11 -7
1 230 1 01 0 O 0 -2
1
We are trying to solve the equation AX = B, where B = |2 | . Notice that the following are equivalent:
3
AX =B
(LU)X =B
L(UX)=B.

Here’s the idea that gives us the solution to our (relatively difficult) problem via two quickly computed
(relatively easy) problems: Let Y = UX. Looking at our last equation above, we want to solve LY = B for
Y. Since L is lower triangular, this is easy. And then, once we are looking at Y, we can find X by simply
solving the equation UX =Y for X. And once again, as U is triangular, the solution by back substitution
is quickly computed. Here are the details:

First, to solve LY = B, we need to solve

1 00 yi 1
4 10 | =
1 01 y3 3
1

which yields very quickly that Y = | —2

2
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Then we can find X by solving UX =Y. Thus in this case,

which yields

1 2 3 2 . 1
0 -5 —11 —7 Yli=| =2
0 0 0 -2 . 2
w
3 7
—§+§t
9 _ 11,
X = 5 5 ,reR
t
—1

Xengage
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A Look Under the Hood: A Justification for the Multiplier Method

Why does the multiplier method work for finding the LU factorization? Suppose A is a matrix which has
the property that the row-echelon form for A may be achieved without switching rows. Thus every row
which is replaced using this row operation in obtaining the row-echelon form may be modified by using

a row which is above it.
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Lemma 2.74: Multiplier Method and Triangular Matrices

Let L be a lower (upper) triangular m X m matrix which has ones down the main diagonal. Then
L~ also is a lower (upper) triangular matrix which has ones down the main diagonal. In the case

that L is of the form
1

ai 1
L= . . (2.11)

a, 1

where all entries are zero except for the left column and main diagonal, it is also the case that L™
is obtained from L by simply multiplying each entry below the main diagonal in L with —1. The
same is true if the single nonzero column is in another position.

Proof. Consider the usual setup for finding the inverse [ L I } . Then each row operation done to L to
reduce to row reduced echelon form results in changing only the entries in / below the main diagonal. In
the special case of L given in 2.11 or the single nonzero column is in another position, multiplication by
—1 as described in the lemma clearly results in L~!. [ )

For a simple illustration of the last claim,

1 001 0O 1 001 0 O
01 0010|—-]1]01T001 0
0 alOO01 001 0 —a 1
Now let A be an m X n matrix, say
aip app - dip
a a e ann
A
Aml Am2 " Amn

and assume A can be row reduced to an upper triangular form using only row operation 3. Thus, in
particular, a;; # 0. Multiply on the left by E| =

_ar ..
ar
Caw g g

ar

This is the product of elementary matrices which make modifications in the first column only. It is equiv-
alent to taking —ap;/aj; times the first row and adding to the second. Then taking —a3;/aj; times the
first row and adding to the third and so forth. The quotients in the first column of the above matrix are the
multipliers. Thus the result is of the form

/
aip arp - ap,

0 a/ P a/

22 2
EA= o
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By assumption, a5, # 0 and so it is possible to use this entry to zero out all the entries below it in the matrix

on the right by multiplication by a matrix of the form E = [ ! } where E is an [m — 1] X [m — 1] matrix

0 F
of the form
1 o - 0
N !
E— '“22
Lda o
ay

Again, the entries in the first column below the 1 are the multipliers. Continuing this way, zeroing out the
entries below the diagonal entries, finally leads to

En 1En—2---EIA=U

where U is upper triangular. Each E; has all ones down the main diagonal and is lower triangular. Now
multiply both sides by the inverses of the E; in the reverse order. This yields

—1 -1 -1
A:El E2 '~'Em71U

By Lemma 2.74, this implies that the product of those Ej_1 is a lower triangular matrix having all ones
down the main diagonal.

The above discussion and lemma gives the justification for the multiplier method. The expressions

—d21 —a31  —aml
air - ann 7 an
denoted respectively by M»1,---,M,,| to save notation which were obtained in building E; are the multi-

pliers. Then according to the lemma, to find £ ! you simply write

1 0 --- 0
My 1 - 0
~M,; 0 - 1

Similar considerations apply to the other Ej_l. Thus L is a product of the form

1 0O --- 0 1 O 0
—M> 1 --- 0 0 1 0
: Dot 0 - :
My O - 1 0+ —Mypy 1

each factor having at most one nonzero column, the position of which moves from left to right in scan-
ning the above product of matrices from left to right. It follows from what we know about the effect of
multiplying on the left by an elementary matrix that the above product is of the form

[ 1 0 0 07
My, 1 0 0
. My . .
_M[M—l}l : 1 O
| —Myi My - —Mym—1 1
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In words, beginning at the left column and moving toward the right, you simply insert, into the corre-
sponding position in the identity matrix, —1 times the multiplier which was used to zero out an entry in
that position below the main diagonal in A, while retaining the main diagonal which consists entirely of
ones. This is L.
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Determinants

3.1 Basic Techniques and Properties

Outcomes

A. Evaluate the determinant of a square matrix using either Laplace Expansion or row operations.
B. Demonstrate the effects that row operations have on determinants.

C. Verify the following:

(a) The determinant of a product of matrices is the product of the determinants.

(b) The determinant of a matrix is equal to the determinant of its transpose.

Cofactors and 2 x 2 Determinants

Let A be an n X n matrix. That is, let A be a square matrix. The determinant of A, denoted by det(A), is a
very important number which we will explore throughout this section.

Let’s start small.

Definition 3.1: Determinant of a One By One Matrix

LetA= [ a |. Then
det(A) =a

If A is a 2x2 matrix, the determinant is given by the following formula.

Definition 3.2: Determinant of a Two By Two Matrix

det(A) =ad —cb

The determinant is also often denoted by enclosing the matrix with two vertical lines. Thus
a b
det { ¢ d } =

The following is an example of finding the determinant of a 2 x 2 matrix.

a b
c d

’:ad—bc

109
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Example 3.3: A Two by Two Determinant

Find det (A) for the matrix A = [ _% 2 } .

Solution. From Definition 3.2,
det(A)=(2)(6)—(—1)(4)=12+4=16

[ )

The 2 x 2 determinant can be used to find the determinant of larger matrices. We will now explore how
to find the determinant of a 3 x 3 matrix, using several tools including the 2 x 2 determinant.

We begin with the following definition.

Definition 3.4: The ;" Minor of a Matrix

Let A be a3 x 3 matrix. The ij"" minor of A, denoted as minor(A);;, is the determinant of the 2 x 2

ij>
matrix which results from deleting the i'" row and the j** column of A.
In general, if A is an n x n matrix, then the ij'" minor of A is the determinant of then — 1 x n— 1

matrix which results from deleting the i’ row and the j'" column of A.

Hence, there is a minor associated with each entry of A. Consider the following example which
demonstrates this definition.

Example 3.5: Finding Minors of a Matrix

Let

b

Il
W A~ =
N W N
—_ N W

Find minor(A),, and minor(A),;.

Solution. First we will find minor (A);,. By Definition 3.4, this is the determinant of the 2 x 2 matrix
which results when you delete the first row and the second column. This minor is given by

minor (A),, = det { ‘31 ? }
Using Definition 3.2, we see that

det[;‘ ?]:(4)(1)—(3)(2):4—6:—2

Therefore minor (A);, = —2.
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Similarly, minor (A),; is the determinant of the 2 x 2 matrix which results when you delete the second
row and the third column. This minor is therefore

minor (A),; = det { ; g } =—4

Finding the other minors of A is left as an exercise. '

The ij"" minor of a matrix A is used in another important definition, given next.

Definition 3.6: The i/ Cofactor of a Matrix

Suppose A is an n x n matrix. The ij'" cofactor, denoted by cof(A) ;j 1s defined to be

cof(A);; = (1) minor(A);;

It is also convenient to refer to the cofactor of an entry of a matrix as follows. If g;; is the i i entry of
the matrix, then its cofactor is just cof (A); ;.

Example 3.7: Finding Cofactors of a Matrix

Consider the matrix

A=

W A~ =
N W N
—_ N W

Find cof(A),, and cof(A),5.

Solution. We will use Definition 3.6 to compute these cofactors.

First, we will compute cof (A),,. Therefore, we need to find minor(A),,. This is the determinant of
the 2 x 2 matrix which results when you delete the first row and the second column. Thus minor(A),, is

given by
4 2
det{ 31 } =-2

Then,
cof (A)), = (—1)1+2minor(A)12 = (_1)1+2 (-2)=2
Hence, cof (A),, =2.

Similarly, we can find cof (A),3. First, find minor (A),5, which is the determinant of the 2 x 2 matrix
which results when you delete the second row and the third column. This minor is therefore

12
det{3 2}:—4

Hence,
cof (A),3 = (—1)*" minor (A) 3 = (=1)*7 (—4) = 4
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[ )

You may wish to find the remaining cofactors for the above matrix. Remember that there is a cofactor
for every entry in the matrix.

We have now established the tools we need to find the determinant of a 3 x 3 matrix.

Let A be a 3 x 3 matrix. We calculate det (A) by picking a row (or column) and taking the product
of each entry in that row (column) with its cofactor and adding these products together.
This process when applied to the i'* row (column) is known as expanding along the i'" row (col-
umn) as is given by

det (A) = ajicof(A);1 +apncof(A)n + azcof(A) 3

When calculating the determinant, you can choose to expand any row or any column. Regardless of
your choice, you will always get the same number which is the determinant of the matrix A. This method of
evaluating a determinant by expanding along a row or a column is called Laplace Expansion or Cofactor
Expansion.

Consider the following example.

Example 3.9: Finding the Determinant of a Three by Three Matrix

A=

w K =
O W
— N W

Find det(A) using the method of Laplace Expansion.

Solution. First, we will calculate det(A) by expanding along the first column. Using Definition 3.8, we
take the 1 in the first column and multiply it by its cofactor,

3 2

103 = mmen =1

Similarly, we take the 4 in the first column and multiply it by its cofactor, as well as with the 3 in the first
column. Finally, we add these numbers together, as given in the following equation.

COf(A)ll COf(A)21 COf(A)31

A A\ A
~ N e Y ~ N

det(A) =1(-1)""" +4(-1)""! i’ +3(—1)*! i

il N

2 3
2 2

Calculating each of these, we obtain
det(A)=1(1)(=1)+4(-1)(—4)+3(1)(-5)=—-1+16+—-15=0

Hence, det(A) = 0.
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As mentioned in Definition 3.8, we can choose to expand along any row or column. Let’s try expanding
along the second row. Here, we take the 4 in the second row and multiply it to its cofactor, then add this to
the 3 in the second row multiplied by its cofactor, and the 2 in the second row multiplied by its cofactor.
The calculation is as follows.

cof(4), cof(a),, cof(4),3
det(A) = 4(—1)*"! 51 3(—1)*"? 3 1T 2(—1)*"3 3 5
Calculating each of these products, we obtain
det(A)=4(—1)(=2)+3(1)(—8)+2(—1)(—4)=0
You can see that for both methods, we obtained det (A) = 0. '

As mentioned above, we will always come up with the same value for det (A) regardless of the row or
column we choose to expand along. You should try to compute the above determinant by expanding along
other rows and columns. This is a good way to check your work, because you should come up with the
same number each time!

We present this idea formally in the following theorem.

Theorem 3.10: The Determinant is Well Defined

Expanding the n X n matrix along any row or column always gives the same answer, which is the
determinant.

We have now looked at the determinant of 2 X 2 and 3 x 3 matrices. It turns out that the method used
to calculate the determinant of a 3 x 3 matrix can be used to calculate the determinant of any sized matrix.
Notice that Definition 3.4, Definition 3.6 and Definition 3.8 can all be applied to a matrix of any size.

For example, the i /" minor of a 4 x 4 matrix is the determinant of the 3 x 3 matrix you obtain when you
delete the i row and the j* column. Just as with the 3 x 3 determinant, we can compute the determinant
of a 4 x 4 matrix by Laplace Expansion, along any row or column

Consider the following example.

Example 3.11: Determinant of a Four by Four Matrix

Find det(A) where

W = U =
EENIVS I PN )
W A~ N W
D DN W

Solution. As in the case of a 3 x 3 matrix, you can expand this along any row or column. Let’s pick the
third column. Then, using Laplace Expansion,

54 3 12 4
det(A)=3(-D)'"| 1 3 5 |+2(-1)*7 |1 3 5|+
3 4 2 3 4 2
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4(_1)3+3

W W =
A~ B~
NN W

1
+3(_1)4+3 5
1

W B~
W

Now, you can calculate each 3 x 3 determinant using Laplace Expansion, as we did above. You should
complete these as an exercise and verify that det (A) = —12. [ )

The following provides a formal definition for the determinant of an n X n matrix. You may wish
to take a moment and consider the above definitions for 2 X 2 and 3 x 3 determinants in context of this
definition.

Let A be an n x n matrix where n > 2 and suppose the determinant of an (n — 1) x (n— 1) has been
defined. Then

det(A Z a;jcof(A Z a;jcof(A

The first formula consists of expanding the determinant along the i*" row and the second expands
the determinant along the j'* column.

Remember that we defined, back in Definition 3.2, the determinant of a 2 x 2 matrix as det {CCZ Z} ) =

ad — bc. It would be a great exercise to check that this definition matches what we say above in Definition
3.12. So you should see if you take the time to expand the determinant of {Z Z} across any row or any

column, you always get ad — bc as the value of the determinant.

In the following subsections, we will continue to explore some important properties and characteristics
of the determinant. In the exposition, we will continue to illustrate our results and claims by examples,
with the proofs gathered together in Section 3.1.
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The Determinant of a Triangular Matrix

Recall triangular matrices, that we introduced in Definition 2.67. It turns out that for triangular matrices,
the determinant can be calculated quite easily.

Theorem 3.13: Determinant of a Triangular Matrix

Let A be an upper or lower triangular matrix. Then det (A) is obtained by taking the product of the
entries on the main diagonal.

The verification of this Theorem can be done by computing the determinant using Laplace Expansion
along the first row or column.

Consider the following example.

Example 3.14: Determinant of a Triangular Matrix

Let
1 23 77
026 7
A=10 0 3 337
000 —1
Find det(A) .

Solution. From Theorem 3.13, it suffices to take the product of the elements on the main diagonal. Thus
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det(A) =1x2x3x(—1)=—6.
Without using Theorem 3.13, you could use Laplace Expansion. We will expand along the first column.
This gives

2.6 7 2 3 77
det(A)= 1|0 3 337 |+0(=1)*"'| 0 3 337 |+
00 -1 00 -1

2 3 77 2 3 77

o-1)**" 26 7|+0=D*""26 7

00 —I 0 3 337

and the only nonzero term in the expansion is

2.6 7
110 3 337
00 -1

Now find the determinant of this 3 x 3 matrix, by expanding along the first column to obtain

B 3 337 | g2t 6 Tl p| e 7
det(A)—lX<2><‘O 3 ‘+0( D™ 0 ‘JFO( D73 337 D
3 337
=1x2x 0 —1

Next use Definition 3.2 to find the determinant of this 2 X 2 matrix, which is just 3 x —1 —0x 33.7 = —3.
Putting all these steps together, we have

det(A) =1x2x3x(—-1)=-6
which is just the product of the entries down the main diagonal of the original matrix! [

You can see that while both methods result in the same answer, Theorem 3.13 provides a much quicker
method.
Now we will explore some important properties of determinants.
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Properties of Determinants

There are many important properties of determinants. Since many of these properties involve the row
operations discussed in Chapter 1, we recall that definition now.

The row operations consist of the following

1. Switch two rows.
2. Multiply a row by a nonzero number.

3. Replace a row by a multiple of another row added to itself.

We will now consider the effect of row operations on the determinant of a matrix. In future sections,
we will see that using the following properties can greatly assist in finding determinants. This section will
use the theorems as motivation to provide various examples of the usefulness of the properties.

The first theorem explains the effect on the determinant of a matrix when two rows are switched.

Theorem 3.16: Switching Rows

Let A be an n X n matrix and let B be a matrix which results from switching two rows of A. Then
det(B) = —det(A).
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When we switch two rows of a matrix, the determinant is multiplied by —1. Consider the following
example.

Example 3.17: Switching Two Rows

1 2
LetA:{3 4}andletB:{1 )

3 4 } . Knowing that det (A) = —2, find det (B).

Solution. By Definition 3.2, det (A) = 1 x4 —3 x 2 = —2. Notice that the rows of B are the rows of A but
switched. By Theorem 3.16 since two rows of A have been switched, det (B) = —det(A) = — (—2) = 2.
You can verify this using Definition 3.2. [

The next theorem demonstrates the effect on the determinant of a matrix when we multiply a row by a
scalar.

Theorem 3.18: Multiplying a Row by a Scalar

Let A be an n x n matrix and let B be a matrix which results from multiplying some row of A by a
scalar k. Then det(B) = kdet(A).

Notice that this theorem is true when we multiply one row of the matrix by k. If we were to multiply
two rows of A by k to obtain B, we would have det(B) = k*>det(A). Suppose we were to multiply all n
rows of A by k to obtain the matrix B, so that B = kA. Then, det(B) = k"det(A). This gives the next
theorem.

Theorem 3.19: Scalar Multiplication
Let A and B be n x n matrices and k a scalar, such that B = kA. Then det(B) = k" det(A).

Consider the following example.

Example 3.20: Multiplying a Row by 5

LetA = { ; i } , B= [ g 12 } . Knowing that det (A) = —2, find det (B).

Solution. By Definition 3.2, det (A) = —2. We can also compute det (B) using Definition 3.2, and we see
that det(B) = —10.

Now, let’s compute det (B) using Theorem 3.18 and see if we obtain the same answer. Notice that the
first row of B is 5 times the first row of A, while the second row of B is equal to the second row of A. By
Theorem 3.18, det(B) =5 x det(A) =5 x =2 = —10.

You can see that this matches our answer above. 'y

Finally, consider the next theorem for the last row operation, that of adding a multiple of a row to
another row.
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Theorem 3.21: Adding a Multiple of a Row to Another Row

Let A be an n X n matrix and let B be a matrix which results from adding a multiple of a row to
another row. Then det (A) = det(B).

Therefore, when we add a multiple of a row to another row, the determinant of the matrix is unchanged.
Note that if a matrix A contains a row which is a multiple of another row, det (A) will equal 0. To see this,
suppose the first row of A is equal to —1 times the second row. By Theorem 3.21, we can add the first row
to the second row, and the determinant will be unchanged. However, this row operation will result in a
row of zeros. Using Laplace Expansion along the row of zeros, we find that the determinant is O.

Consider the following example.

Example 3.22: Adding a Row to Another Row

} and let B = { b2 } . Find det (B).

5 8

Solution. By Definition 3.2, det (A) = —2. Notice that the second row of B is two times the first row of A
added to the second row. By Theorem 3.16, det(B) = det (A) = —2. As usual, you can verify this answer
using Definition 3.2. 'y

Example 3.23: Multiple of a Row

LetA = { b2 ] Show that det (A) = 0.

2 4

Solution. Using Definition 3.2, the determinant is given by
det(A)=1x4—-2x2=0

However notice that the second row is equal to 2 times the first row. Then by the discussion above
following Theorem 3.21 the determinant will equal O. [

Until now, our focus has primarily been on row operations. However, we can carry out the same
operations with columns, rather than rows. The three operations outlined in Definition 3.15 can be done
with columns instead of rows. In this case, in Theorems 3.16, 3.18, and 3.21 you can replace the word,
"row" with the word "column".

There are several other major properties of determinants which do not involve row (or column) opera-
tions. The first is the determinant of a product of matrices.

Theorem 3.24: Determinant of a Product

Let A and B be two n X n matrices. Then

det (AB) = det(A)det(B)
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In order to find the determinant of a product of matrices, we can simply take the product of the deter-
minants.

Consider the following example.

Example 3.25: The Determinant of a Product
Compare det (AB) and det (A) det (B) for

a=| 5] o= (3]

Solution. First compute AB, which is given by

[ 32013 3]-[ 2

and so by Definition 3.2

11 4]
det(AB):det{ 14| =—40
Now _ -
I 2
det (A) = det 3 2 =8
and -
3 2
det(B)zdet_4 | } =-5
Computing det (A) x det(B) we have 8 x —5 = —40. This is the same answer as above and you can
see that det (A)det(B) = 8 x (—5) = —40 = det(AB). [

Consider the next important property.

Theorem 3.26: Determinant of the Transpose

Let A be a matrix where AT is the transpose of A. Then,

det (AT) = det(A)

This theorem is illustrated in the following example.

Example 3.27: Determinant of the Transpose

Let

Find det (AT).
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Solution. First, note that

2 4
T _
SSIE
Using Definition 3.2, we can compute det (A) and det (AT). It follows that det(A) =2 x3—4 x5 =
—14 and det (AT) =2 x 3 —5 x4 = —14. Hence, det (A) = det (AT). )

The following provides an essential property of the determinant, as well as a useful way to determine
if a matrix is invertible.

Theorem 3.28: Determinant of the Inverse

Let A be an n x n matrix. Then A is invertible if and only if det(A) # 0. If this is true, it follows that

1
~ det(A)

det(A™1)

Consider the following example.

Example 3.29: Determinant of an Invertible Matrix

2 4 5 1
determinant of the inverse.

LetA = [ 56 } , B= [ ‘. } For each matrix, determine if it is invertible. If so, find the

Solution. Consider the matrix A first. Using Definition 3.2 we can find the determinant as follows:
det(A)=3x4-2x6=12—-12=0

By Theorem 3.28 A is not invertible.

Now consider the matrix B. Again by Definition 3.2 we have
det(B)=2x1-5%x3=2-15=-13

By Theorem 3.28 B is invertible and the determinant of the inverse is given by

det (Bfl) =
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Finding Determinants using Row Operations

Theorems 3.16, 3.18 and 3.21 illustrate how row operations affect the determinant of a matrix. In this
section, we look at two examples where row operations are used to find the determinant of a large matrix.
Recall that when working with large matrices, Laplace Expansion is effective but extremely time con-
suming, as there are in general many steps involved. This section provides useful tools for an alternative
method. By first applying row operations, we can obtain a simpler matrix to which we apply Laplace
Expansion.

While working through questions such as these, it is useful to record your row operations as you go
along. Keep this in mind as you read through the next example.

Example 3.30: Finding a Determinant

Find the determinant of the matrix

1 2 3 4
51 23
A=145 4 3
22 -4 5

Solution. We will use the properties of determinants outlined above to find det(A). First, add —5 times
the first row to the second row. Then add —4 times the first row to the third row, and —2 times the first
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row to the fourth row, and call the result of all of this B. So we have

1 2 3 4
—Sri+ry,  —4ri4+r3 =2ri+ry 0O -9 —-13 -—-17 .
A — — — 0 -3 -8 —13 =B
0O -2 —-10 -3

Notice that the only row operation we have done so far is adding a multiple of a row to another row.
Therefore, by Theorem 3.21, det(B) = det(A).

At this stage, you could use Laplace Expansion to find det(B). However, we will continue with row
operations to find an even simpler matrix to work with.

Add —3 times the third row to the second row. By Theorem 3.21 this does not change the value of the
determinant. Then, multiply the fourth row by —3 to obtain a matrix C. Now our chain of transformations
is

1 2 3 4
St 3y |00 11 22|
B 0 3 8 13| ¢
0 6 30 9

Here, det (C) = —3det(B), which means that det (B) = (—%) det (C), and since det (A) = det (B), we now
have that det (A) = (—3) det(C). Again, you could use Laplace Expansion here to find det (C). However,
we will continue with row operations.

Take C, add 2 times the third row to the fourth row (no change in the determinant). Finally switch the
third and second rows to obtain the matrix D:

1 2 3 4
2r3+ry e 0 -3 -8 —13 o
¢ o o 11 22|=P
0O 0 14 —17

That last row swap causes the determinant to be multiplied by —1. Thus det(C) = —det (D). Hence,
det(A) = (—1)det(C) = () det(D).
You could do more row operations or you could note that the determinant of D can be easily calculated

by expanding along the first column. Then, expand the resulting 3 x 3 matrix also along the first column.

This results in
11 22

14 —17
and so det (A) = (%) (1485) = 495. [y

det(D) = 1(-3) ‘ ‘ — 1485

You can see that by using row operations, we can simplify a matrix to the point where Laplace Ex-
pansion involves only a few steps. In Example 3.30, we also could have continued until the matrix was in
upper triangular form, and taken the product of the entries on the main diagonal. Whenever computing the
determinant, it is useful to consider all the possible methods and tools.

Consider the next example.



124 m Determinants

Example 3.31: Find the Determinant

Find the determinant of the matrix

1 2 3 2
1 -3 21
A= 2 125
3 412

Solution. Once again, we will simplify the matrix through row operations. Add —1 times the first row to
the second row. Next add —2 times the first row to the third and finally take —3 times the first row and add
to the fourth row. This yields

1 2 3 2

0O -5 -1 -1
B= 0 -3 —4

0 —-10 -8 —4

By Theorem 3.21, det (A) = det(B).

Remember you can work with the columns also. Take —5 times the fourth column and add to the
second column. This yields

1 -8 3 2
0 0 —1 —1
C=1lo 8 -4 1
0 10 -8 —4

By Theorem 3.21 det(A) = det (C).
Now take —1 times the third row and add to the top row. This gives.

10 7 1
0 0 -1 —1
D=14y 8 4 1
0 10 -8 —4

which by Theorem 3.21 has the same determinant as A.

Now, we can find det (D) by expanding along the first column as follows. You can see that there will
be only one non zero term.

0 -1 -1
det(D)=1det| —8 —4 1 | 4+0+4+0+0
10 -8 —4

Expanding again along the first column, we have

-1 - —1 —1
det(D)zl(O—i—Sdet[_S _4]+10det{_4 IDZ—SZ

Now since det (A) = det (D), it follows that det (A) = —82. [
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Remember that you can verify these answers by using Laplace Expansion on A. Similarly, if you first
compute the determinant using Laplace Expansion, you can use the row operation method to verify.
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A Look Under the Hood: Some Important Proofs about Determinants

In this section we provide proofs of many of the results from the last section concerning determinants and
cofactors.

First we recall the definition of a determinant. If A = [a,— j] is an n X n matrix, then detA is defined by
computing the expansion along the first row:

detA = Y ay icof(A),,. (3.1)
i=1

If n =1 then detA = a .

The arguments that establish the various parts of the following lemma are straightforward. It would
be a good idea for you to work them through on your own, as doing so will help you get used to working
with the definitions that we will use in later proofs in this section.
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Lemma 3.32: Determinants of Elementary Matrices

(1) Let E;; be the elementary matrix obtained by interchanging ith and jth rows of I. Then detE;; =
—1.

(2) Let Ej;, be the elementary matrix obtained by multiplying the ith row of I by k. Then detE;;, = k.
(3) Let E; i be the elementary matrix obtained by multiplying ith row of I by k and adding it to its
Jjth row. Then detE;j; = 1.

(4) If E is an elementary matrix, then detE = detE i*

Many of the proofs in section use the Principle of Mathematical Induction. This concept is discussed
in Appendix A.2 and is reviewed here for convenience.

Suppose that we have some claim that is supposed to hold for every natural number n. For example,
maybe we want to prove something is true for every n X n matrix. To use induction to establish the claim,
we make two separate arguments:

First we check that the assertion is true for n = 2 (in this section, the case n = 1 is either completely
trivial or meaningless). This is called establishing the base case of our proof.

Next we complete what is called the induction step of our proof. We assume that the assertion is true
for the number n — 1 (where n > 3) and, given that assumption, which is called the inductive hypothesis,
we prove that the assertion is true for the number 7.

Once we have completed both of these steps, the Principle of Mathematical Induction tells us that we
can conclude that our assertion is true for all n X n matrices for every n > 2.

To establish a bit of notation that will be useful to us, if A is an n X n matrix and 1 < j < n, then
the matrix obtained by removing 1st column and jth row from A will be denoted A(j). Since A(j) is an
n—1 x n— 1 matrix, if they show up in the middle of a proof by induction, the inductive hypothesis will
allow us some insight into the determinants of these matrices. Since these matrices are used in computation
of cofactors cof(A); ;, for 1 <i <n when we are computing the determinant of A the inductive hypothesis
will help us deduce properties of the determinant of A.

Don’t worry, this will become clearer as we work through some of the proofs. Let’s dive in.

Consider the following lemma.

‘ If A is an n X n matrix such that one of its rows consists of zeros, then detA = 0. \

Proof. We will prove this lemma using Mathematical Induction.
If n = 2 this is easy (check!).

Let n > 3 be such that every matrix of size n — 1 x n — 1 with a row consisting of zeros has determinant
equal to zero. Let i be such that the ith row of A consists of zeros. Then we have a;; =0 for 1 < j <n.

Fix j € {1,2,...,n} such that j # i. Then matrix A(j) used in computation of cof(A); ; has a row
consisting of zeros, and by our inductive hypothesis, detA(j) = 0 and so cof(A);; = 0.

On the other hand, if j = i then a; ; = 0. Therefore a; jcof(A); ; = 0 for all j and by (3.1) we have

detA = ) ay jcof(A); ;=0

n

j=1
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as each of the summands is equal to O. [

Lemma 3.34

Assume A, B and C are n X n matrices that for some 1 < i < n satisfy the following.
1. jth rows of all three matrices are identical, for j # i.
2. Each entry in the jth row of A is the sum of the corresponding entries in jth rows of B and C.

Then detA = detB +detC.

Proof. This is not difficult to check for n = 2 (do check it!).

Now assume that the statement of Lemma is true for n — 1 x n — 1 matrices and fix A, B and C as in the
statement. The assumptions state that we have a; j =b; j =c; jfor j#iandfor 1 </ <nanda;;=b;;+c;;
for all 1 </ <n. Therefore A(i) = B(i) = C(i), and A(j) has the property that its ith row is the sum of
ith rows of B(j) and C(j) for j # i while the other rows of all three matrices are identical. Therefore by
our inductive hypothesis we have detA(j) = detB(j) + detC(j), and so cof(A);; = cof(B);; + cof (C);

for j # 1.
By (3.1) we have (using all equalities established above)

n
detA = Z al’lCOf(A)l’l

i=1

=Y a1(cof(B)1+cof(C)y ) + (b1 +c1i)cof(A)
1#i

=detB +detC

This proves that the assertion is true for all n and completes the proof. [ )

Theorem 3.35

Let A and B be n x n matrices.
1. If A is obtained by interchanging ith and jth rows of B (with i # j), then detA = — detB.
2. If A is obtained by multiplying ith row of B by k then detA = kdetB.
3. If two rows of A are identical then detA = 0.

4. If A is obtained by multiplying ith row of B by k and adding it to jth row of B (i # j) then
detA = detB.

Proof. We prove all statements by induction. The case n = 2 is easily checked directly (and it is strongly
suggested that you do check it).

We assume n > 3 and (1)—(4) are true for all matrices of sizen—1xn—1.

(1) We first prove the case when j =i+ 1, i.e., we are interchanging two consecutive rows.
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Let/ € {1,...,n}\ {i,j}. Then A(I) is obtained from B(l) by interchanging two of its rows (draw a

picture) and by our assumption
COf(A)Ll = —COf(B)l’l. (32)

Now consider a; ;cof(A); ;. We have that a; ; = by ; and also that A(i) = B(). Since j =i+ 1, we have
(_1)1+j — (_1)1+i+1 _ _(_1>1+i

and therefore a;;cof(A)1; = —by jcof(B)1; and aj jcof(A); = —by;cof(B)1;. Putting this together with (3.2)
into (3.1) we see that if in the formula for detA we change the sign of each of the summands we obtain the
formula for detB.

n n
detA = aUCOf(A)U = — Z bUCOf(B) 11 = —detB.
=1 =1

We have therefore proved the case of (1) when j = i+ 1. In order to prove the general case, one needs
the following fact. If i < j, then in order to interchange ith and jth row one can proceed by interchanging
two adjacent rows 2(j —i) + 1 times: First swap ith and i + 1st, then i+ 1st and i 4 2nd, and so on. After
one interchanges j — 1st and jth row, we have ith row in position of jth and /th row in position of [ — 1st
fori4+1 <1 < j. Then proceed backwards swapping adjacent rows until everything is in place.

Since 2(j —i) + 1 is an odd number (—1)2U~9+! = _1 and we have that detA = — detB.

(2) This is like (1)... but much easier. Assume that (2) is true for all n — 1 X n — 1 matrices. We
have that aj; = kbj; for 1 < j < n. In particular aj; = kby;, and for [ # i, the matrix A(1) is obtained from
B(l) by multiplying one of its rows by k. Therefore cof(A); = kcof(B); for I # i, and for all [ we have
ayjcof(A)y; = kbycof(B)y;. By (3.1), we have detA = kdetB.

(3) This is a consequence of (1). If two rows of A are identical, then A is equal to the matrix obtained
by interchanging those two rows and therefore by (1), detA = —detA. This implies detA = 0.

(4) Assume (4) is true for all n — 1 X n — 1 matrices and fix A and B such that A is obtained by multi-
plying ith row of B by k and adding it to jth row of B (i # j) then detA = detB. If k =0 then A = B and
there is nothing to prove, so we may assume k # 0.

Let C be the matrix obtained by replacing the jth row of B by the ith row of B multiplied by k. By
Lemma 3.34, we have that
detA = detB +detC

and we ‘only’ need to show that detC = 0. But ith and jth rows of C are proportional. If D is obtained by
multiplying the jth row of C by % then by (2) we have detC = %detD (recall that k # 0). But ith and jth
rows of D are identical, hence by (3) we have det D = 0 and therefore detC = 0. ' Y

Theorem 3.36: The Determinant of the Product

Let A and B be two n X n matrices. Then

det (AB) = det(A)det(B)

Proof. If A is an elementary matrix of either type, then multiplying by A on the left has the same effect as
performing the corresponding elementary row operation. Therefore the equality det(AB) = detAdetB in
this case follows by Lemma 3.32 and Theorem 3.35.
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If C is the reduced row-echelon form of A then we can write A =FE;-E»----- E,, - C for some elementary
matrices Eq,...,E,.

Now we consider two cases.

Assume first that C=1. ThenA=FE; -Ep----- E,andAB=E, -E,----- E,,B. By applying the above
equality m times, and then m — 1 times, we have that

detAB = detE; detE, - detE,, - detB
=det(Ey-Ey----- E,)detB
= detAdetB.

Now assume C = I. Since it is in reduced row-echelon form, its last row consists of zeros. But it is
easy to check that if C’s last row consists of zeros and the product CB is defined, then the last row of CB
also consists of zeros. By Lemma 3.33 we have detC = det(CB) = 0 and therefore

detA = det(E1 -Ey - Em) . det(C) = det(El -Ey- Em) -0=0

and also
detAB = det(E1 -Es - Em) -det(CB) = det(E1 -Ey----- Em)O =0

hence detAB = 0 = detA detB. '

The same ‘machine’ used in the previous proof will be used again.

Let A be a matrix where AT is the transpose of A. Then,

det (AT) = det(A)

Proof. Note first that the conclusion is true if A is elementary by (4) of Lemma 3.32.

Let C be the reduced row-echelon form of A. Then we can write A =E|-Ey----- E,C. Then AT =
cr.EL..... ET .E,. By Theorem 3.36 we have

det(AT) = det(CT) -det(EL) - ----det(ET) - det(E)).

By (4) of Lemma 3.32 we have that detE; = detEjT for all j. Also, detC is either O or 1 (depending on
whether C = I or not) and in either case detC = detC”. Therefore detA = detA”. '

The above discussions allow us to now prove Theorem 3.10. It is restated below.

Theorem 3.38

Expanding an n X n matrix along any row or column always gives the same result, which is the
determinant.

Proof. We first show that the determinant can be computed along any row. The case n = 1 does not apply
and thus let n > 2.
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Let A be an n X n matrix and fix j > 1. We need to prove that
n
detA = Z aj,icof(A)j,i.
i=1

Let us prove the case when j = 2.

Let B be the matrix obtained from A by interchanging its 1st and 2nd rows. Then by Theorem 3.35 we

have
detA = —detB.

Now we have

detB = Z by jcof(B)1 ;.
i=1

Since B is obtained by interchanging the 1st and 2nd rows of A we have that b; ; = a»; for all i and one
can see that minor(B); ; = minor(A),,;.

Further,

cof(B)1; = (—1)minorB; ; = —(—1)*"'minor(A),; = —cof(A)2,

hence detB = — Y | a icof(A),;, and therefore detA = —detB = )" ; as ;cof(A),,; as desired.

The case when j > 2 is very similar; we still have minor(B);; = minor(A);; but checking that detB =
— Y ajicof(A);; is slightly more involved.

Now the cofactor expansion along column j of A is equal to the cofactor expansion along row j of AT,
which is by the above result just proved equal to the cofactor expansion along row 1 of AT, which is equal

to the cofactor expansion along column 1 of A. Thus the cofactor cofactor along any column yields the
same result.

Finally, since detA = detA” by Theorem 3.37, we conclude that the cofactor expansion along row 1
of A is equal to the cofactor expansion along row 1 of A7, which is equal to the cofactor expansion along
column 1 of A. Thus the proof is complete. )

3.2 Applications of the Determinant

A. Use determinants to determine whether a matrix has an inverse, and evaluate the inverse using
cofactors.

B. Apply Cramer’s Rule to solve a2 x 2 or a 3 x 3 linear system.

C. Given data points, find an appropriate interpolating polynomial and use it to estimate points.

In this section we will examine three applications for the determinant of a matrix.



3.2. Applications of the Determinant = 131

A Formula for the Inverse

Our first application will be to use the determinant of A to provide an alternative way to find A~!. Our
previous work has given us an algorithm, or method, of producing A~!. Now we will have a formula that
will generate the inverse of any invertible matrix A.

Recall the definition of the inverse of a matrix from Definition 2.36. We say that A~L an n x n matrix,
is the inverse of A, alson x n, if AA~' =Tand A~ 1A =1.

In order to find our formula for A~!, we introduce two new matrices derived from A. They are similar
in definition and closely related, so don’t get them confused.

Remember from Definition 3.6, that the i/ cofactor of a matrix is defined to be (—1)""/ minor (A);s
where minor (A);; is the determinant of the matrix that results from deleting row i and column j from the
matrix A. We will gather up these cofactors into a matrix and give it a name:

Definition 3.39: The Cofactor Matrix

Let A = [a;j] be an n x n matrix. Then the cofactor matrix of A, denoted cof(A), is defined by
cof(A) = [cof(A)ij} where cof (A);; is the ij" cofactor of A.

Note that cof (A4), ; denotes the i 7™ entry of the cofactor matrix.

Definition 3.40: The Adjugate

Let A = [a;;] be an n x n matrix. Then the adjugate of A, denoted adj(A), is defined by adj(A) =

(cof(A))T, the transpose of the cofactor matrix of A. The adjugate of A is also called the classical
adjoint of A.

Example 3.41: Cofactor Matrix and Adjugate Matrix

Find both the cofactor matrix and the adjugate of each of the following matrices:

) 01 2
A:{“d],3=301
¢ 2 3 0

Solution. For the two by two matrix, we find the matrix of cofactors is:

~ [(=D'detld] (—1)!*2detlc]] [d —c
cof(4) = {(—l)z“det[b] (—1)2+2det[a]} = {—b a]

and so adj(A) = { d _b} :

—C a
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For the larger matrix, we must compute 9 separate determinants, and then multiply them by either 1 or
—1, to find the matrix of cofactors. You are invited to check that

-3 3 9 -3 6 1
cof B)y=|6 —4 2|, adjB)=|3 -4 6
1 6 -3 9 2 3

[ )

Now for the big result for this subsection. The following theorem provides a formula for A~! using
the determinant and adjugate of A.

Theorem 3.42: The Inverse and the Determinant

Let A be an n X n matrix. Then
Aadj(A) =adj(A)A =det(A)l
Moreover A is invertible if and only if det (A) # 0. In this case we have:

L1

T AR

Notice that the first formula holds for any n x n matrix A, and in the case A is invertible we actually
have a formula for A=,

Consider the following example.

Example 3.43: Find Inverse Using the Determinant

Find the inverse of the matrix

1 2 3

A=13 0 1

1 21
using the formula in Theorem 3.42.
Solution. According to Theorem 3.42,

1
-1 .
= A
der () 9@

First we will find the determinant of this matrix. Using Theorems 3.16, 3.18, and 3.21, we can first
simplify the matrix through row operations. First, add —3 times the first row to the second row. Then add
—1 times the first row to the third row to obtain

I 2 3
B=]0 -6 -8
0 0 -2
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By Theorem 3.21, det (A) = det(B). By Theorem 3.13, det(B) =1 x —6 x —2 = 12. Hence, det (A) = 12.
Now, we need to find adj (A). To do so, first we will find the cofactor matrix of A. This is given by

-2 -2 6
cof(A) = 4 =2 0
2 8 -6

Here, the i j# entry is the ij/” cofactor of the original matrix A, as you can verify. Therefore, from Theorem
3.42, the inverse of A is given by

_% 1 %

3

41 -2 -2 67" 11 2
3 0 —

Remember that we can always verify our answer for A~'. Compute the product AA~! and A~'A and
make sure each product is equal to /.

Compute A~'A as follows

111
6 3 6
L 1 2 3 1 00
A'A=| 5 —5 3 301 |=(01°0]|=I
1 21 00 1
1 1
2 0 —

You can verify that AA~! = I (or just quote Theorem 2.63) and hence we know that our answer is correct.

[ )

We will look at another example of how to use this formula to find A~'.

Example 3.44: Find the Inverse From a Formula

Find the inverse of the matrix

1 1

;7 0 3

11 1

A— 6 3 "2
_5 2 _1

6 3 2

using the formula given in Theorem 3.42.

Solution. First we need to find det (A). This step is left as an exercise and you should verify that det (A) =
%. The inverse is therefore equal to

Al = (1% adj(A) = 6 adj (A)
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‘We continue to calculate as follows. Here we show the 2 x 2 determinants needed to find the cofactors.

- 11 _1 1 _1 1947
3 2 6 2 6 3
2 _1 B - R | _5 2
3 2 6 2 6 3
1 1 1 1
» 0 5 5 5 5 0
AT =06| —|2 _1 s 1| | .5 2
3 2 -5 2 6 3
1 1 1 1
0 3 5 5 5 0
1 _1 - 1 1 _1 1
3 2 -5 T2 6 3
Expanding all the 2 x 2 determinants, this yields
o1 1 177
6 3 6
B 111 b2 -
A =6 3 6 3 =12 1
11 1 1 -2 1
6 6 6

Again, you can always check your work by multiplying A~'A. If this product is equal to I, then
Theorem 2.63 tells us that AA~! = I, and so we will know that our computation is correct. Let’s do so:

1 1
2 0 3
1 2 — 111 1 00
AlA=12 1 63 "2 |=]010
1 -2 1 5 2 1 0 01
6 3 2
This tells us that our calculation for A~! is correct. Y

The verification step is very important, as it is a simple way to check your work! If you multiply A~'A
and you don’t get the identity matrix, be sure to go back and double check each step. One common error
is to forget to take the transpose of the cofactor matrix, so be sure to complete this step.

We will now prove Theorem 3.42.

Proof. (of Theorem 3.42) Recall that the (i, j)-entry of adj(A) is equal to cof(A) j;. Thus the (i, j)-entry of
B=A-adj(A)is:
Bij=Y

a,—kadj (A)kj = Z aikCOf(A)jk
k=1 k=1

By the cofactor expansion theorem, we see that this expression for B;; is equal to the determinant of the
matrix obtained from A by replacing its jth row by a;1,a;2,...a;, — i.e., its ith row.

If i = j then this matrix is A itself and therefore B;; = detA. If on the other hand i # j, then this matrix
has its ith row equal to its jth row, and therefore B;; = 0 in his case. Thus we obtain:

Aadj(A) =det(A)]
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Similarly we can verify that:
adj (A)A =det(A)I (3.3)

And this proves the first part of the theorem.
Further if A is invertible, then by Theorem 3.24 we have:

1 = det (/) = det (AA ") = det (A) det (A ")

and thus det (A) # 0. Equivalently, if det (A) = 0, then A is not invertible.

Finally if det (A) # 0, then we can divide both sides of Equation 3.3 by det(A) and use the properties
of matrix multiplication to obtain

1
dj(A) |A =1,
(det(A) adil ))
and so Theorem 2.63 allows us to conclude that A is invertible and that:
1
—1 .
= dj(A
der) 9@
This completes the proof. [

This method for finding the inverse of A is useful in many contexts. In particular, it is useful with
complicated matrices where the entries are functions, rather than numbers.

Consider the following example.

Example 3.45: Inverse for Non-Constant Matrix

Suppose
e 0 0
A(t)=| 0 cost sint
0 —sint cost

Show that (A(r)) ™" exists and then find it.

Solution. First note det (A (1)) = ¢’ (cos?7 +sin®t) = ¢’ # 050 (A(z)) ! exists.

The cofactor matrix is
1 0 0
C(t)=1| 0 é'cost e 'sint
0 —e'sint e cost

and so the inverse is

T _

1 0 0 et 0 0
1 ‘ ‘. .
— 0 écost é'sint = 0 cost —sint
€10 —esint e cost 0 sint cost
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

Cramer’s Rule

Another context in which the formula given in Theorem 3.42 is important is Cramer’s Rule. Recall that
we can represent a system of linear equations in the form AX = B, where the solutions to this system
are given by X. Cramer’s Rule gives a formula for the solutions X in the special case that A is a square
invertible matrix. Note this rule does not apply if you have a system of equations in which there is a
different number of equations than variables (in other words, when A is not square), or when A is not
invertible.

Suppose we have a system of equations given by AX = B, and we want to find solutions X which
satisfy this system. Then recall that if A~! exists,
AX = B
AlAx) = A7'B
(A7'A)X = A7'B
IX = A'B
X = A'B
Hence, the solutions X to the system are given by X = A~!B. Since we assume that A~! exists, we can use
the formula for A~! given above. Substituting this formula into the equation for X, we have

X=A"'B=

det(A) adj (A)B

To compute x;, the i’ entry of X, we would use the i row of the matrix A~! and the entries b j of B as
follows:


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/
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n n n
= dj( ijbj= dj(A);b;

; der(a) A det(A) Zl adj(A)ib; = det ;
where adj (4);; is the i j*" entry of adj (A).

If we look at this last sum, Z;?:l cof(A) jibj, a little more closely and think about expanding deter-
minants along the ith column of a matrix, you will see that our sum is equal to the determinant of the
matrix

A=

% .o bn .o %k

where the *’s are supposed to represent the entries of the matrix A: Thus A; is the matrix A with the ith
column replaced with the entries of B.

So this gives us

* -+ by *
;= det : :
M7 det(A) : :
bn el %
where here the i column of A is replaced with the column vector [b; - -- -,bn]T. The determinant of this

modified matrix is taken and divided by det(A). This formula is known as Cramer’s rule.
We formally define this method now.

Procedure 3.46: Using Cramer’s Rule

Suppose A is an n x n invertible matrix and we wish to solve the system AX = B for X =

[xp,- - ,x,,]T. Then Cramer’s rule says
det (Ai)
det(A)

X; =

where A; is the matrix obtained by replacing the i'" column of A with the column matrix
b
B=| :

by

We illustrate this procedure in the following example.

Example 3.47: Using Cramer’s Rule

Find x,y, z if
1 21 X 1
3 21 y|=|2
2 -3 2 Z 3
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Solution. We will use method outlined in Procedure 3.46 to find the values for x, y, z which give the solution
to this system. Let

1
B=12
3
In order to find x, we calculate
B det (A])
T det(A)

where A1 is the matrix obtained from replacing the first column of A with B.

Hence, A, is given by

1 21
Air=12 21
3 -3 2
Therefore,
1 21
2 21
. det(A1> . 3 -3 2 . 1
T det(d) (1 2 1| 2
3 21
2 -3 2

Similarly, to find y we construct A, by replacing the second column of A with B. Hence, A; is given by

Therefore,

Similarly, A3 is constructed by replacing the third column of A with B. Then, A3 is given by

1
A3=13
2

W N

1
2
3

Therefore, z is calculated as follows.



3.2. Applications of the Determinant = 139

121
3022
det(A;) |2 =3 3| 11
“Tdet(d) |1 2 1| 14
3021
2 -3 2

[ )

Cramer’s Rule gives you another tool to consider when solving a system of linear equations.

We can also use Cramer’s Rule for some systems of non linear equations. Consider the following
system where the matrix A has functions rather than numbers for entries.

Example 3.48: Use Cramer’s Rule for Non-Constant Matrix

Solve for z if

1 0 0 X 1
0 eé'cost ¢ sint y|=1|1
0 —e'sint e cost Z 1?

Solution. We are asked to find the value of z in the solution. We will solve using Cramer’s rule. Thus

1 0 1
0 eécost t
0 —e'sint 12
= =t((cost)t+sint)e !
e L ((eost) +-sing)
0 eé'cost é'sint

0 —é'sint €' cost
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Polynomial Interpolation

In studying a set of data that relates variables x and y, it may be the case that we can find a polynomial
to match our data. If such a polynomial can be established, it can be used to estimate values of x and y
which have not been provided. As long as we are working with x values between our lowest and highest
data values, this is called an inerpolating polynomial.

For example, the World Health Organization publishes data concerning the growth of children. In
particular, relating the height of a child and the weight of the child. Since weight corresponds to volume,
and volume seems like it should grow as the cube of the length, we might expect there to be a cubic
polynomial that relates the two variables x, the height measured in centimeters, and y, the child’s weight
measured in kilograms. We will use data to find this cubic polynomial later in this section.

You are well aware of the fact that two points determine a line, so given two points (x1,y1) and (xp,y>),
there is a unique linear equation y = rg + ryx that passes through the two points. Similarly, three points
determine a quadratic function, four points determine a cubic function, and in general n points in the plane
(with distinct x-coordinates) determine a unique polynomial of degree n — 1 that passes through the points.
Our goal in this section is to show, given the points, how to use Cramer’s Rule and the determinant of a
matrix to find the coefficients (the r;’s) of the interpolating polynomial.

Consider the following example.

Example 3.49: Polynomial Interpolation

Given data points (1,4),(2,9),(3,12), find an interpolating polynomial p(x) of degree at most 2 and

. . 1
then estimate the value of y corresponding to x = 5.
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Solution. We want to find a polynomial given by
p(x) = ro+rix+rx’

such that p(1) = 4,p(2) =9 and p(3) = 12. To find this polynomial, we will set up a system of three
linear equations and solve the system. By substituting in our three data points into our needed expression

for p(x), we see at we want to find values of ry, r,, and r3 such that:

ro+ n+ rn=4
ro+2ri+4rp=9 .
ro+3r1+9p =12

So this means that we need to solve the matrix equation AX = B, where

1 11 ro 4
A=|1 2 4|, X=|n|, B=19
I 39 rn 12

Using Cramer’s Rule from the last section, we see that

4 1 1 1 4 1 1 1 4
9 2 4 1 9 4 1 2 9
_1239_—6_3 _1129_16_8 1312_—2_ |
A T T Y e U T T R TR T T
1 2 4 1 2 4 1 2 4
1 39 1 39 1 39
Thus our interpolating polynomial is
p(x) = —3+8x—x°
and our estimate for a y value corresponding to x = 1/2 would be p(1/2) =3/4.
)

You should notice that there was a fair bit of work involved in calculating those four determinants
needed to apply Cramer’s Rule. Of course one could solve the system of equations from that last example

by writing the augmented matrix

—_
W N =
O B~ =
[NCINaTE

and using row operations to find the equivalent matrix
1 0 0]-3
0 10| 8
0 0 1]—1
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again finding the solution to the system to be ro = —3,r; = 8,r, = —1. For many calculations, finding the
solution to a system either by row reducing or by finding the LU factorization will be quicker than using

Cramer’s Rule.

The procedure outlined above can be used for any number of data points, and any degree of polynomial.

The steps are outlined below.

Suppose that distinct values of x and corresponding values of y are given, such that the actual
relationship between x and y is unknown. Then, values of y can be estimated using an interpolating
polynomial p(x). If given distinct x1,...,x, and the corresponding y1,...,y,, the procedure to find

p(x) is as follows:

1. The desired polynomial p(x) is given by

p(x)=ro+rix+ x>+ ot

2. Since it is required that p(x;) = y; for all i = 1,2,...,n, we must find the values ro,r,...,r;—1
that solve the following system of n linear equations in n unknowns:
ro-+rix) + rgx% +..+ r,,_pc’l’_1 =y
ro+rixy + rzx% +...+ rn,1x§’1 =W
ro+rix, + rgx,% + + rn_lx”n_l = W
3. Set up the matrix equation AX = B,
1 x; x% x’l’_l ro Y
e IR I B (3.4)
1 x, xf; x’,ﬁ‘f Tn-1 Y
4. Solving this system will result in a unique solution rgy,ry,--- ,r,—1. Use these values to con-

struct p(x), and estimate the value of p(a) for any x = a.

This procedure motivates the following theorem.

Theorem 3.51: Polynomial Interpolation

Given n data points (x1,y1), (X2,¥2)," - (Xn,yn) With the x; distinct, there is a unique polynomial
p(x) =rg+rix+rx>+---+r, 12" ! such that p(x;) = y; fori = 1,2,--- ,n. The resulting polyno-
mial p(x) is called the interpolating polynomial for the data points.

The proof of this theorem would take us too far afield at this point, but it is worth pointing out that
the proof depends on the fact that if the x;’s are distinct, then the square coefficient matrix of Equation
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3.4 is guaranteed to have a determinant that is not equal to zero. This means that the coefficient matrix is
invertible, which guarantees a unique solution to our system of linear equations. A matrix of this form,
where the rows of the matrix form a geometric progression starting with 1, is called a Vandermonde matrix.

We conclude this section with another example.

Example 3.52: Polynomial Interpolation

The WHO'’s growth chart for girls aged 0 to 2 years tells us that the mean weight for girls of given
height is as follows:

Height x (cm) | Weighty (kg)
48 3
74 9
97 13
109 18

Find the cubic interpolating polynomial for this data set, and use that polynomial to estimate the
mean weight of a girl whose height is 60 centimeters.

Solution. The desired polynomial p(x) is given by:

p(x) = ro+rix+rx* +rx’

Using the given points, the system of equations we need to solve is

ro+ 48ri+ 48%r,+ 48r3=3
ro+ T4ri+ T4+ 14 =9
ro+ 97ri+ 97+ 97Pr3 =13
ro+109r) +109%r, 4+ 1093 = 18

The augmented matrix is given by:

1 48 2304 110592| 3
1 74 5476 405224 | 9
1 97 9409 912673 |13
I 109 11881 1295029 | 18

The solution of our system turns out to be (of course you should use technology to solve this sys-
tem) ro = —57.9275848,r1 = 2.4144170,r, = —0.0302268,r; = 0.0001327, and the interpolating cubic

polynomial is
p(x) = —57.9275848 +2.4144170x — 0.0302268x> 4 0.0001327x>.

Our predicted weight for a child of height 60 centimeters is
p(60) = —57.9275848 +2.4144170(60) — 0.0302268(60)> + 0.0001327(60)*> = 6.7892 kg.

(In case you were wondering (and shame on you if you weren’t!) the actual WHO predicted weight
for our 60 cm child is 5.9 kilograms, so it looks as though our cubic model is in need of some tweaking!)
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Four Data Points and an Interpolating Cubic Polynomial
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Chapter 4

Ri’l

In the first three chapters of this book, we have concentrated on linear equations and matrices, with a
focus on using matrix techniques to find solutions to systems of linear equations. Now our focus shifts to
vectors, which we introduced earlier as n x 1 matrices. This change of focus will give us new tools with
which to describe and investigate the Cartesian plane and the three dimensional world in which we live.
As a bonus, vectors will make it easy for us to generalize our intuition into higher dimensional settings and
prepare us for deeper levels of understanding and analysis. We will start with a rather informal geometric
introduction to the idea of a vector, and then make things formal in following sections.

4.1 Vectors in R": Geometry

A. Represent a vector by an arrow, characterized by its length and its direction.
B. Given a geometric representation of a vector V and a real number k, sketch the vector kv.

C. Given geometric representations of the vectors ii and V, sketch the vectors i +V and ii — V.

An Informal Introduction

We all experience force in our lives. All the time. You step on the scale in the morning to see the magnitude
of the force that the earth exerts on your body. You push open a door. You feel the wind on your face.
Maybe you catch a ball or feel the force that the seat of your car exerts on you as you drive through a tight
turn. In all of these cases, there are two parts of the force, both of which are important. The magnitude of
the force (“How could I possibly have gained three pounds?”) and the direction of the force (““The wind
is blowing from right to left, so my kite will probably end up entangled in that tree over there.”). Vectors
are the mathematician’s objects that are characterized by their magnitude and direction. Understanding
vectors helps us to understand the world. So let’s dive in.

A good way to start our investigation of vectors is to think about arrows, which certainly have both
magnitude (measured by the length of the arrow) and direction (indicated by the orientation of the arrow).
If two arrows (vectors) have the same magnitude and the same direction, we will say that they are equal.
Like this:

i

These two vectors are equal. These two vectors are not equal.

145
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Suppose your car is stuck in the snow, and you are with three friends. Leaving one of your friends
to steer and work the gas, you and your other two friends jump out and push on the car, trying to get it
unstuck. Each one of you exerts a force on the car, and the total force exerted by the three of you is the
sum of your individual forces. So we will want to be able to add vectors together.

Perhaps, while pushing on your car, you remember that you have a can of spinach and you eat it,
suddenly becoming three times as strong (look up the comic strip Popeye if that doesn’t make sense to
you). You push in the same direction as before, but the magnitude of the force that you exert has been
increased by a factor of 3. We will want to be able to multiply a vector by a scalar so that we can model
this (admittedly unlikely) situation.

So, we’re thinking of vectors as corresponding to arrows, and now we will introduce the operations
of vector addition and scalar multiplication. Let’s look at the geometry of how these operations will be
computed.

The Geometry of Scalar Multiplication

We are going to define a function that takes as input a vector ¥ (that is the notation that we will almost
always use for vectors from now on) and a scalar k and produce the vector kv. There will be three cases,
depending on whether k is positive, negative, or 0.

If k is a positive real number, then kv is the vector that points in the same direction as vV and whose
length is k times the length of V. So 3V will be three times as long as V, while %\7 will be only % as long as
V. Notice that 1V is equal to V, which is comforting.

For our second case, if k is a negative number, then the direction of kv will be the opposite of the
direction of ¥, while the length of kv will be equal to |k| times the length of V.

Finally, if k = 0, then kv will be the vector that has length 0. We’ll agree not to worry about the
direction of the vector of length 0, which is called the zero vector and is denoted 0. Remember that there
is only one zero vector.

An example may be helpful here:

Example 4.1: The Geometry of Scalar Multiplication

Consider the vectors ii and vV drawn below.

—

e

Draw —u, 2V, and —%\7.

\. J

Solution.

In order to find —u, we preserve the length of # and simply reverse the direction. For 2V, we double
the length of ¥, while preserving the direction. Finally —%\7 is found by taking half the length of v and
reversing the direction. These vectors are shown in the following diagram.
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<y

The Geometry of Vector Addition

We know that a vector is characterized by its length and it direction. This means that if we take a vector
and move it around without changing either its length or direction we do not change the vector. That is
going to be key in understanding the geometric representation of vector addition.

Suppose we have two vectors, i and V. Each of these can be drawn geometrically by placing the tail of
each vector at the same point. Now suppose we slide the vector V so that its tail sits at the point of 7. We
know that this does not change the vector V. Now, draw a new vector from the tail of # to the point of V.
This vector is 7 + V.

Let i and V be two vectors. Slide V so that the tail of V is on the point of ii. Then draw the arrow
which goes from the tail of ii to the point of V. This arrow represents the vector u + V.

u+v

<l

<y

This definition is illustrated in the following picture, in which # + V is shown for vectors that live in
three-space.
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Notice the parallelogram created by # and V in the above diagram. Then i + V is the directed diagonal
of the parallelogram determined by the two vectors # and V. This immediately gives us that i +V = V + ii:

Example 4.3: Vector Addition is Commutative

The vector ii +V is the same as the vector Vv -+ u:

<i
<y

<l

<y

When you have a vector ¥, its additive inverse —V will be the vector which has the same magnitude as
V but the opposite direction. When one writes i — V, the meaning is i + (—V) as with real numbers. The
following example illustrates these definitions and conventions.

Example 4.4: Graphing Vector Addition

Consider the following picture of vectors ii and V.

BN

~

Sketch a picture of i + v, — V.

Solution. We will first sketch # 4 V. Begin by drawing i and then at the point of i, place the tail of V as
shown. Then # 4V is the vector which results from drawing a vector from the tail of # to the tip of V.

‘—)’

<

u+v

Next consider # — V. This means i + (—V). From the above geometric description of vector addition,
—V is the vector which has the same length but which points in the opposite direction to V. Here is a
picture.
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An alternative way to draw the difference of two vectors is as follows: Suppose that we want to find
the vector i — V. It would seem that if w is equal to that difference, so that i — v = w, then we should have
V+w =1u. So i —V is the vector which, when added to v, yields #. This tells us that # — v should be a
vector that points from the tip of ¥ to the tip of i, when # and V emanate from the same point:

>
i

EN1

)
|
<!

<!

4.2 Vectors in R": Algebra

A. Define the set R".
B. Understand vector addition and scalar multiplication, algebraically.

C. Recognize when one vector is a linear combination of a set of vectors.

A Not So Informal Introduction

In your previous mathematical work, you have dealt with the Cartesian plane R x R, or R2. The major
goal of this section is to tie your previous knowledge of points in the plane with our new notion of vectors
in R? or R? or R".

Most of our discussion in this section will happen in the plane, but the ideas generalize in a straightfor-
ward way to higher dimensional spaces. In the “forewarned is forearmed” school of pedagogy, let us just
alert you to be very aware of the difference between a point in the plane, written horizontally and between
parentheses, and a vector in R2, which is written vertically and between brackets:

The point P = (2,3) vs. the vector p = {ﬂ :
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In your previous work, when you worked with the plane R? you considered it as the collection of
ordered pairs of real numbers, of points:

R? = {(x1,%2) :xj € R for j=1,2}
If we consider the familiar coordinate plane, with an x axis and a y axis, any point in this coordinate

plane is identified by where it is located along the x axis, and also where it is located along the y axis.
Consider as an example the following diagram.

y
0=(-3,4)
® 4
P=(2,1
. 2.1)
! X
-3 2

Hence, every element in R? is identified by two components, x and y, in the usual manner. The
coordinates x,y (or x1,x2) uniquely determine a point in the plane. Note that while the definition uses x|
and x; to label the coordinates and you may be used to x and y, these notations are equivalent.

We defined the notion of a vector in Definition 2.12: for any natural number n, an n-vector is simply an
n x 1 matrix. Up to this point, when we have been talking about vectors we have denoted them as if they
were a matrix, so maybe we would talk about the vector X. From this point on, since vectors will be our
point of interest, we will often label vectors as lower case letters or pairs of upper case letters surmounted
by an arrow, for example

<
I
A o= W

Consider the following definition, which begins to tie together the notion of a point in n-space and an
n-vector, and brings back the geometry of vectors introduced in the last section:

Let P = (pi,---,pn) be the coordinates of a point in R". Then the vector
P1

o |
Pn

is called the position vector of the point P.

It is customary to think of OP as an arrow with its tail at 0 = (0,---,0) and its tip at P.
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For this reason we may will talk about both the point P = (py,---,p,) € R" and the vector (ﬁ =
P1
Sl e RN

Pn

"l;he connection between points and vectors is illustrated in the following picture for the special case
of R”.

P=(p1,p2.p3)

P1
= |P2
P3

Thus every point P in R"” determines its position vector (ﬁ Conversely, every such position vector (ﬁ
which has its tail at 0 and point at P determines the point P of R".

Now suppose we are given two points, P,Q whose coordinates are (pi,---,p,) and (g1, ,q,) re-
spectively. We can also determine the position vector from P to Q (also called the vector from P to Q)
defined as follows.

q1— D1
PO=| : | =00-0P

qn — Pn

Given a point in R” named P, we will often use p to denote the position vector of point P. Notice that

in this context, p = OP. If a point is referred to by an upper case letter, the position vector will usually be
denoted by the corresponding lower case letter.

Think about the plane, R?>. When you think about the plane as a collection of points, you should see
a lot of dots. The point P = (3,5) is a little dot, located 3 units right in the x-direction and five units up
in the y-direction. The corresponding view of vectors is that the position vector (73 1S an arrow pointing
from the origin to the point P. For our work with vectors in the plane (or in n-space), we will gather all of
those vectors together and give them a name. Unfortunately, the name is R”, which is somewhat confusing
at the start, as sometimes R" will be best thought of as a bunch of points, and sometimes as a bunch of
vectors. We will try to be careful about pointing out which is the appropriate view at any time.

We define real n-space to be the collection of n-vectors:

The set R" is defined to be the collection of n-vectors. So

Vi
n — | — Vz .
R"={vV|v= , where each v; is a real number}.
Vn

The v;’s are called the components of the vector V.
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You can think of the components of a vector as directions for obtaining the vector. Consider n = 3.
Draw a vector with its tail at the point (0,0,0) and its tip at the point (a,b,c). This vector it is obtained
by starting at (0,0,0), moving parallel to the x axis to (a,0,0) and then from here, moving parallel to the
y axis to (a,b,0) and finally parallel to the z axis to (a,b,c). Observe that the same vector would result if
you began at the point (d,e, f), moved parallel to the x axis to (d +a,e, f), then parallel to the y axis to
(d+a,e+b, f), and finally parallel to the z axis to (d +a,e+ b, f +c). Here, the vector would have its
tail sitting at the point determined by A = (d, e, f) and its point at B = (d +a,e+b, f +¢) . It is the same
vector because it will point in the same direction and have the same length. It is like you took an actual
arrow, and moved it from one location to another keeping it pointing the same direction.

0

. 0
Some important vectors that we will use include the zero vector, 0 = | . |, and the so-called standard

basis vectors
1 0
~ ~ 1 ~ 0
1 - : £l 62 - : £ ] en — :
0 0 1

where ¢€; has a 1 as its ith component, but all other components are 0. In two special cases, R? and R3, we
will also denote the standard basis vectors by

1 0 0
?:H, f:m,or?: o, =11, k=10
0 0 1

The Algebra of Scalar Multiplication

Since a vector is nothing more nor less than a matrix, we have already defined the algebraic operation scalar
multiplication—you multiply a vector by a scalar exactly the same way as you multiply a (column) matrix
times a scalar. Our goals now are to remind you of the definition, indicate that the algebraic definition
matches our geometric definition from the last section, and then gather up some important results about
scalar multiplication.

Scalar multiplication of vectors in R” is defined as follows.

Ifii € R" and k € R is a scalar, then kii € R" is defined by

ui ku1
ki=k| @ | =

Uy, ku,

When we were working geometrically, we said that to multiply a vector V by a positive constant k
would result in a vector with the same direction as v, but with length scaled by a factor of k. Here’s an
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example to indicate that our algebraic definition of scalar multiplication seems to work in the way it is
supposed to:

Example 4.8: Scalar Multiplication

2 e e - o L -
3} . Show that 5V is 5 times as long as vV and points in the same direction as V.

Suppose that v = {

Solution. We need to compare the lengths and directions of the two vectors p and 5p. In this diagram,
notice that j is the position vector corresponding to the point P = (2,3), while 5p = E(S)} is the position
vector corresponding to the point Q = (10, 15), offset slightly for clarity in the picture:

Since the points (0,0),(2,3), and (10, 15) are collinear, the direction of the vector j and the direction of
the vector 5p are the same. The distance from the origin to the point P, which is a reasonable interpretation
of the length of the vector p, is V22 +32 = 1/13. The distance from the origin to Q is V102 + 152 =
V325 =5V/13.

To summarize, the vector 5p has the same direction as the vector p and is five times as long, so our
algebraic definition of what happens when you multiply a vector by a scalar matches what we expect from
our geometric description of the operation. [

Scalar multiplication of vectors satisfies several important properties. These are outlined in the follow-
ing theorem.
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Theorem 4.9: Properties of Scalar Multiplication

The following properties hold for vectors i,V € R" and k, p scalars.

* The Distributive Law over Vector Addition
k(d+V) = ki + kv
* The Distributive Law over Scalar Addition
(k+ p)u = kii + pii
* The Associative Law for Scalar Multiplication
k(pi) = (kp) i

* Rule for Multiplication by 1

As we proved these results earlier as Proposition 2.11, (actually, we left them as an exercise, but we
know that you worked through the proof) we do not need to reprove them now.

The Algebra of Vector Addition

Once again, as a vector is nothing more than a matrix with one column, we have already know the algebra
of vector addition:

ui Vi
Ifi=| : |,v=| ¢ | € R"thenii+V e R" and is defined by

Un Vn

Ui V1
u-+v = +

Up Vn

up+vi

Uy +vy,

To add vectors, we simply add corresponding components. Therefore, in order to add vectors, they
must be the same size.

To see how the algebraic definition corresponds to the geometric definition of vector addition, at least
in R?, consider the following example.
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Example 4.11: Vector Addition

Find the sum of ii = ;] and vV = {ﬂ . Show that the algebraic definition of vector addition corre-

sponds to the geometric definition.

Solution. Rapid mental calculation tells us that i +V = {ﬂ . A look at this diagram shows how our two

definitions match.

(3.4)

1,3)

S

<l

When we slide the vector ¥ so that its tail is at the point (1,3), to find the point at the head of i + V we have

to add 2 to the x-coordinate and 1 to the y-coordinate, so the sum is the vector from the origin to the point
(3,4), as expected. [ Y

The following theorem was established as Proposition 2.8.

Theorem 4.12: Properties of Vector Addition

The following properties hold for vectors i, v,w € R

N

e The Commutative Law of Addition
e The Associative Law of Addition
» The Existence of an Additive Identity

i+0=1i (4.1)

e The Existence of an Additive Inverse
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The additive identity shown in equation 4.1 is the previously mentioned zero vector. You want to think
of it as playing the role of the number 0. As was the case when we discussed matrices, —# is simply the
vector (—1).

Unsurprisingly, vector subtraction is defined as i —V =i+ (—V) .

We conclude this section by reminding you of a crucial concept, first introduced in Definition 9.10,
that combines vector addition and scalar multiplication.

A vector V is said to be a linear combination of the vectors uy,--- ,u, if there exist scalars,
ai,---,a, such that
v:alﬁl—i_"'—i_anﬁn

For example,

—4 -3 —18
3 1 {+2 0| = 3
0 1 2
Thus we can say that
—18
V= 3
2
is a linear combination of the vectors
—4 -3
ﬁl = 1 and ﬁz = 0
0 1
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4.3 Length of a Vector

A. Find the length of a vector and the distance between two points in R”".

B. Find the corresponding unit vector to a vector in R".

In this section, we explore what is meant by the length of a vector in R”. We develop this concept by
first looking at the distance between two points in R”.

First, we will consider the concept of distance for R, that is, for points in R!. Here, the distance
between two points P and Q is given by the absolute value of their difference. We denote the distance
between P and Q by d(P, Q) which is defined as

d(P.Q) =/ (P~ Q)* (4.2)
Consider now the case for n = 2, demonstrated by the following picture.

P=(p1.p2)

0=(q1,92)

There are two points P = (p1,p2) and Q = (g1,¢2) in the plane. The distance between these points
is shown in the picture as a solid line. Notice that this line is the hypotenuse of a right triangle which
is half of the rectangle shown in dotted lines. We want to find the length of this hypotenuse which will
give the distance between the two points. Note the lengths of the sides of this triangle are |p; — | and
|p2 — q2/|, the absolute value of the difference in these values. Therefore, the Pythagorean Theorem implies
the length of the hypotenuse (and thus the distance between P and Q) equals

1/2 1/2
(1=l +lp2=a:) " = (11 =4+ (P2~ a2)) (43)

Now suppose n = 3 and let P = (p1,p2.p3) and Q = (¢1,¢2.¢3) be two points in R3. Consider the
following picture in which the solid line joins the two points and a dotted line joins the points (¢1,42,43)

and (p1,p2.93).

P = (p1,p2,p3)

0 = (91,92.93) (P1,92,93)
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Here, we need to use Pythagorean Theorem twice in order to find the length of the solid line. First, by
the Pythagorean Theorem, the length of the dotted line joining (q1,¢2,q3) and (p1, p2,g3) equals

((Pl —q1)* 4+ (p2— Q2)2) 2

while the length of the line joining (p1, p2,¢3) to (p1, p2, p3) is just |p3 — g3| . Therefore, by the Pythagorean
Theorem again, the length of the line joining the points P = (p1, p2, p3) and Q = (g1,92,¢3) equals

((((pl —q1)"+(p2— 612)2) 1/2> 2 +(p3— 613)2>

1/2
= (1 =@+ (2= a2+ (13- 05)?) (4.4

This discussion motivates the following definition for the distance between points in R".

Definition 4.14: Distance Between Points

Let P = (p1,---,pn) and Q = (q1,- - ,qn) be two points in R". Then the distance between these
points is defined as

1/2

1/2
n
distance between P and Q =d(P,Q) = (Z 175 6]k|2>
k=1

This is called the distance formula. We may also write |P — Q| as the distance between P and Q.

r
.

From the above discussion, you can see that Definition 4.14 holds for the special cases n = 1,2,3, as
in Equations 4.2, 4.3, 4.4. In the following example, we use Definition 4.14 to find the distance between
two points in R*.

Example 4.15: Distance Between Points
Find the distance between the points P and Q in R*, where P and Q are given by
P=(1,2,-4,6)

and
Q = (2737_1,0)

Solution. We will use the formula given in Definition 4.14 to find the distance between P and Q. Use the
distance formula and write

1
2

d(P.0) = ((1-2)7 + (237 + (4= (~1))’+(6-0)") " = (47)3

Therefore, d(P,Q) = \/47.
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There are certain properties of the distance between points which are important in our study. These are
outlined in the following theorem.

Theorem 4.16: Properties of Distance

Let P and Q be points in R", and let the distance between them, d(P,(Q), be given as in Definition
4.14. Then, the following properties hold .

* d(P,0)=d(0,P)
* d(P,Q) > 0, and equals 0 exactly when P = Q.

There are many applications of the concept of distance. For instance, given two points, we can ask what
collection of points are all the same distance between the given points. This is explored in the following
example.

Example 4.17: The Plane Between Two Points

Describe the points in R® which are at the same distance between (1,2,3) and (0,1,2).

Solution. Let P = (py, p2, p3) be such a point. Therefore, P is the same distance from (1,2,3) and (0,1,2).
Then by Definition 4.14,

Vo= 17+ (2= 2%+ (p3 =37 =/ (p1 = 00+ (p2— 1)+ (p3 —2)°

Squaring both sides we obtain

(P1—12+(p2=2+(p3 =3 =pi+(p2— 1)+ (p3 —2)°
and so
P —2p1+ 14+ p3 —4ps+p3 —6p3 = pi+p3 —2p2 + 5+ p3 —4ps
Simplifying, this becomes
—2p1+14—4py —6p3 = —2pr+5—4p3
which can be written as
2p1+2p2+2p3=9 4.5)

Therefore, the points P = (py, p2, p3) which are the same distance from each of the given points are exactly
the points that satisfy Equation 4.5. As we will see in Section 4.7, this equation define a plane in R>. &

We can now use our understanding of the distance between two points to define what is meant by the
length of a vector. Consider the following definition.
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Definition 4.18: Length of a Vector

Letii = [u---up]” be a vector in R". Then, the length of i, written ||| is given by
[l = \Jui+--+u

This definition corresponds to Definition 4.14, if you consider the vector # to have its tail at the point
0=(0,---,0) and its tip at the point U = (uy,- - ,u,). Then the length of i is equal to the distance between

Oand U, d(0,U). In general, d(P,Q) = H@H
Consider Example 4.15. By Definition 4.18, we could also find the distance between P and Q as the

length of the vector connecting them. Hence, if we were to draw a vector I@ with its tail at P and its point
at Q, this vector would have length equal to v/47.

We conclude this section with a new definition for the special case of vectors of length 1.

Definition 4.19: Unit Vector

Let ui be a vector in R". Then, we call i a unit vector if it has length 1, that is if

]| = 1

Let v be a vector in R”. Then, the vector # which has the same direction as v but length equal to 1 is
the corresponding unit vector of V. This vector is given by

1

—

ﬁ:TV
V]

We often use the term normalize to refer to this process. When we normalize a vector v, we find unit
vector that has the same direction as V. Consider the following example.

Example 4.20: Finding a Unit Vector

Let V be given by

Find the unit vector i which has the same direction as v .

Solution. We will use Definition 4.19 to solve this. Therefore, we need to find the length of v which, by

Definition 4.18 is given by
Il = /v +v3 43

Using the corresponding values we find that

- 2
[ = 12+ (374
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= V1I+9+16
= V26
In order to find #, we divide V by v/26. The result is
— 1 —
u = 7V
el
V26 | 4
L
= - %—2—6
V26
You can verify using the Definition 4.18 that ||| = 1. [ )

4.4 The Dot Product

‘ A. Compute the dot product of vectors, and use this to compute vector projections. \

There are two ways of multiplying vectors which are of great importance in applications. The first of
these is called the dot product. When we take the dot product of vectors, the result is a scalar. For this
reason, the dot product is also called the scalar product . The definition is as follows.

Definition 4.21: Dot Product

Let ii,V be two vectors in R". Then we define the dot product ii -V as
i-v=ulv.
Notice that if
up Vi
. uj . V2
U= andv=| |,
Up Vn
thenii-v = Zz=1 U V.

The dot product i - V is sometimes denoted as (i, V) where a comma and two parentheses replace the
dot. It can also be written as (if, V) with angled brackets.

Consider the following example.
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Example 4.22: Compute a Dot Product

Find ii - vV for

, V=

S
I

1
2
0
1

w o - O

Solution. In using Definition 4.21 for computation it is usually easiest to compute

4
u-v= Z UV
k=1

This is given by
i-v o= (1)(0)+(2)(1)+(0)(2) +(=1)(3)
= 0+4+240-3
—1

With this definition, there are several important properties satisfied by the dot product.

Proposition 4.23: Properties of the Dot Product

Let k and p denote scalars and u,V,w denote vectors. Then the dot product ii -V satisfies the following
properties.

— —

) =B+

<l

(i +
o (ki) -V=k(i-V)
s U-V=V-U

* |l@|]? =i

« ii-ii >0 and equals zero if and only if i = 0

The proof is left as an exercise, but you should consider using the #’ v definition of the dot product for
the first two properties, and perhaps the ) u; vy version of the definition for the second two.

The last property above tells us that we can use the dot product to find the length of a vector:
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Example 4.24: Length of a Vector

Find the length of

S
I

N =N

That is, find ||u]|.

Solution. By Proposition 4.23, ||if||? = @ - ii. Therefore, ||i|| = /@ - ii. First, compute i - i.

This is given by
i-uo= (2)2)+(M)(1)+4)(4)+(2)(2)
= 44+14+16+4
= 25
Then,
@l = Vii-u
= V25
5

[ )

You may wish to compare this to our previous definition of length, given in Definition 4.18.

The Cauchy Schwarz inequality is a fundamental inequality satisfied by the dot product. It is given
in the following theorem.

Theorem 4.25: Cauchy Schwarz Inequality

The dot product satisfies the inequality

-] < [|l[|[V] (4.6)

Furthermore equality is obtained if and only if one of i orV is a scalar multiple of the other.

Proof. First note that if ¥ = 0 both sides of 4.6 equal zero and so the inequality holds in this case. Therefore,
it will be assumed in what follows that v = 0.

Define a function of t € R by
@)= {H+1v)- (d+1V)
Then by Proposition 4.23, f(¢) > 0 for all # € R. Using Proposition 4.23 we can see

() (d~+tV) +1V- (U +1V)

u-
it (V) 1V
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= ||a* +21 - 9) + |[7]|*°

(There are some details left out of the above, and you should fill them in. For example, the second line
uses a distributive property that is not explicitly part of Proposition 4.23. How can we justify its use?)

Now this means the graph of y = f (¢) is a parabola which opens up and either its vertex touches the ¢
axis or else the entire graph is above the  axis. In the first case, there exists some ¢t where f (¢) = 0 and
this requires i + 1V = 0 so one vector is a multiple of the other. Then clearly equality holds in 4.6. In the
case where V is not a multiple of i, it follows f (#) > 0 for all # which says f (¢) has no real zeros and so

from the quadratic formula,
- = 2 — —
(2(-¥))* — 4l *||¥]* < 0

which is equivalent to |- V| < ||i||||V]]. [ )
Notice that this proof was based only on the properties of the dot product listed in Proposition 4.23.

This means that whenever an operation satisfies these properties, the Cauchy Schwarz inequality holds.
There are many other instances of these properties besides vectors in R”.

The Cauchy Schwarz inequality provides another proof of the triangle inequality for distances in R".

Theorem 4.26: Triangle Inequality

Foru,v € R"
[+ V]| < flal] + V] 4.7)
and equality holds if and only if one of the vectors is a non-negative scalar multiple of the other.

Also
|12l — [19)l] < lli =9 (4.8)

Proof. By properties of the dot product and the Cauchy Schwarz inequality,
i +7|)> = (@ +¥) - (@ +7)

=)+ U-vV)+¥-u)+ (V-V)

= ||a@|* +2 (- 7) + |7

< |al® +2 |- v+ [|v)?

< Nl -+ 211 |171] + 17> (4.9)

= ([l +1711)? (4.10)
Hence,

|+ 917 < (] +[19])?
Taking square roots of both sides you obtain 4.7.

It remains to consider when equality occurs. First assume that V = kii with k > 0. Then

62+ V]| = [|22 + ki
= || (1 + k)]
= |1 +K)[[[a]
= (LK)l
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= L]} +- k|
= La] -+ [ ]
= [|adf} + || et
= [l + [V

and so equality holds.

To prove the converse of the equality claim, we assume that equality holds in Equation 4.7. We must
prove that one of the vectors is a non-negative multiple of the other. To attack an easy case first, suppose
ii = 0. Then no matter what ¥ is, we know that # = 0% and so # is a non-negative multiple of ¥. The
same argument holds if V = 0. Therefore, we can assume that both vectors are nonzero. To get equality
in 4.7 above, it must be the case that Inequality 4.9 be an actual equality. So it must be the case that
|ii - V| = ||u]|||V]|. For this to be true, we know from Theorem 4.25 that one of the vectors must be a
multiple of the other. Say v = kii. If k < 0 then equality cannot occur in 4.7 because in this case

¥ = kfldl|* < 0 < |k| ||| = |ii- 7]

<y

Therefore, k > 0.

To get the other form of the triangle inequality write

U=u—v+Vv

SO
]| = [|& — v +¥]|
<l = v + (V]
Therefore,
[l — [[9]] < || — V]| (4.11)
Similarly,
VI = [lal] < [IV —al| = [l -V (4.12)
It follows from 4.11 and 4.12 that 4.8 holds. This is because |||if|| — ||¥]|| equals the left side of either 4.11
or 4.12 and either way, ||L7||—||\7||} < ||u—V]. ®

The Geometric Significance of the Dot Product

Given two vectors, i and V, the included angle is the angle between these two vectors which is given by
0 such that 0 < 6 < . The dot product can be used to determine the included angle between two vectors.
Consider the following picture where 6 gives the included angle.

Vv

0

<y
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Proposition 4.27: The Dot Product and the Included Angle

Let ii and vV be two vectors in R", and let 6 be the included angle. Then the following equation
holds.
ii -V = [|]|[|V] cos 6

In words, the dot product of two vectors equals the product of the magnitude (or length) of the two
vectors multiplied by the cosine of the included angle. Note this gives a geometric description of the dot
product which does not depend explicitly on the coordinates of the vectors.

Consider the following example.

Example 4.28: Find the Angle Between Two Vectors

Find the angle between the vectors given by

3
U= 1], v=1 4
—1 1

Solution. By Proposition 4.27,

u-v = |ul|||V||cos 6

Hence,
-V

<

cosO =

gl

<

First, we can compute # - V. By Definition 4.21, this equals

i-v=(2)3)+ (1)) +(=1)(1)=9
Then,
] = v/(2)(2) + (D)(1) + (1) (1) = V6
191 = /(3)(3) + (4)(4) + (1)(1) = V26
Therefore, the cosine of the included angle equals
cosO = 2 0.7205766
With the cosine known, the angle can be determined by computing the inverse cosine of that angle,
giving approximately 0 = 0.76616 radians. [

We can also use Proposition 4.27 to compute the dot product of two vectors.

Example 4.29: Using Geometric Description to Find a Dot Product

Let i,V be vectors with ||ii|| = 3 and ||V|| = 4. Suppose the angle between ii and V is 7t /3. Find i - V.
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Solution. From the geometric description of the dot product in Proposition 4.27

i-v=(3)(4)cos(n/3)=3x4x1/2=6

<

[ )

Two nonzero vectors are said to be perpendicular, sometimes also called orthogonal, if the included
angle is /2 radians (90°).

Consider the following proposition.

Proposition 4.30: Perpendicular Vectors

Let i and vV be nonzero vectors in R". Then, i and V are said to be perpendicular exactly when

i-v=20

Proof. This follows directly from Proposition 4.27. First if the dot product of two nonzero vectors is equal
to 0, this tells us that cos 6 = 0 (this is where we need nonzero vectors). Thus 6 = /2 and the vectors are
perpendicular.

If on the other hand V is perpendicular to i, then the included angle is /2 radians. Hence cos 6 =0
and i -V =0. o

Consider the following example.

Example 4.31: Determine if Two Vectors are Perpendicular

Determine whether the two vectors,

S
I
<l
I

are perpendicular.

Solution. In order to determine if these two vectors are perpendicular, we compute the dot product. This
is given by
i-v=(2)1)+(1)3)+(=1)(5)=0

Therefore, by Proposition 4.30 these two vectors are perpendicular. [
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Projections

Consider a box sitting on an inclined plane. The only force acting on the box is force of gravity, represented
by a vector V. We are interested in whether the box will slide down the inclined plane, and that will depend
on whether the force exerted by v in the direction parallel to the plane is sufficient to overcome the starting
friction between the box and the plane. If the angle of the plane is represented by the vector #, we need
to find how much of the vector V is pointing in the direction given by #. The dot product will get us this
vector, called the projection of V onto . In this section we develop a formula for this projection.

<l

R 4

To motivate our formula, let 6 be the angle between u and V. For now, let’s assume that 0 < 6 < %
The vector we are looking for has the annoying, but descriptive, name proj; (V).

<l

N

We know the direction of the desired vector, proj; (V), it is the same as the vector . All we need is
the length. But from the above diagram and our (admittedly rusty, but still reliable) knowledge of right
triangle trigonometry,

[projz (V) |
V]

and since we can write cos 6 in terms of the dot product of i and v, we have

=cos0,

Iprojs (9)| _ @V

gl el vil”
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and so .
-V
Iprojg (¥) | = T

! 4

<y

Now our course is clear: to find our needed projection we can just take the vector #, normalize it so
that it has length 1, and then multiply it by ﬁ to get a vector that has the correct direction and the correct

length:
o (T (0
projs (7) = (nﬁn) (nﬁn)'

Let’s gather that all up into an official definition:

Definition 4.32: Vector Projection

Let i and vV be vectors. Then, the (orthogonal) projection of V onto ii is given by

Find proj; (V) if

2 1
i=| 3|, v=| =2
—4 1

Solution. We can use the formula provided in Definition 4.32 to find proj; (V). First, compute V- #. This is
given by

1 2
B i = @M+G)(=2)+(=4)(1)
- 2-6-4
-8
Similarly, # - i is given by
2 2
301 3] = @O@+B)G)+(=4)(-4)
—4 —4
= 4+9+16
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Therefore, the projection is equal to

2
. 8

projz (V) = —55| 3
4

16

29

_ _24

= 29

2

2

A Look Under the Hood: Projection

Our derivation of the projection of v onto # contained a bit of a cheat, since we assumed that the angle
between the two vectors was acute. To see how to find the formula without making that assumption, keep
reading!

First, we show that there is only one way to write V as a sum of two vectors, one parallel to # and the
other orthogonal to ii:

Theorem 4.34: Vector Projections

Let v and ii be nonzero vectors. Then there exist unique vectors V)| and V| such that
\7:\7H+\7J_ 4.13)

where V)| is a scalar multiple of i, and V, is perpendicular to i.

Proof. Suppose 4.13 holds and V|| = kii. Taking the dot product of both sides of 4.13 with i and using
V| -1 =0, this yields

Vel = (\7“—1—\71_)47
=ki-Ui+V, -u
= k|J]|>

which requires k = ¥-i/||if||>. Thus there can be no more than one vector V). It follows ¥, must equal
v — V). This verifies there can be no more than one choice for both ¥ and v, and proves their uniqueness.

Now let

and let

—

V] \7—\7||:\7—

-

Then V|| = kii where k = HVIZ\TZ' It only remains to verify v, - = 0. But
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<l
=y
I
<!
=

[ )

Now, notice that the formula for ¥ in the above is exactly the same as our formula for proj; (V), and
we have established that our formula works whether the angle between i and V is acute, obtuse, or right.

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(2 ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

4.5 The Cross Product

A. Compute the cross product and box product of vectors in R>.

Recall that the dot product is one of two important products for vectors. The second type of product
for vectors is called the cross product. It is important to note that the cross product is only defined in
IR3. First we discuss the geometric meaning and then a description in terms of coordinates is given, both
of which are important. The geometric description is essential in order to understand the applications to
physics and geometry while the coordinate description is necessary to compute the cross product.

Consider the following definition.

Three vectors, u,v,w form a right hand system if when you extend the fingers of your right hand
along the direction of vector ii and close them in the direction of V, the thumb points roughly in the
direction of w.


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/
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For an example of a right handed system of vectors, see the following picture.

=y
sy

<l

In this picture the vector w points upwards from the plane determined by the other two vectors. Point

the fingers of your right hand along i, and close them in the direction of V. Notice that if you extend the
thumb on your right hand, it points in the direction of w.

You should consider how a right hand system would differ from a left hand system. Try using your left
hand and you will see that the vector w would need to point in the opposite direction.

Notice that the special vectors, ?,f,ié will always form a right handed system. If you extend the fingers
of your right hand along i and close them in the direction j, the thumb points in the direction of k.

-

k

.

The following is the geometric description of the cross product. Recall that the dot product of two

vectors results in a scalar. In contrast, the cross product results in a vector, as the product gives a direction
as well as magnitude.

Let ii and v be two vectors in R3. Then the cross product, written ii x v, is defined by the following
two rules.

1. Its length is ||ii x V|| = ||i]|||V|| sin 6,
where 0 is the included angle between ii and V.

2. 1t is perpendicular to both i and v, that is (i x V) -1 =0, (i x V) -V =0,
and i, v, X V form a right hand system.

- 2

The cross product of the special vectors i, j, k is as follows.

ixj=k jxi=—k
kxi=] ixk=—]
Jxk=i kxj= 7
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With this information, the following gives the coordinate description of the cross product.
uj
Recall that the vector i = |uy | can be written in terms of i, j,k as i = uyi+ up j + usk.
u3

Proposition 4.37: Coordinate Description of Cross Product

Letii = uyi+ ugf'—l— ug% and vV = vi+ vzf—i— m% be two vectors. Then
UXxv=(upvs — u3vz)7’— (u1v3z —uzvy) f+

= 4.14
—|—(u1v2—u2v1)k ( )

Writing # X V in the usual way, it is given by

Uzv3 —uzva
Uxv= —(M1V3—M3V1)
Upva —uszvi

We now prove this proposition.

Proof. From the above table and the properties of the cross product listed,
Uxv = (ul?-i- Ltzf—i— uﬂé) X <V1?+ sz—i— V37€)
= MIVZ?X 7+ u1V3?X %-i— uzvlfx ?-i- upgfx %-i— +u3v1% X ?-i- u3V27C) X f

= uvok —uyv3j—upvik+upvii+uzvyj —uzvai
= <M2V3 — u3v2) i+ (M3V1 — u1V3)j—|— (u1v2 — uzvl) k

(4.15)
[ )

There is another version of 4.14 which may be easier to remember. We can express the cross product
as the determinant of a matrix, as follows.

[
Uxv= up up us (4.16)
Vi v2 V3

Expanding the determinant along the top row yields

s 1+1| U2 U3 g 2+1 | U U3 7 3+1 | Ul U2
(=D P +E(=1)*
2 V3 Vi v3 Vi w2
:? uz ujy 2| U U3z +7{» upy up
V2 v3 Vi v3 Vi »2

Expanding these determinants leads to

-

(u2v3 — uzvy) i — (ugvs — uzvy) j+ (ugvy — upvy ) &
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which is the same as 4.15.

The cross product satisfies the following properties.

Proposition 4.38: Properties of the Cross Product

Let i, V,w be vectors in R3, and k a scalar. Then, the following properties of the cross product hold.

—

1. ixv=—(¥xi),andiixi=0

Proof. Formula 1. follows immediately from the definition. The vectors i x vV and V X i have the same
magnitude, || |V|sin 6, and an application of the right hand rule shows they have opposite direction.

Formula 2. is proven as follows. If k is a non-negative scalar, the direction of (kif) x V is the same as
the direction of i X v,k (i X V) and i x (kv). The magnitude is k times the magnitude of # x V which is the
same as the magnitude of k (i x V) and # x (kV). Using this yields equality in 2. In the case where k < 0,
everything works the same way except the vectors are all pointing in the opposite direction and you must
multiply by |k| when comparing their magnitudes.

The distributive laws, 3. and 4., are much harder to establish. For now, it suffices to notice that if we
know that 3. is true, 4. follows. Thus, assuming 3., and using 1.,

We will now look at an example of how to compute a cross product.

Example 4.39: Find a Cross Product

Find u x v for the following vectors

3
i=| -1, v=]| -2
1

\. J

Solution. Note that we can write #,V in terms of the special vectors ?,j,% as
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We will use the equation given by 4.16 to compute the cross product.

F B L B
ixi=|1 -1 2 |=| 2202 2 Y Tl sarysien
-2 1 31 3 =2
3 -2 1
We can write this result in the usual way, as

3

Uxv= 1,5

1

)

An important geometrical application of the cross product is as follows. The size of the cross product,
||z x V||, is the area of the parallelogram determined by # and V, as shown in the following picture.

We examine this concept in the following example.

Example 4.40: Area of a Parallelogram

Find the area of the parallelogram determined by the vectors i and V given by

3
, v=| =2

2 1

S
I
|

Solution. Notice that these vectors are the same as the ones given in Example 4.39. Recall from the
geometric description of the cross product, that the area of the parallelogram is simply the magnitude of
i X V. From Example 4.39,
3
Uuxv=1,15

1

Thus the area of the parallelogram is

@ x ¥ =v/3B)B3)+B)B3)+(1)(1)=v9+25+1=1/35
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We can also use this concept to find the area of a triangle determined by three points in R®. Consider
the following example.

Example 4.41: Area of Triangle

Find the area of the triangle determined by the points (1,2,3),(0,2,5),(5,1,2)

Solution. This triangle is obtained by connecting the three points with lines. Picking (1,2,3) as a starting
—1 4
point, there are two displacement vectors, | O | and | —1|. Notice that if we add either of these vectors
2 —1
to the position vector of the starting point, the result is the position vectors of the other two points. Now,
the area of the triangle is half the area of the parallelogram determined by these two displacement vectors.
The required cross product is given by

—1 4 2
Ol x| -1 |=1|7
2 —1 1

Taking the size of this vector gives the area of the parallelogram, given by

V) + M)+ 1) (1) = Va+49+1= /54
Hence the area of the triangle is %\/5_4 = %\/6 [

In general, if you have three points in R3,P, O, R, the area of the triangle is given by

317G < P

Recall that 1@ is the vector running from point P to point Q.

Q

P R

In the next section, we explore another application of the cross product.
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The Box Product

Recall that we can use the cross product to find the the area of a parallelogram. It follows that we can use
the cross product together with the dot product to find the volume of a parallelepiped.

We begin with a definition.

A parallelepiped determined by the three vectors, i, V, and w consists of
{rii+sv+tw:rs,t €[0,1]}
That is, if you pick three numbers, r,s, and t each in [0, 1] and form rii 4+ sV + tw then the collection

of all such points makes up the parallelepiped determined by these three vectors.

The following is an example of a parallelepiped.

Notice that the base of the parallelepiped is the parallelogram determined by the vectors # and V.
Therefore, its area is equal to ||z x V||. The height of the parallelepiped is ||w| cos® where 0 is the angle
shown in the picture between w and # x V. The volume of this parallelepiped is the area of the base times
the height which is just

||z x V||||W|| cos O = (i@ x V) - W
This expression is known as the box product and is sometimes written as [i,V,w]. You should consider
what happens if you interchange the v with the w or the # with the w. You can see geometrically from
drawing pictures that this merely introduces a minus sign. In any case the box product of three vectors
always equals either the volume of the parallelepiped determined by the three vectors or else —1 times this
volume.

Proposition 4.43: The Box Product

Let ii,V,w be three vectors in R" that define a parallelepiped. Then the volume of the parallelepiped
is the absolute value of the box product, given by

|(d % V) - W

Consider an example of this concept.
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Example 4.44: Volume of a Parallelepiped

Find the volume of the parallelepiped determined by the vectors

1 1 3
= 2|, v= 3, w=]2
-5 —6 3

Solution. According to the above discussion, pick any two of these vectors, take the cross product and then
take the dot product of this with the third of these vectors. The result will be either the desired volume or
—1 times the desired volume. Therefore by taking the absolute value of the result, we obtain the volume.

We will take the cross product of # and V. This is given by

1 1
UxXv= 2 | x 3
-5 —6
ij ok
=12 -5 |=3i+j+k=]1
1 3 —6 1

Now take the dot product of this vector with w which yields

3 3
(xv)-w = 1|2
1 3
= (3?+7+7é)-(3?+2f+3%>
= 94243
14

This shows the volume of this parallelepiped is 14 cubic units. [

There is a fundamental observation which comes directly from the geometric definitions of the cross
product and the dot product.

Proposition 4.45: Order of the Product

Proof. This follows from observing that either (i x V) -w and #- (¥ x w) both give the volume of the

parallelepiped or they both give —1 times the volume. [
Recall that we can express the cross product as the determinant of a particular matrix. It turns out that

a d
the same can be done for the box product. Suppose you have three vectors, i = |b|, V= |e|, and

¢ f
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8
w = | k| . Then the box product i - (V X w) is given by the following.
i

a ik
i-(Vxw) = b|l-1d e f
c g h i
_ e f| ,|1df d
_ahi b‘gi—i_cgh)
a b ¢
= det|d e f
g h i

To take the box product, you can simply take the determinant of the matrix which results by letting the
rows be the components of the given vectors in the order in which they occur in the box product.

This follows directly from the definition of the cross product given above and the way we expand
determinants. Thus the volume of a parallelepiped determined by the vectors #,V,w is just the absolute

value of the above determinant.
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4.6 Parametric Lines

A. Find the vector and parametric equations of a line.

Having spent the first part of this chapter becoming familiar with vectors and some operations on
vectors, now we will shift focus. The next couple of sections will use vectors to describe some familiar
geometric objects—Ilines and planes. By examining these objects through the lens of linear algebra, we
will be able to talk easily about lines in higher dimensional spaces, and then we will be able to generalize
the idea of a plane in R? to higher dimensional settings as well.

Let us consider lines. You are used to working with lines in the plane, and you are doubtless an expert
at questions like, “Find an equation for the line that passes through the points (1,7) and (17,42).” or
“What is an equation of the line with slope —3 and y-intercept 77 In all of these cases you were given two
pieces of information and that sufficed to determine a unique line. By being a bit particular about how to
think about the two needed pieces of information that we use to specify the line, we’ll be able to generalize
the notion of line to higher-dimensional spaces quite easily, but to do that we’ll need to shift how we think
about lines in R? a bit. Slopes and intercepts are going to be out, points and direction vectors are going to
be in.

Let P and Py be two different points in R? which are contained in a line L. Our goal is to write
an equation that characterizes the line L. Let p and pj be the position vectors for the points P and Py
respectively. Suppose that Q is an arbitrary point on L. Consider the following diagram.

Q

Py

Our goal is to be able to define Q in terms of P and Fy. Consider the vector [W’ = p — pp which has its
tail at Py and point at P. If we add p — py to the position vector py for Py, the sum would be a vector with
its point at P. In other words,

P=po+(P—po)

Now suppose we were to add ¢( — py) to p where ¢ is some scalar. You can see that by doing so, we
could find a vector with its point at Q. In other words, we can find 7 such that

g=po+t(p—po)

This equation determines the line L in R?. The vector j — py is called the direction vector of the line
L. Our mantra is going to be: To find an equation for a line, we need a point Py on the line and a direction
vector d for the line.
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Example 4.46: Vector Equation of a Line in R>

Find an equation of the line L that passes through the points (1,7) and (17,42).

Solution. We need a point Fy that is on the line, and since we are given two points on the line we have an
embarrassment of riches. Arbitrarily, let’s use Py = (1,7). For the direction vector d, we’ll use the vector

that points from P to the other point, so d= Bg] . Thus an equation for the line L is

[ )

Notice that the solution to the above example is just one more way of seeing the same line L. You
already know other ways of writing the equation of L. For example if you wanted parametric equations
for L you could take our solution and rewrite it as

x=1+16¢
y=7+35¢

or you could take each of the above equations, solve them for ¢, and set them equal to get a familiar
Cartesian equation for L, perhaps in slope-intercept form (making one of your previous teachers proud):

11 17
—_X— — — -
16" 16 357 35

16" 16 -7

_ 3 T
Y 16" " 16

All of these are legitimate and correct ways to describe the line L from Example 4.46. But we will
concentrate on the vector equation g = py +td as it generalizes quickly and easily to higher dimensions.

If you think about two points in R3, you can see that the vector pointing from one of the points to the
other can serve as the direction vector d and that by adding multiples of d to the position vector of one
of the points, you generate position vectors of all of the points on the line connecting the two points. The
same concept works in higher dimensions, too, leading us to make the following definition:

Suppose a line L in R" contains the two different points P and Py. Let p and py be the position
vectors of these two points, respectively. Then, L is the collection of points Q which have the
position vector g given by

G=Po+1(F—po)
wheret € R.
Letd = P — po. Then d is a direction vector for L and a vector equation for L is given by

G=po+td, teR
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Note that this definition agrees with the usual notion of a line in two dimensions and so this is consistent
with earlier concepts. Consider now points in R3. If a point P € R? is given by P = (x,y,z), Py € R? by
Py = (x0,Y0,20), then we can write

X X0 a
Y| =Y |+t|b
Z 20 c
a
where d = | b |. This is the vector equation of L written in component form .
c

The following theorem claims that such an equation is in fact a line.

Proposition 4.48: Algebraic Description of a Straight Line

Letd,b € R" withb #0. Then ¥ =d+1b, t € R, is a line.

Proof. Let x7,x> € R". Define x; = d and let x; —x] = b. Since b =+ 0, it follows that x> # x1. Then
d+tb=x)+1t(x,—x)). It follows that ¥ = @+ b is a line containing the two different points X; and X,
whose position vectors are given by x| and X, respectively. [

We can use the above discussion to find the equation of a line when given two distinct points. Consider
the following example.

Example 4.49: A Line From Two Points

Find a vector equation for the line through the points Py = (1,2,0,3) and P = (2,—4,6,1).

Solution. We will use the definition of a line given above in Definition 4.47 to write this line in the form

g =po+t(P—po)

Letg = . Then, we can find p and py by taking the position vectors of points P and P, respectively.

S N o=

Then,

can be written as

X 1 1
y | |2 —6
Z =1lo +1 6 | teR
w 3 -2
1 2 1
o —6 | . . Lo —4 2 C .
Here, the direction vector 6 | 18 obtained by p — pg = 1o | indicated above in Defi-
-2 1 3

nition 4.47. [ Y
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Notice that in the above example we said that we found “a” vector equation for the line, not “the”
equation. The reason for this terminology is that there are infinitely many different vector equations for
the same line. To see this, replace ¢ with another parameter, say 3s. Then you obtain a different vector
equation for the same line because the same set of points is obtained.

1

In Example 4.49, the vector given by _g is the direction vector defined in Definition 4.47. If we

-2
know the direction vector of a line, as well as a point on the line, we can find the vector equation.

Consider the following example.

Example 4.50: A Line From a Point and a Direction Vector

Find a vector equation for the line which contains the point Py = (1,2,0) and has direction vector

Solution. We will use Definition 4.47 to write this line in the form p = py + td, t € R. We are given the
direction vector d. In order to find pj, we can use the position vector of the point Fy. This is given by
1 X
2 | .Letting p= | y |, the equation for the line is given by

0 Z
X 1 1
yi=|2]|+t|2]|,teR 4.17)
Z 0 1
A
We sometimes elect to write a line such as the one given in 4.17 in the form
x=1+t
y=2+2t where r € R (4.18)
7=t

This set of equations gives the same information as 4.17, and is called the parametric equation of the
line.

Consider the following definition, which can easily be extended to R":
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Definition 4.51: Parametric Equation of a Line in R’

Let L be a line in R® which has direction vector d = | b | and goes through the point Py =

(x0,Y0,20)- Then, letting t be a parameter, we can write L as

X =xg+ta
y=yo+tb wheret € R
z=2z0t+Ic

This is called a parametric equation of the line L.

You can verify that the form discussed following Example 4.50 in equation 4.18 is of the form given
in Definition 4.51.

There is one other form for a line which is useful, which is the symmetric form. Consider the line
given by 4.18. You can solve for the parameter ¢ to write

t=x—1
—y=2

1=

t=z

Therefore,
=272
x—l=—7—=z
This is the symmetric form of the line.

In the following example, we look at how to take the equation of a line from symmetric form to
parametric form.

Example 4.52: Change Symmetric Form to Parametric Form

Suppose the symmetric form of a line is

Write the line in parametric form as well as vector form.

Solution. We want to write this line in the form given by Definition 4.51. This is of the form

X =xp+ta
y=Yyo+tb where r € R
z=20t+1c

Lett = ’%z,t = % and ¢t = z+ 3, as given in the symmetric form of the line. Then solving for x,y, z,
yields
x=2+73t
y=142t withr € R
z=-3+t
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This is the parametric equation for this line.

Now, we want to write this line in the form given by Definition 4.47. This is the form

p=po+td
where ¢ € R. This equation becomes
X 2 3
y | = 1 |+t 2]|,teR
b4 -3 1

)

At this point we are experts at writing equations of lines, but there is much more to be said. As an
example of a couple of applications to situations involving lines, we will find the angle between two lines
and then find the distance from a point to a line.

When finding the angle between two lines, typically one would assume that the lines intersect. In some
situations, however, it may make sense to ask this question when the lines do not intersect, such as the
angle between the trajectories of two different objects. In any case we understand “the angle between two
lines” to mean the smallest angle between (any of) their direction vectors. The only subtlety here is that if
i is a direction vector for a line, then so is any multiple ki, and thus we will find complementary angles
among all angles between direction vectors for two lines, and we simply take the smaller of the two.

Example 4.53: Find the Angle Between Two Lines

Find the angle between the two lines
X 1 —
L;: y =5 2 | +t¢ 1
Z 0
and
X 0
Ly y | = 4 | +s
4 -3 —1

Solution. You can verify that these lines do not intersect, but as discussed above this does not matter and
we simply find the smallest angle between any directions vectors for these lines.

To do so we first find the angle between the direction vectors given above:

Ly,

SU
I
<l
I

[\

—1
In order to find the angle, we solve the following equation for 6

u-v = |ul|||V||cos 6
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to obtain cos 0 = —% and since we choose included angles between 0 and 7 we obtain 6 = ZT”

Now the angles between any two direction vectors for these lines will either be ZT” or its complement
O=r— 27” = %. We choose the smaller angle, and therefore conclude that the angle between the two lines
is Z. [

For our second application, suppose that a line L and a point P are given such that P is not contained
in L. Through the use of projections, we can determine the distance from P to L.

Example 4.54: Shortest Distance from a Point to a Line

Let P = (1,3,5) be a point in R3, and et L be the line which goes through point Py = (0,4,—2) with
2

direction vectord = | 1 |. Find the shortest distance from P to the line L, and find the point Q on
2

L that is closest to P.

Solution. In order to determine the shortest distance from P to L, we will first find the vector }ﬁ’ and then
find the projection of this vector onto L. The vector Iﬁ’ is given by

1 0
3| 4|=]| -1
5 —2 7

Then, if Q is the point on L closest to P, it follows that

RO = projRP
(ﬁg> .
= - d
Il

s
-2
s
-3

Now, the distance from P to L is given by

10P| = ||BoP — PoQ|| = v/26

The point Q is found by adding the vector @ to the position vector OF for Py as follows

0 10
3

5
-2 2 %



Therefore, Q = (13—0, 13—7,
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1)
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4.7 Planes in R?, Hyperplanes in R”

A. Find the vector and scalar equations of a plane in 3 and higher dimension.

B. Find the shortest distance between a point and a plane.

Much like the above discussion with lines, vectors can be used to determine equations of planes in R3
in a way that generalizes nicely to define objects called hyperplanes in R". We will focus on three-space,
as it is easier to visualize than, say, R,

Given a vector 7 in R? and a point P, it is possible to find a unique plane which contains Py and is
perpendicular to the given vector.

Let ii be a nonzero vector in R3. Then 7 is called a normal vector to a plane if and only if

n-v=0

for every vector V in the plane, where we say V is in the plane if there are two points Py and P; such
that Py and Py are on the plane and V is the vector pointing from Py to P;.
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Notice this definition is saying that 7 is orthogonal (perpendicular) to every vector in the plane. An-
noyingly, we now have three different words that all mean the same thing: perpendicular, orthogonal, and
normal. Allow yourself a moment to curse your fate, then get used to it and on we go.

Consider a plane with normal vector given by 7, and containing a point Py. Notice that this plane is
unique. If P is an arbitrary point on this plane, then by definition the normal vector is orthogonal to the

vector between Py and P. Letting (73 and 0P, be the position vectors of points P and Py respectively, it
follows that
H
ii- (0P — 0F)) = 0

ii- PP =0

The first of these equations gives the vector equation of the plane.

or

Let 7i be a normal vector for a plane which contains a point Py. If P is an arbitrary point on this
plane, then a vector equation of the plane is given by

fi- (0P —0F)) =0

Notice that this equation can be used to determine if a point P is contained in a certain plane.

Example 4.57: A Point in a Plane

Let7i= | 2 | be a normal vector for a plane which contains the point Py = (2,1,4). Determine if
3
the point P = (5,4, 1) is contained in this plane.

Solution. By Definition 4.56, P is a point in the plane if it satisfies the equation
H
ii- (0P —0F) =0

Given the above 71, Py, and P, we have

1 5 2
2 |- 4 | —11 =34+6-9=0.
3 1 4
Hence the equation is satisfied and P = (5,4, 1) is contained in the plane. 'y

With vector equations for the plane in hand, let’s examine a Cartesian form of the equation that is also

very convenient. Suppose we are examining a plane containing the Py = (xo,y0,z0) and having normal
a

vector i = | b |. Then an arbitrary point P = (x,y,z) is on the plane exactly when the vector version of
c
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the equation of the plane is satisfied. That is:

a X X0
b y | =1 Y =0
c Z 20
a xX—xp |
bi-|y=y| =0
c 2—20 |
a(x—xo) +b(y—yo)+c(z—z) = 0

This linear equation in three variables can be written as
ax+ by + cz = axg+ byy + czo
Notice that since Py is given, axg+ byo + ¢z is a known scalar, which we can call d. This equation becomes
ax+by+cz=d

Notice also that the coefficients of the variables are simply the coordinates of the normal vector 7.

Definition 4.58: Scalar Equation of a Plane in R’

a

Letii= | b | be the normal vector for a plane which contains the point Py = (xo,y0,z0)-Then if
c

P = (x,y,z) is an arbitrary point on the plane, the scalar equation of the plane is given by

ax+by+cz=d

where a,b,c,d € R and d = axg+ byo + czp.

Consider the following example.

Example 4.59: Finding an Equation of a Plane in R3

Find both a vector equation and a scalar equation of the plane containing Py = (3,—2,5) and or-
-2
thogonal to7i = 4
1

Solution. The above vector 7 is a normal vector for this plane. Using Definition 4.56, we can determine a
vector equation for this plane.

i-(0P—0F) = 0
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-2 X 3
4 |- y|—| —2 =0
1 Z 5
-2 x—3
4 |- y+2 =0
1 z—=5 |

Using Definition 4.58, we can also determine a scalar equation of the plane.

—2x+4y+1z=—2(3) +4(=2)+1(5) = -9

[ )

Here’s another example about finding an equation of a plane. This time we won’t be given a normal
vector.

Example 4.60: Find an Equation of a Plane in R? Given Three Points on the Plane

Find an equation of the plane that contains the points Py = (1,2,3), P, = (0,1,2), and P; = (3,0, 1).

Solution. We give two different solutions to this problem. You get to choose which you like best.

For our first solution, we know that an equation of the plane can be of the form ax+ by +cz =d. We
also know that our three points are on the plane, so they must satisfy the equation. So we are looking to
find a, b, c, and d that solve this system of linear equations:

a+2b+3c—d=0
b+2c—d=0.
3a + ¢c—d=0

So we can just take the augmented matrix

1 3 -1 0
012 —-10
3 1 -1 0
and reduce it to -~ _
1 00 0 O
010 1 O
001 -1 0
to get lots of solutions for a,b, c, and d. For example a = 0,b = 1,¢c = —1,d = —1 work, since all three of

our points satisfy the equation Ox+y—z = —1.

For our second solution, we will find a vector equation for the plane. To do this, we need two things:
a point on the plane (no problem, we have three of them) and 7, a vector that is normal to the plane. We’ll
find the normal vector by taking advantage of the fact that we are working in R? and so we can take the
cross product of two vectors.

Suppose that we have two vectors # and V that both lie in the plane. Then if we take the cross product
of # and ¥ we will have a vector that it orthogonal to both # and V and, in fact, to every vector that lies in
the plane! So we can use # X V as our normal vector.
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—1 2
For our situation, notice that the vectors P Pr=|—1| and P P, = | —2| both lie in the plane, so the
—1 -2
vector -
—1 2 0
i=|—-1|x|-2|=|—-4
-1 -2 4
is a normal vector for the plane. Then we can write our vector equation of the plane as
(0] [x—1
—41-1y=2| =0.
4] [z-3

)

In the same way that the projection of one vector onto another was a tool that we used to find the
distance from a point to a line in Section 4.6, the projection will help us find the distance from a point to
a plane.

Consider the following example.

Example 4.61: Shortest Distance From a Point to a Plane in R>

Find the shortest distance from the point P = (3,2,3) to the plane given by
2x+y+2z =2, and find the point Q on the plane that is closest to P.

Solution. Pick an arbitrary point Py on the plane. Then, it follows that
Q7 proj; ~ﬁ

and ||@|| is the shortest distance from P to the plane. Further, the vector @ —0P— @ gives the necessary
point Q.
2
From the above scalar equation, we have that7i= | 1 |. Now, choose a simple point on the plane,
2
for example Py = (1,0,0) is s1mple enough and on the plane since it satisfies the given equation. Then,

1
ﬁzz—

0
0
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Next, compute

Then, ||@ || = 4 so the shortest distance from P to the plane is 4.

Next, to find the point Q on the plane which is closest to P we have

00 = 0P- QP

3 2 1 1
= | 2|-5|1[=7]2
3 2 1
Therefore, Q = (%, %, %) is the desired point on the plane closest to P. [ Y

Hyperplanes in R”

A plane is a two-dimensional flat object that lives in R. This sentence is rough and not precise, but it
pulls out some important characteristics of planes that we can generalize to surfaces that live inside higher
(and lower) dimensional spaces. The important thing to notice for now is that the dimension of the plane
(2) is one less than the dimension of the enclosing space (3). We’ll take that idea and use it to talk about
hyperplanes, which we will think of as n — 1-dimensional flat objects that live in R"”. We will reserve the
word “plane” for the familiar 2-dimensional object that lives in R3,

Hyperplanes will be defined by a point and a normal vector, the same way that planes were. Given a
vector 7i € R" (we apologize that the dimension of the space and the name of the vector are both n, but it
seems awkward to use another letter) and a point Py € R", they will define a hyperplane in the same way
that a point and a normal vector define a plane in R>:

Let 7 be a vector in R" and let Py be a point in R". The hyperplane defined by ii and P is the set of
points P such that

7i- (0P —O0F}) = 0.

In this case, the vector 7 is said to be a normal vector for the hyperplane, and the above equation is
called a vector equation for the hyperplane.

For our first example, suppose that n = 2. Then a hyperplane in 2-space should be a flat 1-dimensional
object; a line. And that’s how it works out:
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Example 4.63: A Line as a Hyperplane

Show that the line y = 3x + 2 is a hyperplane in R>.

Solution. Since (0,2) and (1,5) are both points on the line, a direction vector for the line is d = B} A

normal vector for the line has to be orthogonal to d, and an easy way to construct such a vector is just to
. . . - 3 .
switch the components and slap a minus sign on one of them, so we’ll look at 7i = {_1} . Now, using the

point Py = (0,2), Definition 4.62 says that the vector equation of the hyperplane determined by 7 and P, is

(0P — OF)) =

LIE-B)-

-2)=0
3x—y+2=0
y=23x+2
and that is the equation of the line with which we started. 'y

Someone once said that a mathematician is a person who can look at two different things and see how
they are the same. That’s what’s going on here—in certain fundamental ways, a line and a plane are the
same thing. And there are structures in higher dimensional spaces that relate to their space in exactly the
same way that planes relate to R>. In fact all of our results and examples from earlier in this section apply
to hyperplanes, including the example about the distance from a point to a hyperplane. All that changes is
that there are more coordinates in the vectors.

Example 4.64: Equation of a Hyperplane

-1

Find an equation of the hyperplane with normal vector ii = that contains the point Py =

N W

(1,0,3,5).

Solution. Again using Definition 4.62, we have the equation of the hyperplane as

fi- (0P —0F)) =0

—1 X 1

3 y o]
2| Z 3 =0
4 w 5

(-D)x—=1)+3(r—0)+2(z—3)+4(w—-5)=0
—x+3y+2z+4w =25
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Notice that we have a nice pattern about linear equations defining hyperplanes:

ax+by=c defines a line, a hyperplane in R? with normal vector 7i = [‘[j

a
ax+by+cz=d defines a plane, a hyperplane in R3 with normal vector 7i = | b
c

ax+by+cz+dw=e defines a hyperplane in R* with normal vector 7 =

QAL T Qo T

ax—+by+cz+dw+ev=f defines a hyperplane in R with normal vector /i =

We can now reconsider Example 4.61 in higher dimension, the techniques are very much the same.

Example 4.65: Shortest Distance From a Point to a Plane in R*

Find the shortest distance from the point P = (1,—3,0,1) to the hyperplane given by
2x+y+2z—w =2, and find the point Q on the hyperplane that is closest to P.

Solution. The solution strategy is exactly the same as before. Pick an arbitrary point Py on the hyperplane.

Then, it follows that
0P = proj; RoP

and || @H is the shortest distance from P to the hyperplane. Further, the vector @ — 0P @ gives the
necessary point Q.

2
From the above scalar equation, we have that 7 = é . Now choose the (simple) point Py =
—1
1 1 0
(1,0,0,0) on the hyperplane to obtain Iﬁ’ = _03 — 8 = _03
1 0 1

Next, compute
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Then, ||@ | = % 10, and that is the shortest distance from P to the hyperplane.

Next, to find the point Q on the plane which is closest to P we have

1 2 9
—2 -2 1 1] —13
00 = 07— 0P = o| T 2|75 a4
1 -1 3
Therefore, Q = (%, _?13, %, %) is the desired point on the hyperplane closest to the point P. [

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"

)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

4.8 Spanning and Linear Independence in R”

A. Determine the span of a set of vectors, and determine if a vector is contained in a specified
span.

B. Determine if a set of vectors is linearly independent.

By generating all linear combinations of a set of vectors one can obtain various subsets of R” which
we call subspaces. For example what set of vectors in R® generate the xy-plane? What is the smallest
such set of vectors can you find? The tools of spanning, linear independence and basis are exactly what is
needed to answer these and similar questions and are the focus of this section. The following definition is
essential.
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Definition 4.66: Subset

Let U and W be sets of vectors in R". If all vectors in U are also in W, we say that U is a subset of
W, denoted
UCw

Spanning Set of Vectors

We begin this section with a definition.

Definition 4.67: Span of a Set of Vectors

The collection of all linear combinations of a set of vectors {iiy,- - - , iy} in R" is known as the span
of these vectors and is written as span{iiy,- - - , U}

Consider the following example.

Example 4.68: Span of Vectors

1 3
Describe the span of the vectorsii = |1| andv = |2| € R3.
0 0
X
Solution. You can see that any linear combination of the vectors i and V yields a vector of the form |y
0

in the xy-plane.

Moreover every vector in the xy-plane is in fact such a linear combination of the vectors i and V. That’s
because, for any real numbers x and y,

3
=(—2x+3y) | 1 | +(x—y)| 2
0 0

O < =

Thus span{i, v} is precisely the xy-plane. o

You can convince yourself that no single vector can span the xy-plane. In fact, take a moment to
consider what is meant by the span of a single vector.

However you can make the set larger if you wish. For example consider the larger set of vectors

4

{u,v,w} where w = |5]|. Since the first two vectors already span the entire xy-plane, the span is once
0

again precisely the xy-plane and nothing has been gained. Of course if you add a new vector such as

0
w = [0] then our set of vectors does span a different space. What is the span of {#,V,w} in this case?
1
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The distinction between the sets {#,V} and {i,V,w} will be made using the concept of linear indepen-
dence in the next subsection.

Consider the vectors i, V, and w discussed above. In the next example, we will show how to formally
demonstrate that w is in the span of {u,V}.

Example 4.69: Vector in a Span

1 3 4
Letii= |1| andv = |2| € R®. Show thatw = |5| is in span{i,v}.
0 0 0

Solution. For a vector to be in span{i,V}, it must be a linear combination of these vectors. If w €
span {i,V}, we must be able to find scalars a,b such that

w=aii+bv

We proceed as follows.

4 1 3
S5|=al|l|+b]| 2
0 0 0

This is equivalent to the following system of equations

a+3b =
a+2b = 5

We solve this system the usual way, constructing the augmented matrix and row reducing to find the

reduced row-echelon form.
1 3|4 ERUUTREN 1 0 7
1 215 0 1] -1

The solution is a = 7,b = —1. This means that
w=Ti—V

Therefore we can say that w is in span {i,V}. [ )
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(6 N g Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

Linearly Independent Set of Vectors

We now turn our attention to the following question: what linear combinations of a given set of vectors
{iiy,--- U} in R" yield the zero vector? Clearly 0i; + Oii + - - - + Oiiy, = 0, but is it possible to have
Zle a;u; = 0 without all of the coefficients being zero?

You can create examples where this easily happens. For example if i) = iy, then 1| — i + Oz +
-+ 0ty = 0, no matter the vectors {is,- - -,y }. But sometimes it can be more subtle.

Example 4.70: Linearly Dependent Set of Vectors

Consider the vectors

0 1 -2 1
ﬁl = 1 5 ﬁz— —1 5 17[32 -3 5 andﬁ4: 1
-2 0 2

inR3.
Then verify that

—

Ly + Oiin + liiz + 24 =0

You can see that the linear combination does yield the zero vector but has some non-zero coefficients.
Thus we define a set of vectors to be linearly dependent if this happens.
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A set of non-zero vectors {iiy,- - - , iy} inR" is said to be linearly dependent if a linear combination
of these vectors without all coefficients being zero does yield the zero vector.
Note that if Zf-‘zl ajit; = 0 and some coefficient is non-zero, say a1 # 0, then

and thus # is in the span of the other vectors. And the converse clearly works as well, so we have shown
the following proposition:

Proposition 4.72: Characterizing Linear Dependence

A set of vectors {iiy,- - , i} in R" is linearly dependent if and only if one of the vectors is a linear
combination of the other vectors in the set.

In particular, you can show that the vector i in the above example is in the span of the vectors
{ﬁz, ﬁ3, ﬁ4}

If a set of vectors is NOT linearly dependent, then it must be that any linear combination of these
vectors which yields the zero vector must use all zero coefficients. This is a very important notion, and we
give it its own name of linear independence.

A set of non-zero vectors {iy, - - - i} in R" is said to be linearly independent if whenever

k —
Z aﬂ?ii =0
i=1
it follows that each a; = 0.

Notice that if any of the vectors u; in the set {ij,- -, } is equal to the zero vector, then the set of
vectors is automatically linearly dependent. Thus every vector in a linearly independent set of vectors
must be non-zero.

To view this in a more familiar setting, form the n x k matrix A having these vectors as columns. Then
all we are saying is that the set {i1,---,uy} is linearly independent precisely when AX = 0 has only the
trivial solution.

Here is an example.

Example 4.74: Linearly Independent Vectors

1 1 0

Consider the vectorsii= |1|, V= |0|,andw= |1]| inRR3. Decide if the set {ii,v,w} is linearly
0 1 1

independent.
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Solution. So suppose that we have a linear combinations aii + bV + cw = 0. Then you can see that this can
only happen witha =b =c=0.

1 10
As mentioned above, you can equivalently form the 3 x3 matrix A= | 1 0 1 |, and show that
011
AX = 0 has only the trivial solution.
Thus this means the set {i,V,w} is linearly independent. '

In terms of spanning, a set of vectors is linearly independent if it does not contain unnecessary vectors.
That is, it does not contain a vector which is in the span of the others.

Thus we put all this together in the following important theorem.

Theorem 4.75: Linear Independence as a Linear Combination

Let {iy,--- ,uy} be a collection of vectors in R". Then the following are equivalent:

1. It is linearly independent, that is whenever

it follows that each coefficient a; = 0.
2. No vector is in the span of the others.

3. The system of linear equations AX = 0 has only the trivial solution, where A is the n X k matrix
having these vectors as columns.

The last sentence of this theorem is useful as it allows us to use the reduced row-echelon form of a
matrix to determine if a set of vectors is linearly independent. Let the vectors be columns of a matrix A.
Find the reduced row-echelon form of A. If each column has a leading one, then it follows that the vectors
are linearly independent.

Sometimes we refer to the condition regarding sums as follows: The set of vectors, {iy,--- iU} is
linearly independent if and only if there is no nontrivial linear combination which equals the zero vector.
A nontrivial linear combination is one in which not all the scalars equal zero. Similarly, a trivial linear
combination is one in which all scalars equal zero.

Here is a detailed example in R?.
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Example 4.76: Linear Independence

Determine whether the set of vectors given by

1 2 0 3
2 1 1 2
317107 1|72
0 1 2 0

is linearly independent. If it is linearly dependent, express one of the vectors as a linear combination
of the others.

Solution. In this case the matrix of the corresponding homogeneous system of linear equations is

S W=
—_ o = N
DN = =
S NN W
=l

The reduced row-echelon form is

1
0
0

S = O
- o O

- o O O
S O O

00O 0

and so every column is a pivot column and the corresponding system AX = 0 only has the trivial solution.
Therefore, these vectors are linearly independent and there is no way to obtain one of the vectors as a
linear combination of the others. 'y

Consider another example.

Example 4.77: Linear Independence

Determine whether the set of vectors given by

N = = O
—_— NN W

2
1

9 0 b
1

S W N =

is linearly independent. If it is linearly dependent, express one of the vectors as a linear combination
of the others.

Solution. Form the 4 x 4 matrix A having these vectors as columns:

e R \ V]
D= — O
—_ NN W

O W N =
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Then by Theorem 4.75, the given set of vectors is linearly independent exactly if the system AX = 0 has
only the trivial solution.

The augmented matrix for this system and corresponding reduced row-echelon form are given by

120 3]0 100 1]0
211 2|0 010 10
301 20l 77" 7]loo0o1 —-1]0
012 —1]0 000 00

Not all the columns of the coefficient matrix are pivot columns and so the vectors are not linearly inde-
pendent. In this case, we say the vectors are linearly dependent.

It follows that there are infinitely many solutions to AX = 0, one of which is

1
1
—1
—1
Therefore we can write
1 2 0 3 0
2 1 1 2 0
gt o= 7Y 207 o
0 1 2 —1 0
This can be rearranged as follows
1 2 0 3
2 1 1 2
Bt o717 2
0 1 2 —1

This gives the last vector as a linear combination of the first three vectors.

Notice that we could rearrange this equation to write any of the four vectors as a linear combination of
the other three. ®

When given a linearly independent set of vectors, we can determine if related sets are linearly inde-
pendent.

Example 4.78: Related Sets of Vectors

Let {ii,V,w} be an independent set of R". Is {i + V,2i +w,V — 5w} linearly independent?

Solution. Suppose a (@i + V) + b(2ii + W) + ¢(V — 5w) = 0, for some a,b,c € R. Then
(a+2b)i+ (a+c)¥+ (b—5¢)w = 0,.
Since {u,V,w} is independent,

a+2b = 0
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atc = 0
b—5¢ = 0

This system of three equations in three variables has the unique solution a = b = ¢ = 0. Therefore,
{ii+v,2ii+w,V— 5w} is independent. [

The following corollary follows from the fact that if the augmented matrix of a homogeneous system
of linear equations has more columns than rows, the system has infinitely many solutions.

Corollary 4.79: Linear Dependence in R”

Let {uy,--- iy} be a set of vectors in R". If k > n, then the set is linearly dependent (i.e. NOT
linearly independent).

Proof. Form the n x k matrix A having the vectors {ij,--- i)} as its columns and suppose k > n. Then
A has rank r < n < k, so the system AX = 0 has a nontrivial solution and thus not linearly independent by
Theorem 4.75. 'y

Example 4.80: Linear Dependence

Consider the vectors

{REHEEH)

Are these vectors linearly independent?

Solution. This set contains three vectors in R2. By Corollary 4.79 these vectors are linearly dependent. In

fact, we can write
of2mfE]-[3

showing that this set is linearly dependent. [

The third vector in the previous example is in the span of the first two vectors. We could find a way to
write this vector as a linear combination of the other two vectors. It turns out that the linear combination
which we found is the only one, provided that the set is linearly independent.

Theorem 4.81: Unique Linear Combination

Let U C R" be an independent set. Then any vector X € span(U ) can be written uniquely as a linear
combination of vectors of U.

Proof. To prove this theorem, we will show that two linear combinations of vectors in U that equal X must
be the same. Let U = {ii},u, ..., Uy }. Suppose that there is a vector X € span(U ) such that

S1U1 + SpuUn + - - - + s ldy, for some s1,52,...,5; € R, and
= N+l + -+ 1y, for some 1,17,...,4 € R.

=l =l



204 = R”

Then 0, =X — X = (s1 — 1)1 + (52 — 12)llo + - - + (55 — 1) iy,
Since U is independent, the only linear combination that vanishes is the trivial one, so s; —t; = 0 for
alli, 1 <i<k.

Therefore, s; = t; for all i, 1 <i < k, and the representation is unique. Let U C R” be an independent
set. Then any vector X € span(U) can be written uniquely as a linear combination of vectors of U. [

Suppose that %,V and w are nonzero vectors in R3, and that {V,w} is independent. Consider the set
{ii,v,w}. When can we know that this set is independent? It turns out that this follows exactly when

U & span{V,w}.

Example 4.82

Suppose that i,V and w are nonzero vectors in R>, and that {V,w} is independent. Prove that {i,V,w}
is independent if and only if i & span{V,w}.

Solution. If i € span{¥, W}, then there exist a, b € R so that if = av+bw. This implies that & — av— bw = 03,
so i —aV — bw is a nontrivial linear combination of {u,V,w} that vanishes, and thus {u,V,w} is dependent.

Now suppose that i ¢ span{¥,w}, and suppose that there exist a, b, ¢ € R such that aii+ bV +cw = 03. If
a+#0,thenii = —%\7 — W, and i € span{V,w}, a contradiction. Therefore, a = 0, implying that b 4 cw =
63. Since {V,w} is independent, b = ¢ = 0, and thus a = b = ¢ = 0, i.e., the only linear combination of i,V
and w that vanishes is the trivial one.

Therefore, {ii,V,w} is independent. '

Consider the following useful theorem.

Theorem 4.83: Invertible Matrices

Let A be an invertible n X n matrix. Then the columns of A are independent and span R". Similarly,
the rows of A are independent and span the set of all 1 X n vectors.

This theorem also allows us to determine if a matrix is invertible. If an n X n matrix A has columns
which are independent, or span R", then it follows that A is invertible. If it has rows that are independent,
or span the set of all 1 x n vectors, then A is invertible.
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

A Short Application to Chemistry

Here is a short example applying the concepts of spanning and linear independence to a question in chem-
istry.

When working with chemical reactions, there are sometimes a large number of reactions and some are
in a sense redundant. Suppose you have the following chemical reactions.

CO+30,— CO,
Hy+ 30, — H>0
CHy+ 30, — CO+2H,0
CHy+20, — CO, +2H,0

There are four chemical reactions here but they are not independent reactions. There is some redundancy.
What are the independent reactions? Is there a way to consider a shorter list of reactions? To analyze this
situation, we can write the reactions in a matrix as follows

coO 0, CO, H, H,0 CH,
1 1/2 -1 0 0 0

0 12 0 1 -1 0
~132 0 0 -2 1
0 2 -1 0 -2 1

Each row contains the coefficients of the respective elements in each reaction. For example, the top
row of numbers comes from CO + %02 — CO; = 0 which represents the first of the chemical reactions.
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We can write these coefficients in the following matrix

1 1/2 =1 0 0
01/2 01 —1
~13/2 00 -2
0 2 -1 0 -2

—_—— O O

Rather than listing all of the reactions as above, it would be more efficient to only list those which are
independent by throwing out that which is redundant. We can use the concepts of the previous section to
accomplish this.

First, take the reduced row-echelon form of the above matrix.

1 003 -1 -1
0102 -2 0
0014 -2 -1
0000 O O

The top three rows represent “independent” reactions which come from the original four reactions. One
can obtain each of the original four rows of the matrix given above by taking a suitable linear combination
of rows of this reduced row-echelon form matrix.

With the redundant reaction removed, we can consider the simplified reactions as the following equa-

tions
CO+3H,—1H,O—1CH, =0

O,+2H>, —2H,0 =0
COy+4H, —2H,0—1CH4 =0

In terms of the original notation, these are the reactions

CO+3Hy, > H,O+CHy
0, +2H, — 2H,0
COr,+4H, — 2H>0O + CHy

These three reactions provide an equivalent system to the original four equations. The idea is that, in
terms of what happens chemically, you obtain the same information with the shorter list of reactions. Such
a simplification is especially useful when dealing with very large lists of reactions which may result from
experimental evidence.

4.9 Subspaces, Bases, and Dimension

A. Understand the concepts of subspace, basis, and dimension.

Suppose that S is a set of vectors. We will say that S is closed under scalar multiplication if, for any
vector V that is an element of S and any k € R, the vector kV is also an element of S. Similarly, we will say
that S is closed under vector addition if, for any vectors ii € Sand vV € § , it is also the case that i+ V € S.

Rather obviously each R” is closed under both vector addition and scalar multiplication. More inter-
estingly, there are some subsets of each R" that are also closed under both of these operations. These



4.9. Subspaces, Bases, and Dimension = 207

special sets will be called subspaces, and examining subspaces will introduce us to the crucial ideas of a
basis and the dimension of a subspace. By the end of this section, we will know exactly what it means
to say that three-space is three dimensional. This is a rather dense section, but the ideas we introduce are
crucial to your understanding of linear algebra.

We begin with a formal definition of what it means to say that a set of vectors is a subspace of R":

LetV be a nonempty collection of vectors in R". Then V is called a subspace of R" if for any scalar
k and any vectors i and vV in 'V,

* ki is an element of V, (so V is closed under scalar multiplication) and
* ii+Vis an element of V (andV is closed under vector addition).

It is worth noting that if V is a subspace of R", then any linear combination of vectors in V is also
an element of V.

Notice that the subset V = {6} is a subspace of R" (called the zero subspace ), as is R” itself. A
subspace which is neither the zero subspace of R” or the entire space R”, is referred to as a proper subspace.

A subspace is simply a set of vectors with the property that linear combinations of these vectors remain
in the set. Geometrically in R3, it turns out that a subspace can be represented by either the origin as a
single point, lines and planes which contain the origin, or the entire space R>.

Consider the following example of a line in R3.

Example 4.85: Subspace of R>

=5 X
InR3, the line L through the origin with direction vector d= 1 | has (vector)equation | y | =
4 z
-5
t 1 {,t€eR, so
—4
L= {tj |t e R} .
Then L is a subspace of R>.

Solution. Using Definition 4.84 we can verify that L is a subspace of R?.

* Suppose i € L and k € R (k is a scalar). Then u = tc?, for some ¢t € R, so
kii = k(td) = (kt)d.
Since kt € R, kii € L; i.e., L is closed under scalar multiplication.

* Suppose i,V € L. Then by definition, i = sd and vV = tc?, for some s,t € R. Thus

i+v=sd+td = (s+1)d.
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Since s+t € R, u+veL;ie., Lis closed under addition.

Since L satisfies both conditions of the definition, it follows that L is a subspace of R3. 'y

Note that there i is nothing special about the vector d used in this example; the same proof works for
any nonzero vector d € R3, so any line through the origin is a subspace of R3.

Here’s an example of a subset of R that is not a subspace of R:

Example 4.86: A Non-subspace of R?

Consider the plane P defined by the equation

1 x—3
2 y—11=0
3 z—4

is not a subspace of R?.

Solution. We must show either that P is not closed under vector addition or that P is not closed under
scalar multiplication. So consider the vector

<L
I

N =
I
—_

Notice that i € P but 0i = 0 is not an element of P. Thus P is not closed under scalar multiplication,
and so P is not a subspace. [ Y

It is worth noting that the above example shows us that any subspace of R” must contain the zero
vector. So if a subset doesn’t contain the zero vector, it cannot be a subspace of R".

More generally our definition implies that a subspace contains the span of any finite collection vectors
in that subspace. It turns out that in R”, a subspace is exactly the span of finitely many of its vectors.

Theorem 4.87: Subspaces are Spans

Let V be a nonempty collection of vectors in R". Then V is a subspace of R" if and only if there
exist vectors {uy,--- Uy} inV with k < n such that

V = span{ujy,--- Uy}

Furthermore, let W be another subspace of R" and suppose {uy,-- iy} € W. Then it follows that
V is a subset of W.

Note that since W is arbitrary, the statement that V C W means that any other subspace of R" that
contains these vectors will also contain V.

Proof. We first show that if V' is a subspace, then it can be written as V = span {uy, - - , i }. Pick a vector
up in V. If V. = span{u; }, then you have found your list of vectors and are done. If V # span{i;},
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then there exists #y a vector of V which is not in span {i }. Notice that the set of vectors {u],u>} is
linearly independent as 5 is not in span{u] }. Consider span{iy,i,}. If V = span{i},iu,}, we are done.
Otherwise, pick i3 not in span {i,i,} . Continue this way. Note that since V is a subspace, these spans
are each contained in V. The process must stop with i, for some k < n by Corollary 4.79, as each of the
sets {u1,u>,...,u;j} are linearly independend. Thus V = span {i, - - - , i}, as needed.

Now suppose V = span{iiy,- - -, iy}, we must show this is a subspace. So let Zf-‘zl c;i; and Zi'(:l d;ii; be
two vectors in V, and let a and b be two scalars. Then

k k k
a Z cili+b Z dii; = Z (ac,- + bdi) i;
i=1 i=1 i=1

which is one of the vectors in span {iiy, - - - , iy } and is therefore contained in V. This shows that span {iiy, - - - , iy }
has the properties of a subspace.

To prove that V C W, we prove that if ii; € V, then i; € W.

Suppose i € V. Then i = ayii + ayiiy + - - - + ay iy for some a; € R, 1 <i < k. Since W contain each
; and W is a subspace, it follows that a i) + asiip + - - - + agliy € W. [

Since the vectors #; we constructed in the proof above are not in the span of the previous vectors (by
definition), they must be linearly independent and thus we obtain the following corollary.

Corollary 4.88: Subspaces are Spans of Independent Sets of Vectors

If'V is a subspace of R", then there exist linearly independent vectors {iy,- - ,i;} inV withk <n
such thatV = span{iy,- -, }.

In summary, subspaces of R” consist of spans of finite, linearly independent collections of vectors of
R”. Such a collection of vectors is called a basis.

LetV be a subspace of R". Then {uj,---,uy} is a basis for V if the following two conditions hold.
1. span{iy,--- iy} =V
2. {iy,- -+ ,uy} is linearly independent

Note the plural of basis is bases.

So the short way of stating Corollary 4.88 is simply to say that every subspace of R" has a basis
consisting of n or fewer vectors.

The following is a simple but very useful example of a basis, called the standard basis.

Let &; be the vector in R" which has a 1 in the i'" entry and zeros elsewhere, that is the i'" column of
the identity matrix. Then the collection {é},€é,,--- ,é,} is a basis for R" and is called the standard
basis of R".
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The main theorem about bases is not only they exist, but that they must be of the same size. To show
this, we will need the the following fundamental result, called the Exchange Theorem, which has a proof
that is technical, but mostly involves rewriting a sum using the commutative law of addition.

Theorem 4.91: Exchange Theorem

Suppose {iy,- - ,i,} is a linearly independent set of vectors in R", and each iy, is an element of
span{Vy,---,Vs} Thens > r.
In words, spanning sets have at least as many vectors as linearly independent sets.

Proof. Since each ii; is in span {Vi,---,V,}, there exist scalars a;; such that
S
uj = Z a,-jv,-
i=1

Suppose for a contradiction that s < r. Then the matrix A = [a;;] has fewer rows, s, than columns, r. Then
the system AX = 0 has a non trivial solution cf, that is there is a d # 0 such that Ad = 0. In other words,

j=1

Therefore,

r \)

\) r N R

= Z Zaijdj VZZZO\_;Z':O
i=1 \j=1 i=1

which contradicts the assumption that {i1,- - ,#,} is linearly independent, because not all the d j are zero.
Thus this contradiction indicates that s > r. [ Y

We are now ready to show that any two bases are of the same size.

Theorem 4.92: Bases of a Subspace are of the Same Size

LetV be a subspace of R" with two bases By and B,. Suppose B contains s vectors and B, contains
r vectors. Thens =r.

Proof. This follows right away from Theorem 4.91. Indeed observe that By = {iiy,--- i} is a spanning
set for V while B, = {V},---,V, } is linearly independent, so s > r. Similarly B, = {V},---,V,} is a spanning
set for V while By = {uiy,- - -, s} is linearly independent, so r > s. '

The following definition can now be stated.

Let V be a subspace of R". Then the dimension of V, written dim(V') is defined to be the number
of vectors in a basis.
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We immediately have

Theorem 4.94: Existence of Basis

LetV be a subspace of R". Then dim(V') < n, that is V contains a basis with at most n vectors.

Proof. By Corollary 4.88 we know that V' is the span of a linearly independent set of k vectors with k < n.
This set of vectors is a basis for V and thus the dimension of V is less than or equal to n. [

Now we can also establish that three space is three dimensional:

Corollary 4.95: Dimension of R"

The dimension of R" is n.

Proof. You only need to exhibit a basis for R” which has n vectors. Such a basis is the standard basis

{é’l,...’é’n}. 'y

Consider the following example.

Example 4.96: Basis of Subspace

Let

ER*:a—b=d—c

o S Q

d
Show that V is a subspace of R*, find a basis of V, and find dim(V').

Solution. The condition a — b = d — ¢ is equivalent to the condition @ = b — ¢ +d, so we may write

b—c+d 1 -1 1

V= b cbe,deR P =<Db ! +c 0 +d 0 : b,e,d eR
c 0 1 0
d 0 0 1

This shows that V is a subspace of R4, since V = span{ii1, iy, i3} where

—1
| oo

1

0

OO = =

Furthermore,
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OO = =
—_ O
—_—0 O =

is linearly independent, as can be seen by taking the reduced row-echelon form of the matrix whose
columns are iy, i, and 3.

1 -1 1 100
1 00 010
o 10| 7|00 1
0 01 00 0

Since every column of the reduced row-echelon form matrix has a leading one, the columns are
linearly independent.

Therefore {ii},i>,is3} is linearly independent and spans V, so is a basis of V. Hence V has dimension
three. '

We continue by stating further properties of a set of vectors in R” relating the size of sets to their ability
to span and/or be linearly independent.

The following properties hold in R":
* Suppose {iiy,- - ,uy,} is linearly independent. Then {iy,--- ,i,} is a basis for R".
* Suppose {iiy,- - iy} spans R". Then m > n.

o If{uy,---,uy,} spans R", then {iiy,--- ,u,} is linearly independent.

Proof. Assume first that {iy, - ,i,} is linearly independent, and we need to show that this set spans R”.
To do so, let vV be a vector of R”, and we need to write V as a linear combination of #;’s. Consider the
matrix A having the vectors i; as columns:

A=[d - iy ]
By linear independence of the i;’s, the reduced row-echelon form of A is the identity matrix. Therefore

the system AX = V has a (unique) solution, so V is a linear combination of the ;’s.

To establish the second claim, suppose that m < n. Then letting i;,,- - - ,i;, be the pivot columns of the
matrix

[ TR ]
it follows k < m < n and these k pivot columns would be a basis for R"” having fewer than n vectors,
contrary to Corollary 4.95.

Finally consider the third claim. If {i,---,i4,} is not linearly independent, then replace this list with
{u;,,--- ,u; } where these are the pivot columns of the matrix

[ﬁl ﬁn}
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Then {u;,,---,u;,} spans R" and is linearly independent, so it is a basis having fewer than n vectors again
contrary to Corollary 4.95. [

Consider Corollary 4.97 together with Theorem 4.94. Let dim(V') = r. Consider any linearly indepen-
dent set of vectors chosen from V. If this set contains r vectors, then it is a basis for V. If it contains fewer
than r vectors, then vectors can be added to the set to create a basis of V. Similarly, any spanning set of V
which contains more than r vectors can have vectors removed to create a basis of V.

We illustrate this concept in the next example.

Example 4.98: Extending an Independent Set

Consider the set U given by

cER* | a—b=d—c

QU o T

Then U is a subspace of R* and dim(U) = 3.
Then

—_ = = =
W W N

2

is an independent subset of U. Therefore S can be extended to a basis of U.

Solution. To extend S to a basis of U, find a vector in U that is not in span(S).

—
N W W N
D N N0 D

1 2 1 1 00
1 3 O N 010
1 3 —1 0 01
1 2 00O
Therefore, S can be extended to the following basis of U:
1 2 1
1 3
117131 -1 ’
1 2

Next we consider the case of removing vectors from a spanning set to result in a basis.
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Theorem 4.99: Finding a Basis from a Span

Let W be a subspace. Also suppose that W = span{wy,---,wy,}. Then there exists a subset of
{W1,- -+, Wy} which is a basis for W.

Proof. Let S denote the set of positive integers such that for k € S, there exists a subset of {Wy,---,W;,}
consisting of exactly k vectors which is a spanning set for W. Thus m € S. Pick the smallest positive
integer in S. Call it k. Then there exists {, - ,ix} C {Wi, -+, Wy} such that span{iy,--- i} = W. We
claim that {iy,---,u;} is a linearly independent set of vectors. For suppose that

k
Z Ciﬁi = 6
i=1

with not all of the ¢; = 0. Then you could pick c; # 0, divide by it and solve for ii; in terms of the others,

=y (-C—) i

i#]j

Then you could delete i; from the set and have the same span. Any linear combination involving i,
would equal one in which #; is replaced with the above sum, showing that it could have been obtained
as a linear combination of #; for i # j. Thus k — 1 € § contrary to the choice of k. Hence each ¢; =0
and so {iy,---,4;} both spans W and is linearly independent, making it a basis for W that is a subset of

{wl,""wm}- 'y

The following example illustrates how to carry out this shrinking process to obtain a subset of a span
of vectors which is linearly independent.

Example 4.100: Subset of a Span

Let W be the subspace

1 1 8 —6 1 1

s 19 —15 3 5
-1’ -1{"] -8 ]| 6110|710

8 —6 1 1

Find a basis for W which consists of a subset of the given vectors.

Solution. You can use the reduced row-echelon form to accomplish this reduction. Form the matrix which
has the given vectors as columns.

1 1 8 -6
2 3 19 —-15
-1 -1 -8 6
1 1 8 -6

—_— O W =
—_— O W =
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Then take the reduced row-echelon form

1 05 -3 0 =2
013 =30 2
000 O1 1
000 OO0 O

Notice that columns 1, 2, and 5 are the pivot columns. It follows that a basis for W consists of the pivot
columns of the original matrix:

1 1 1
2 3 3
-1 (1 —-11"]10
1 1 1

For example, notice in the reduced row-echelon formthat column 3 is equal to 5 times the first column
plus 3 times the second column. If you look at the original matrix, the same relationship holds: the third
column is equal to 5 times the first column plus 3 times the second column. In a similar fashion, you can
check that our set of three vectors spans W and is linearly independent, making it a basis for W. [

Consider the following theorems regarding a subspace contained in another subspace.

Theorem 4.101: Subset of a Subspace

Let V and W be subspaces of R", and suppose that W C V. Then dim(W) < dim(V') with equality
whenW =V.

Theorem 4.102: Extending a Basis

Let W be any non-zero subspace of R" and let W C V, where V is also a subspace of R". Then
every basis of W can be extended to a basis forV .

The proof is left as an exercise but proceeds as follows. Begin with a basis for W,{w,---,w,} and add
in vectors from V until you obtain a basis for V. Note that the process will stop because the dimension of
V is no more than n.

Consider the following example.

Example 4.103: Extending a Basis

LetV = R* and let

W = span

i e N
—_ o = O

Extend this basis of W to a basis of R".
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Solution. An easy way to do this is to take the reduced row-echelon form of the matrix
1 01 00O
010100
1 000T1O0 (4.19)
1 10001

Note how the given vectors were placed as the first two columns and then the matrix was extended in such
a way that it is clear that the span of the columns of this matrix yield all of R*. Now determine the pivot
columns. The reduced row-echelon form is

1 000 1 O
0100 -1 1
0010 -1 0 (4.20)
0001 1 —1
Therefore the pivot columns are

1 0 1 0

0 1 0 1

L1’101°101(°]0

1 1 0 0

and now this is an extension of the given basis for W to a basis for R*.

Why does this work? The columns of 4.19 obviously span R*. In fact the span of the first four is the
same as the span of all six. 'y

Consider another example.

Example 4.104: Extending a Basis

1
Let W be the span of (1) inR*. Let V consist of the span of the set of vectors
O -
1 0 7 =5 0
0 1 —6 7 0
| I O O 21710
0 1 —6 7 1

Find a basis for V which extends the basis for W.

Solution. Note that the above vectors are not linearly independent, but their span, denoted as V, is a
subspace which does include the subspace W.

Using the process outlined in the previous example, form the following matrix

10 7 =50
01 -6 70
11 1 20
01 -6 71
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Next find its reduced row-echelon form

S o o=
oo = O
S o N
S O 3 W
o= O O

It follows that a basis for V consists of the first two vectors and the last.

1 0 0
0 1 0
) A R O I ¢
0 1 1
Thus V is of dimension 3 and it has a basis which extends the basis for W. '

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

4.10 Row Space, Column Space, and Null Space of a Matrix

A. Find the row space, column space, and null space of a matrix.

In this section we will consider an m X n matrix A and use that matrix to define certain subspaces related
to that matrix. These will be very useful to us in later chapters as we consider linear transformations.


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/
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Let A be an m X n matrix. The row space of A, written row(A), is the span of the rows of A. The
row space of A is a subspace of R".

The column space of A, written col(A), is the span of the columns of A. Notice that col(A) is a
subspace of R™.

Using the reduced row-echelon form, we can obtain an efficient description of the row and column
space of a matrix. Consider the following lemma.

Lemma 4.106: Effect of Row Operations on Row Space

Let A and B be m x n matrices such that A can be carried to B by elementary row operations. Then
row(A) = row(B).

Proof. Let 7,7,,...,7, denote the rows of A. It suffices to verify the lemma for each type of elementary
row operations.

* If B is obtained from A by a interchanging two rows of A, then A and B have exactly the same rows,
so row(B) = row(A).

* Suppose p # 0, and suppose that for some j, 1 < j < m, B is obtained from A by multiplying row j
by p. Then
row(B) = span{7i,...,pF},...,Tim}.

Since
{F1,....pPj,...., T} Crow(A),

it follows that row(B) C row(A). Conversely, since

{F1,...,Fu} Crow(B),
it follows that row(A) C row(B). Therefore, row(B) = row(A).

* Suppose p # 0, and suppose that for some i and j, 1 < i, j < m, B is obtained from A by adding p
times row j to row i. Without loss of generality, we may assume i < j.

Then

row(B) = span{7y,...,7i_1,7i+ prj,....7j,....,Fm}.

Since

{71,...,7i_1,?i+p?j,...,7m} C I‘OW(A),

it follows that row(B) C row(A).
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Conversely, since

{F1,...,Fu} Crow(B),

it follows that row(A) C row(B). Therefore, row(B) = row(A).

As a consequence we obtain the following lemma.

Lemma 4.107: Row Space of a Row-Echelon Form Matrix

Let A be an m x n matrix and let R be its row-echelon form. Then:
1. The nonzero rows of R form a basis of row(R), and consequently of row(A).

2. The columns of R containing the leading ones form a basis of col(R).

Proof. The nonzero rows of R span row(A) by Lemma 4.106. Moreover they can easily seen to be in-
dependent since each such row has a leading one, those being located in different rows and columns and
have zeros below each one. This proves 1.

Now for 2, note that the » columns of R containing the leading ones are independent since those leading
ones are located in different rows and columns, and have all zeros to the left of each one. Moreover they
span the subspace V of R™ consisting of vectors in which the last m — r entries are zero, and thus form a
basis for V. Finally observe that col(R) =V by Theorem 4.87. a

This lemma suggests that we can examine the row-echelon form of a matrix in order to obtain the row
space of the matrix and the column space of the row-echelon form. We will shortly see how we can use
the row-echelon formto obtain the actual column space of the matrix itself. Before proceeding to do so,
we revisit the definition of rank.

Previously, we defined rank(A) to be the number of leading entries in any row-echelon form of A.
Using an understanding of dimension and row space, we can now redefine rank as follows:

rank(A) = dim(row(A))

Consider the following example.

Example 4.109: Rank and Row Space

Find the rank and row space of the following matrix.

1 -3 2 -5 2
A= -1 3 0 -1 -2
1 -3 1 -2 2
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Solution. The reduced row-echelon form of A is

1
-3
0

SO

Therefore, the rank of A is 2. Moreover, by Lemma 4.107, A and R have the same row space and the

nonzero rows of R:
{[t =301 2],J]001 -3 0]}

(written as column vectors) form a basis of row(A). [ )

Note that also by Lemma 4.107, the columns of R containing the leading ones form a basis of col(R),
which is simply the subspace of R? with the last entry being zero. But the interest is col(A) itself. One of
the most interesting result in this area is the following, not only showing how to obtain a basis of col(A),
but also showing that even though row(A) and col(A) are typically very different spaces, they always have
the same dimension.

Theorem 4.110: Rank Theorem

Let A be an m X n matrix.
Then the dimension of the column space is equal to the rank of A, the dimension of the row space.
That is:

dim(col(A)) = dim(row(A))

Moreover, if A is row reduced to a row-echelon form R, then the columns of A corresponding to the
pivot columns of R (columns which have leading ones) form a basis of col(A).

Proof. By Theorem 2.59, we have R = UA for some invertible matrix U. Now write A = [ 1 & ... Oy }
where ¢1,65,...,¢, are the columns of A. Then

R=UA=U[¢ & - & |=[U& U& - U |

Thus if ji, j2,- - - jr denote the columns containing leading ones, then the set B = {U¢;,,U¢},,...,Uc}, } is
a basis of col(R) by Lemma 4.107.

So to prove the theorem it suffices to show that C = {¢},,¢},,...,C}, } is a basis of col(A). First, observe
that C is linearly independent because U is invertible. It remains to show that C spans col(A), that is each
column ¢; is a linear combination of the ;. But Uc; is column j of R, and so is a linear combination of
the U¢,, say U¢j = a1U¢j, +aUcj, +---+a,Uc;, where each g; is a real number. Since U is invertible,
it follows that ¢; = a¢;, +axcj, +---+a,c¢;, and the proof is complete. [

The following informative statements all follow from the Rank Theorem 4.110.
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Corollary 4.111: Results of the Rank Theorem

Let A be a matrix. Then the following are true:
1. rank(A) = rank(AT).
2. For A of size m x n, rank(A) < m and rank(A) < n.

3. For A of size n X n, A is invertible if and only if rank(A) = n.

4. For invertible matrices B and C of appropriate size, rank(A) = rank(BA) = rank(AC).

We revisit Example 4.109 and find a basis of col(A).

Example 4.112: Column Space

Find a basis of the column space of the following matrix.

1 -3 2 -5 2
A= -1 3 0 -1 -2
1 -3 1 =2 2

Solution. As in Example 4.109, the reduced row-echelon form of A is

1 30 12
R={0 01 -3 0
0O 00 00O

Thus columns 1 and 3 are the pivot columns of R. Hence by Theorem 4.110, columns 1 and 3 of A form a
basis for its column space col(A):
1 2

1 1
A

Notice that the row space of A is the span of rows of A, but also of the rows of reduced row-echelon
form R. The column space of A is similarly the span of columns of the original matrix A, but not necessarily
of the columns of the reduced row-echelon form R as the previous example shows. Consider another
example.

Example 4.113: Rank, Column and Row Space

Find the rank of the following matrix and describe the column and row spaces.

1 213 2
1 3602
1 213 2
1 3240
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Solution. The reduced row-echelon form is

(100 0o U]
5
010 2 -3
1
001 -1
(000 0 0]

and so the rank is 3. The row space is given by

T

row(A)zspan{[l 000 31 [0o102-3]"]0o01 -1 %]T}

Notice that the first three columns of the reduced row-echelon form are pivot columns. The column space
is the span of the first three columns in the original matrix,

2

N = O\ =

1

1
col(A) = span BE

1

W N W

)

We now define two other key subspaces arising from a matrix, its null and image space. First the null
space of an m X n matrix A is simply the solutions of the homogeneous system AX = 0, a subspace of R”.

Definition 4.114: Null Space, or Kernel, of A

Let A be an m x n matrix. The null space of A, also referred to as the kernel of A, is defined as
follows.
null(A) = {x‘e R" : A% = o}

It can also be referred to using the notation ker (A).

The image of A, denoted by im (A), consists of all the possible vectors in R” of the form AX for various
vectors vectx. This is the same space as col(A).

Definition 4.115: Image of A

Let A be an m x n matrix. The image of A, written im (A) is given by

im(A) = {AXe R" : X e R"}

It turns out that the null space and image of A are both subspaces. Consider the following example.

Example 4.116: Null Space

Let A be an m x n matrix. Then the null space of A, null(A) is a subspace of R".

Solution. Note first that the null space of A is always nonempty since Avect0, = O, 80 vectO, belongs to
null(A).
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* Let X € null(A) and k € R. Then AX = 0,,,, s0

A(k%) = k(AR) = kO, = Oy,
and thus kX € null(A).
e Let X,y € null(A). Then AX = ﬁm and Ay = ﬁm, SO
A(X+5¥) = AX¥+A¥ =0,,40,, = 0,5,
and thus X+ y € null(A).

Therefore by Definition 4.84, null(A) is a subspace of R”".
[ )

The proof that im(A) is a subspace of R™ is similar and is left as an exercise to the reader.

We now wish to find a way to describe null(A) for a matrix A. However, finding null (A) is not new!
There is just some new terminology being used, as null (A) is simply the solution to the system AX = 0.

Theorem 4.117: Basis of null(A)

Let A be an m x n matrix such that rank(A) = r. Then the system AX = 0,, has n — r basic solutions,
providing a basis of null(A) with dim(null(A)) =n—r.

Consider the following example.
Example 4.118: Null Space of A
Let

1
A=|0 —
2

W == N

1
1
3

Find null(A) and im (A).

Solution. In order to find null (A), we simply need to solve the equation AX = 0. This is the usual proce-
dure of writing the augmented matrix, finding the reduced row-echelon form and then the solution. The
augmented matrix and corresponding reduced row-echelon form are

1 2 1|0 1 0 3|0
O -11/0(—=---—=101 —-11]0
2 3 3|0 00 O0f0

The third column is not a pivot column, and therefore the solution will contain a parameter. The solution
to the system AX = 0is given by
—3t
t | :teR
t
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which can be written as

-3
t 1 trelR
1
Therefore, the null space of A is all multiples of this vector, which we can write as
-3
null(A) = span 1
1

Finally im (A) is just {AX : X € R"} and hence consists of the span of all columns of A, that is im (A) =
col(A).

Notice from the above calculation that that the first two columns of the reduced row-echelon form are
pivot columns. Thus the column space is the span of the first two columns in the original matrix, and we
get

1 2
im(A) = col(A) = span 01, ]| —1
2

Here is a larger example, but the method is entirely similar.

Example 4.119: Null Space of A

Let
1 2101
2 -1 130
A= 312 31
4 =22 60
Find the null space of A.

Solution. To find the null space, we need to solve the equation AX = 0. The augmented matrix and
corresponding reduced row-echelon form are given by

1 o0 32 6 1o

1 210 1]0 S5 s

2 -1 130/0 01+ -3 2|0
. 5 5 5

3 1231|077

4 =226 010 000 000
(000 0 00 ]

It follows that the first two columns are pivot columns, and the next three correspond to parameters.
Therefore, null (A) is given by
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‘We write this in the form

+1 15, t,r e R.

O = O VL Ui
+
S

—_ 0 O Wi ui—

ta
O O = = W

In other words, the null space of this matrix equals the span of the three vectors above. Thus

/o

)

null (A) = span

O O = V= Uw

O = O LW U

—_ O O Wi L=
VT

7
I
L
I
L
I
L
(.

)

Notice also that the three vectors above are linearly independent and so the dimension of null (A) is 3.
The following is true in general, the number of parameters in the solution of AX = 0 equals the dimension
of the null space. Recall also that the number of leading ones in the reduced row-echelon form equals the

number of pivot columns, which is the rank of the matrix, which is the same as the dimension of either the
column or row space.

Before we proceed to an important theorem, we first define what is meant by the nullity of a matrix.

The dimension of the null space of a matrix is called the nullity, denoted dim(null (A)).

From our observation above we can now state an important theorem.

Theorem 4.121: Rank and Nullity

Let A be an m X n matrix. Then rank (A) +dim(null(A)) = n.

Consider the following example, which we first explored above in Example 4.118

Example 4.122: Rank and Nullity

Let

1
A=|0 —
2

W == N
W = =

Find rank (A) and dim(null(A)).
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Solution. In the above Example 4.118 we determined that the reduced row-echelon form of A is given by

1 0 3
01 -1
00

Therefore the rank of A is 2. We also determined that the null space of A is given by

null(A) = span 1
1

Therefore the nullity of A is 1. It follows from Theorem 4.121 that rank (A) +dim(null (A)) =2+1=3,
which is the number of columns of A. )

We conclude this section with two similar, and important, theorems.

Theorem 4.123

Let A be an m X n matrix. The following are equivalent.

1. rank(A) = n.

row(A) =R", i.e., the rows of A span R".
The columns of A are independent in R™.
The n x n matrix AT A is invertible.

There exists an n x m matrix C so that CA = I,,.

S A LN

If A% = 0, for some ¥ € R", then ¥ = 0,,.

Theorem 4.124

Let A be an m x n matrix. The following are equivalent.

1. rank(A) =m.

col(A) =R™, i.e., the columns of A span R™.
The rows of A are independent in R".

The m x m matrix AAT is invertible.

There exists an n x m matrix C so that AC = I,,,.

QN A LN

The system AX = b is consistent for everyB e R™.
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4.11 Orthogonality and the Gram Schmidt Process

A. Determine if a given set of vectors is orthogonal or orthonormal.
B. Determine if a given matrix is orthogonal.

C. Given a linearly independent set of vectors, use the Gram-Schmidt Process to find orthogonal
and orthonormal sets of vectors with the same span.

Orthogonal and Orthonormal Sets

In this section, we examine what it means for vectors (and sets of vectors) to be orthogonal and orthonor-
mal.

Recall from the properties of the dot product of vectors that two vectors # and v are orthogonal if
ii-v= 0. Suppose a vector is orthogonal to every vector in a set that spans R”. What can be said about
such a vector? This is the discussion in the following example.

Example 4.125: Orthogonal Vector to a Spanning Set

Let {X,X2,...,%} € R" and suppose R" = span{X},X;,...,X;}. Furthermore, suppose that there
exists a vector ii € R" for whichii-X; =0 for all j, 1 < j < k. What type of vector is ii?
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Solution. Write i = 11X + Xy + - - - + 13Xy for some t1,12,. .., 1 € R (this is possible because {X|,X2,...,%;}

spans R").
Then
idl]> = i
i (11X + 10X+ 4 6 Xy)
= U (l‘l)_ﬁ) +u- (l‘z)?z) 4+ (tk—)k)

I
_
—

<
R’
~—
_|_
E
—
<
S
~—
_|_
+
;k
—
<!
=
~—

Since ||iZ]|> = 0, ||iZ]| = 0. We know that ||i|| = 0 if and only if & = 0,,. Therefore, & = 0,. In conclusion,
the only vector orthogonal to every vector of a spanning set of R” is the zero vector. [

We can now discuss what is meant by an orthogonal set of vectors.

Definition 4.126: Orthogonal Set of Vectors

Let {iy,i, - iy} be a set of vectors in R". Then this set is called an orthogonal set if the
following conditions hold:

1. ;-iij =0 foralli # j

2. i; #0 forall i

If we have an orthogonal set of vectors and normalize each vector so they have length 1, the resulting
set is called an orthonormal set of vectors. They can be described as follows.

Definition 4.127: Orthonormal Set of Vectors

A set of vectors, {Wy,- -+, Wy, } is said to be an orthonormal set if

Lo [ Mifi=
W"Wf_‘s'f_{mfi;éj

Note that all orthonormal sets are orthogonal, but the reverse is not necessarily true since the vectors
may not be normalized. In order to normalize the vectors, we simply need divide each one by its length.

Definition 4.128: Normalizing an Orthogonal Set

Normalizing an orthogonal set is the process of turning an orthogonal (but not orthonormal) set into
an orthonormal set. If {ii, i, ...,y } is an orthogonal subset of R", then

1 1

1 — — — }
TS UL o U2, s S Uk
{ @@ ]| ||z [z |

is an orthonormal set.
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We illustrate this concept in the following example.

Example 4.129: Orthonormal Set

Consider the set of vectors given by

{ﬁl,ﬁz}z{{”’{_”}

Show that it is an orthogonal set of vectors but not an orthonormal one. Find the corresponding
orthonormal set.

Solution. One easily verifies that i - i, = 0 and {ii}, 5 } is an orthogonal set of vectors. On the other hand
one can compute that ||ii{|| = ||if2|| = v/2 # 1 and thus it is not an orthonormal set.

Thus to find a corresponding orthonormal set, we simply need to normalize each vector. We will write
{W1,w,} for the corresponding orthonormal set. Then,

— 1 —
w = —
i1 |
- Al
V211
1
7
- 1
V2
Similarly,
— 1 —
Wy = S U2
2 |
_ L { -1 ]
V2 1
1
V2
- ne
V2
Therefore the corresponding orthonormal set is
1 _
o o V2 V2
{Wl ’ WZ} — L s L
V2 V2
You can verify that this set is orthogonal. [
Consider an orthogonal set of vectors in R”, written {w, - - - ,wy } with k < n. The span of these vectors

is a subspace W of R". If we could show that this orthogonal set is also linearly independent, we would
have a basis of W. In fact, orthogonal sets of vectors are automatically linearly independent, a fact we
show in the next theorem.
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Theorem 4.130: Orthogonal Basis of a Subspace

Let {w, Wy, -, Wi} be an orthogonal set of vectors in R". Then this set is linearly independent and
forms a basis for the subspace W = span{w,wy,- -+ , Wi }.

Proof. To show that we have a linearly independent set of vectors, suppose a linear combination of these

vectors equals 0, such as:
alv_v’l —|—a2v_152—|— .- ~—|—akv_15k =0,q; € R

We need to show that all a; = 0. To do so, take the dot product of each side of the above equation with the
vector w; and obtain the following.

=
ol

Wi+ (a1W) +away + - +apy) =
ay(wi-wi)+ax(wi-wa) 4+ +ag(wi-wy) = 0

Now since the set is orthogonal, w; - w,,, = 0 for all m # i, so we have:
ar(0)+---+ai(w;-wi)+---+a(0)=0
ai|[wil|* =0
Since the set is orthogonal, we know that ||w;]|? # 0. It follows that a; = 0. Since the a; was chosen

arbitrarily, the set {w,W»,---, W} is linearly independent.

Finally since W = span{wy,wy, -+, Wy}, the set of vectors also spans W and therefore forms a basis of
w.

[ )

If an orthogonal set is a basis for a subspace, we call this an orthogonal basis. Similarly, if an or-
thonormal set is a basis, we call this an orthonormal basis. We already have an example of an orthonormal
basis for R”, the standard basis {ej,ez,...,e,}. We will find many ways in which an arbitrary orthonormal
basis is just as “nice” as the standard basis, hence our interest in finding/constructing orthonormal bases
for subspaces.

We conclude this section with a discussion of Fourier expansions. Given any orthogonal basis B of R”
and an arbitrary vector X € R”, how do we express X as a linear combination of vectors in B? The solution
is called the Fourier expansion of X.
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Theorem 4.131: Fourier Expansion

Let V be a subspace of R" and suppose {ii1,iy,...,iy} is an orthogonal basis of V. Then for any

Xev,
. XUy \ X Uy \ Xty \
X=| -5 | Ui+ =Y u2+---+(_,—)u .
(Hulﬂz) (Hquz) lidml|?) "

This expression is called the Fourier expansion of X, and

X-uj
14211
j=1,2,...,m are the Fourier coefficients.
If the set {ii1,y,...,Uy} is an orthonormal basis for V, the expression above simplifies so that

R=(X-i))ily + (X))l + -+ (% 1iy) .

and the jth Fourier coefficient is simply X - if;.

Consider the following example.

Example 4.132: Fourier Expansion

0 5 1
Letihn=| —1 |, =12 |,andiz = 1 |,andletX= | 1
1 -2 1

Then B = {i,iiy,u3} is an orthogonal basis of R3.
Compute the Fourier expansion of X, thus writing X as a linear combination of the vectors of B.

Solution. Since B is a basis (verify!) there is a unique way to express X as a linear combination of the
vectors of B. Moreover since B is an orthogonal basis (verify!), then this can be done by computing the
Fourier expansion of X.

That is:

X=| 1= i = U2 - 3.
e ][> 62> i3]

We readily compute:

)‘c'iil_g X’ﬁz_%adf-ﬁg_i
[d@r]|> 6 [lwaf> 5 [@53]]> 30
Therefore,
1 1 0 5
1 3 2
1 1 -2
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(2 ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

Orthogonal Matrices

Recall that the process to find the inverse of a matrix was often cumbersome. In contrast, it was very easy
to take the transpose of a matrix. Luckily for some special matrices, the transpose equals the inverse. When
an n X n matrix has all real entries and its transpose equals its inverse, the matrix is called an orthogonal
matrix.

The precise definition is as follows.

A real n x n matrix U is called an orthogonal matrix ift UUT =UTU = 1.

Note since U is assumed to be a square matrix, it suffices to verify only one of these equalities UU” =1
or UTU = I holds to guarantee that U7 is the inverse of U.

This may strike you as a rather odd definition, since our definition of orthogonal matrix does not
immediately seem to have anything to do with the concept of orthogonality of vectors that we have been
discussing. In fact, the ideas are closely bound, as we shall see.

First, let’s try some examples just to make sure that we understand the definition of an orthogonal
matrix.
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Example 4.134: Orthogonal Matrix

Show the matrix

U =

S-S
S-S

is orthogonal.

Solution. All we need to do is verify (one of the equations from) the requirements of Definition 4.133.

1 1 1 1
V22 V22 1
vu=1 " LD :[0 }
V2 V2 V2 V2
Since UUT = I, this matrix is orthogonal. A

Here is another example.

Example 4.135: Orthogonal Matrix

1 0 0O
LetU=|0 0 —1 |.IsU orthogonal?
0O -1 0

Solution. Again the answer is yes and this can be verified simply by showing that UTU = I

10 o1'T1 o
vlu = |0 0 -1 0 0 —1

0 —1 0 0 —1

1 0 0][1 o0 O

= |0 0 -1 0 0 —1

0 -1 0f[0 -1 0

1 0 0

= 010

(0 0 1

When we say that U is orthogonal, we are saying that UUT = I, meaning that
Zuijbt]T-k = Zuijukj = Ojk
J J
where §;; is the Kronecker symbol defined by

5. _J liti=j
T 0ifi#£ )
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In words, the product of the i row of U with the k' row gives 1 if i = k and 0 if i # k. The same is
true of the columns because U7 U = I also. Therefore,

T
Y ulupe =Y wjij =
J J

which says that the dot product of one column with another column gives 1 if the two columns are the
same and O if the two columns are different.

More succinctly, this states that if iy, - - - , i, are the columns of U, an orthogonal matrix, then

Lo [ lifi=j
“"”1_5’1_{01fi7éj

But this is exactly what it means to claim that the columns of U form an orthonormal set of vectors,
and similarly for the rows. Thus a matrix is orthogonal if its rows (or columns) form an orthonormal set
of vectors. Notice that the convention is to call such a matrix orthogonal rather than orthonormal (although
this may make more sense!).

Proposition 4.136: Orthonormal Basis

The rows of an n x n orthogonal matrix form an orthonormal basis of R". Further, any orthonormal
basis of R" can be used to construct an n X n orthogonal matrix.

Proof. Recall from Theorem 4.130 that an orthonormal set is linearly independent and forms a basis for
its span. Since the rows of an n x n orthogonal matrix form an orthonormal set, they must be linearly inde-
pendent. Now we have n linearly independent vectors, and it follows that their span equals R". Therefore
these vectors form an orthonormal basis for R”.

Suppose now that we have an orthonormal basis for R”. Since the basis will contain n vectors, these
can be used to construct an n X n matrix, with each vector becoming a row. Therefore the matrix is
composed of orthonormal rows, which by our above discussion, means that the matrix is orthogonal. Note
we could also have construct a matrix with each vector becoming a column instead, and this would again
be an orthogonal matrix. In fact this is simply the transpose of the previous matrix. [

Consider the following proposition.

Proposition 4.137: Determinant of Orthogonal Matrices

Suppose U is an orthogonal matrix. Then det(U) = +1.

Proof. This result follows from the properties of determinants. Recall that for any matrix A, det(A)” =
det(A). Now if U is orthogonal, then:

(det(U))* =det (UT) det (U) = det (UTU) = det(I) = 1
Therefore (det(U))? = 1 and it follows that det (U) = +1. [ )

Orthogonal matrices are divided into two classes, proper and improper. The proper orthogonal matri-
ces are those whose determinant equals 1 and the improper ones are those whose determinant equals —1.
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The reason for the distinction is that the improper orthogonal matrices are sometimes considered to have
no physical significance; these matrices cause a change in orientation which would correspond to material
passing through itself in a non physical manner. Thus in considering which coordinate systems must be
considered in certain applications, you only need to consider those which are related by a proper orthog-
onal transformation. Geometrically, as will see in the next chapter, the linear transformations determined
by the proper orthogonal matrices correspond to the composition of rotations.

We conclude this section with two useful properties of orthogonal matrices.

Example 4.138: Product and Inverse of Orthogonal Matrices

Suppose A and B are orthogonal matrices. Then AB and A~! both exist and are orthogonal.

Solution. First we examine the product AB.
(AB)(AB)T = (AB)(BTAT) = A(BBT)AT = AAT =1

Since AB is square, (AB)T is the inverse of AB, so AB is invertible, and (AB)~! = (AB) Therefore, AB is
orthogonal.

Next we show that A~! = AT is also orthogonal.
(A—l)—l — A= (AT)T _ (A—I)T

Therefore A~! is also orthogonal. [
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comprehension.
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Gram-Schmidt Process

As mentioned earlier, working with an orthonormal or orthogonal basis is often easier than working with
a run-of-the-mill off-the-shelf basis for a subspace V. So it will be convenient to have a method of trading
in a random set of vectors for an orthogonal or orthonormal set of vectors with the same span. This section

is devoted to that process, called the Gram-Schmidt Process.

The goal of the Gram-Schmidt process is to take a linearly independent set of vectors and transform it
into an orthonormal set with the same span. The first objective is to construct an orthogonal set of vectors
with the same span, since from there an orthonormal set can be obtained by simply dividing each vector

by its length.

Let {iiy,--- ,i,} be a linearly independent set of vectors in R".

I: Construct a new set of vectors {V,- -

-,V } as follows:

.._<

Vi =uj
V2 =Ux— = V1
[[71]1” o
= usz-vy\ usz-va\
V3 =13 = | V1 - V2
1112 1922
Vo = ilp— (H"'Vl)vl— (ﬁ"%)vz_
n — Up = -
1912 19212
II:Nowleth/i:ﬁforz 1,---,n.
Vi
Then
1. {Vy,---,V,} is an orthogonal set.
2. {wy,---,Wy,} is an orthonormal set.
3. Span{ﬁh'",ﬁn}:Span{‘_;l""7Vn}zsp3n{wl7"'

Proof. The full proof of this algorithm is beyond the scope of this material, however here is an indication

of the argument.

To show that {Vy,--

then:

az

-,V } is an orthogonal set, let

—

2

Vi

V1

| 2

7"_‘;11}-

Vi - (il — axvy)

Vl~ﬁz—g2(73~71)
——|[V1]]
SR 1 o
=V i) — (p-V1) =0

—

.u2_

Up - Vn-1

V1|12

)

-

Vn—1
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Now that you have shown that {V,V,} is an orthogonal set of vectors, use the same method as above to
show that {V,V,,V3} is also an orthogonal set, and so on.

To show that span {iiy,- - - ,i,} = span{Vy,---,V,}, it suffices to show that each V; can be written as a
linear combination of the i;’s and each i/; can be written as a linear combination of the v;’s.

—

Finally defining w; = HK—lH fori=1,---,n does not affect orthogonality and yields vectors of length 1,

Vi
hence an orthonormal set. You can also observe that it does not affect the span either and the proof would
be complete. 'y

Let’s become familiar with the Gram Schmidt Process by working through an example.

Example 4.140: Find Orthonormal Set with Same Span

Consider the set of vectors {ii1,1,} given as in Example 4.68. That is

1 3
) = , Up=12 €R3
0 0

Use the Gram-Schmidt algorithm to find an orthonormal set of vectors {w,w,} having the same
span.

Solution. We already remarked that the set of vectors in {i1, 4, } is linearly independent, so we can proceed
with the Gram-Schmidt algorithm:

o

<
[\)
I
LS
I
—| <!
=0
o =
N———
S

o

I
N W
O == —
I
N |
—_—

Now to normalize simply let

W1

_%1

o §|H §|H
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)
W2 = - =
[1¥2]]

() §|” §|”

You can verify that {W,w, } is an orthonormal set of vectors having the same span as {i}, i, }, namely
the XY -plane. 'y

In this example, we began with a linearly independent set and found an orthonormal set of vectors
which had the same span. It turns out that if we start with a basis of a subspace and apply the Gram-
Schmidt algorithm, the result will be an orthogonal basis of the same subspace. We examine this in the
following example.

Example 4.141: Find a Corresponding Orthogonal Basis

1 1 1
0 - |10 - |1
1 BE and X3 = 0

1 0
and let U = span{X|,X,,X3}. Use the Gram-Schmidt Process to construct an orthogonal basis B of

U.

Solution. First fl =X].

Next,
1 1 0
5 0 210 0
A=1117211[T|o
1 0 1
Finally,
1 1 0 1/2
= |1 110 0{o0| 1
B=lo |21 1]o |7 | 41 /2
0 0 1 0
Therefore,
1 [0 1/2
0 0 1
L{’]0|| —1/2
0 1 0

is an orthogonal basis of U. However, it is sometimes more convenient to deal with vectors having integer
entries, in which case we take

1

-1

S = O =
- O O
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4.12 Orthogonal Projections and Least Squares Approximations

A. Find the orthogonal projection of a vector onto a subspace.

B. Find the least squares approximation for a collection of points.

An important use of the Gram-Schmidt Process is in finding the orthogonal projection of a vector onto
a subspace, which is the focus of this section.

You may recall that a subspace of R” is a set of vectors which contains the zero vector, and is closed
under addition and scalar multiplication. Let’s call such a subspace W. In particular, a hyperplane in R”
which contains the origin, (0,0, --,0), is a subspace of R".

Suppose a point Y in R” is not contained in W, then what point Z in W is closest to Y'? Using the
Gram-Schmidt Process, we can find such a point. Let ¥, 7 represent the position vectors of the points ¥ and
Z respectively, with ¥ — 7 representing the vector connecting the two points Y and Z. It will follow that if
Z is the point on W closest to Y, then y — Z will be perpendicular to W (can you see why?); in other words,
y —Z is orthogonal to W (and to every vector contained in W) as in the following diagram.
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Y
) q\?
y—z

Z

M|

The vector 7 is called the orthogonal projection of y on W. The definition is given as follows.

Let W be a subspace of R", and Y be any point in R". Then the orthogonal projection of Y onto W

is given by
— . — S;' v_‘;l — S;' v_‘;Z — S;' v_‘;m —
1= (L) () ()
W12 |22 Wmll? ) "
where {W1,W», -+, Wy, } is any orthogonal basis of W.

Therefore, in order to find the orthogonal projection, we must first find an orthogonal basis for the
subspace. Note that one could use an orthonormal basis, but it is not necessary in this case since as you
can see above the normalization of each vector is included in the formula for the projection.

Before we explore this further through an example, we show that the orthogonal projection does indeed
yield a point Z (the point whose position vector is the vector Z above) which is the point of W closestto Y.

Theorem 4.143: Approximation Theorem

Let W be a subspace of R" and Y any point in R". Let Z be the point whose position vector is the
orthogonal projection of Y onto W
Then, Z is the point in W closestto Y .

Proof. First Z is certainly a point in W since it is in the span of a basis of W.
To show that Z is the point in W closest to Y, we wish to show that [y —7|| > |[y—7Z| forallZ; #Z7 € W.

We begin by writing ¥ —7; = (Y —7) + (Z—7Z1). Now, the vector ¥ — 7 is orthogonal to W, and 7 — 7] is
contained in W. Therefore these vectors are orthogonal to each other. By the Pythagorean Theorem, we
have that
52117 = 7 —21* + 1Z=2l* > 1527
This follows because 7 # 7 so ||Z—71]|> > 0.
Hence, ||y —71]|> > ||§¥ —Z]|%. Taking the square root of each side, we obtain the desired result. [ )

Consider the following example.

Example 4.144: Orthogonal Projection

Let W be the plane through the origin given by the equation x — 2y +z = 0.
Find the point in W closest to the pointY = (1,0,3).
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Solution. We must first find an orthogonal basis for W. Notice that W is characterized by all points (a, b, c)
where ¢ = 2b — a. In other words,

a 1 0
W= b =al|l O +b| 1 |,a,beR
2b—a -1 2

We can thus write W as

W = span{iy,ir}

1 0
= span 01,1
—1 2

Notice that this span is a basis of W as it is linearly independent. We will use the Gram-Schmidt
Process to convert this to an orthogonal basis, {w,w,}. In this case, as we remarked it is only necessary
to find an orthogonal basis, and it is not required that it be orthonormal.

Therefore an orthogonal basis of W is

{Wi,wr} = ,
—1 1

We can now use this basis to find the orthogonal projection of the point ¥ = (1,0, 3) on the subspace W.
1
We will write the position vector yof Y asy = | 0 |. Using Definition 4.142, we compute the projection
3
as follows:

Z = projy (5)
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WY WA W=

Therefore the point Z on W closest to the point (1,0,3) is (%, %,

[SSIEN

).
o

Recall that the vector y — 7 is perpendicular (orthogonal) to all the vectors contained in the plane W.
Using a basis for W, we can in fact find all such vectors which are perpendicular to W. We call this set of
vectors the orthogonal complement of W and denote it W,

Let W be a subspace of R". Then the orthogonal complement of W, written W, is the set of all
vectors X such thatX-7 = 0 for all vectors7 in W.

W+ = {¥ € R" such that -7 = 0 for allZ € W}

The orthogonal complement is defined as the set of all vectors which are orthogonal to all vectors in
the original subspace. It turns out that it is sufficient that the vectors in the orthogonal complement be
orthogonal to a spanning set of the original space.

Proposition 4.146: Orthogonal to Spanning Set

Let W be a subspace of R" such that W = span{w1,w,,--- , Wy }. Then W is the set of all vectors
which are orthogonal to each w; in the spanning set.

The following proposition demonstrates that the orthogonal complement of a subspace is itself a sub-
space.

Proposition 4.147: The Orthogonal Complement

Let W be a subspace of R". Then the orthogonal complement W+ is also a subspace of R”.

Consider the following proposition.
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Proposition 4.148: Orthogonal Complement of R"

The orthogonal complement of R" is the set containing the zero vector:
(") = {0}

Similarly,

(o} -

Proof. Here, 0 is the zero vector of R". Since ¥-0 = 0 for all ¥ € R”, R” C {0}*. Since {0}* C R", the
equality follows, i.e., {O}L =R".

Again, since X - O0=0forallxcR", 0 ¢ (RM)*, so {6} C (R™)*. Suppose ¥ € R", ¥ # 0. Since
X-%=||¥|>and ¥ # 0, ¥-X # 0, so ¥ & (R")*. Therefore (R")* C {0}, and thus (R")* = {0}. ®

In the next example, we will look at how to find W+,

Example 4.149: Orthogonal Complement

Let W be the plane through the origin given by the equation x — 2y +z = 0. Find a basis for the
orthogonal complement of W.

Solution.

From Example 4.144 we know that we can write W as

1 0
W = span{ii},iip } = span 01,1
—1 2

In order to find W, we need to find all ¥ which are orthogonal to every vector in this span.
X

LetX= | xp |.In order to satisfy X #i; = 0, the following equation must hold.
X3

x1—x3=0
In order to satisfy X - i, = 0, the following equation must hold.
xXp+2x3=0
Both of these equations must be satisfied, so we have the following system of equations.

x1—x3:O
X24+2x3=0

To solve, set up the augmented matrix.
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1 0 —-1(0
01 20

1 1
Using Gaussian Elimination, we find that wt = span -2 , and hence -2 is a basis
1 1
for W, 'Y

The following results summarize the important properties of the orthogonal projection.

Theorem 4.150: Orthogonal Projection

Let W be a subspace of R", Y be any point in R", and let Z be the point in W closest to Y. Then,
1. The position vector 7 of the point Z is given by 7 = projy, ()

2.ZeWandy—Ze Wt

3 )Y-Z|<|Y—Z||forallZy #Z € W

Consider the following example of this concept.

Example 4.151: Find a Vector Closest to a Given Vector

Let
1 1 1 4
)?1 = L )?2 = L )_6’3 = ! and)_f: .
1|’ 1|’ 01’ -2
0 1 0 5

Find the vector in W = span{X,X,,X3} closest to y.

Solution. We first use the Gram-Schmidt Process to construct an orthogonal basis, B, of W. You can check
that this step yields:

1 0 1
0 0 2
B= 1 (710 —1
| 0 1
By Theorem 4.150,
1] 0 1 3
e 210 510 12 2 4
prO.]W(y):E 1 +I 0 +€ -1 = -1
0 | 1 0
is the vector in W closest to y. 'y

Consider the next example.
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Example 4.152: Vector Written as a Sum of Two Vectors

1 0
Let W be a subspace given by W = span (1) , (1) ,andY = (1,2,3,4).

0 2
Find the point Z in W closest to Y, and moreover write y as the sum of a vector in W and a vector in
wt.

Solution. From Theorem 4.143, the point Z in W closest to Y is given by Z = projy (¥).

Notice that since the above vectors already give an orthogonal basis for W, we have:

_ (W )w1+(>7'w2)w2
1] [
1 0
4 0 10 1
-G FE)]s
0 2
2
- 2
a 2
4

Therefore the point in W closest to Y is Z = (2,2,2,4).

Now, we need to write ¥ as the sum of a vector in W and a vector in W-. This can easily be done as
follows:
y=2+0(-3)
since Zis in W and as we have seen y —Z is in W.

The vector y — 7 is given by

1 2 —1
S o2 12 0
YTET 3 2| T 1
4 4 0
Therefore, we can write y as
1 2 -1
2 2 0
3T 2 ]
4 4 0
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Example 4.153: Point in a Plane Closest to a Given Point

Find the point Z in the plane 3x+y — 2z = 0 that is closest to the pointY = (1,1,1).

Solution. The solution will proceed as follows.
1. Find a basis X of the subspace W of R? defined by the equation 3x+y —2z = 0.
2. Orthogonalize the basis X to get an orthogonal basis B of W.
3. Find the projection on W of the position vector of the point Y.

We now begin the solution.

1. 3x+y—2z =0 is a system of one equation in three variables. Putting the augmented matrix in
reduced row-echelon form:

(31 =20 ]=[1 5 —3]0]

gives general solution x = —%s + %t, y=s, z=1 for any s, € R. Then
1 2
3 3
W = span 11,10
0 1
—1 2
LetX = 31,]0 . Then X is linearly independent and span(X) = W, so X is a basis of

2. Use the Gram-Schmidt Process to get an orthogonal basis of W'

-1 2 N 1 1 9
1= 3 land =10 ~To 3 =3 3
0 3 0 15
—1 3
Therefore B = 30,11 is an orthogonal basis of W.
0 5

3. To find the point Z on W closest to Y = (1,1,1), compute

1 —1 3
: 2 9
projy | 1 = — 3 14+=—=11
1 10 0 35
_ e
K

Therefore, Z = (‘7‘, g, %)
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Least Squares Approximation

It should not be surprising to hear that many problems do not have a perfect solution, and in these cases
the objective is always to try to do the best possible. This section will give us a method for finding, in at
least one sense, the best possible solution.

For motivation, suppose that we are trying to find a vector X that is a solution to the equation

21 2
—1 3 {x}: 1
4 5| LY 1

If you try some values for X you will start to get frustrated, so let’s think about the problem differently.
Every value AX is a linear combination of the columns of A, so the values that are possible for the product
AX are exactly the elements of R that are in the column space of A. The column space of our A is pretty
clearly 2-dimensional, as the columns of A form a linearly independent set. So the column space of A is

2
this teeny tiny plane living in R3. There is some chance that our ¥ value, | 1 |, is on that plane, but the
1
odds are that it is not. In fact, if you row reduce the augmented matrix corresponding to our system you
will see that there are no solutions to our problem, which means that ¥ is not an element of the column
space of A. But we aren’t going to give up! Rather than throwing in the towel we will instead find a vector
Z € col(A) such that the system AX = 7 does have a solution xj and such that 7 = Ax is as close as possible
to the vector ¥. This solution xg is what we will call the least squares solution to our original problem.
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This diagram shows the situation.

<l
I
ST
<l

col(A)

This should look familiar to you: all this is saying is that we want 7 to be the orthogonal projection
of ¥ onto the subspace col(A). In this section we will set out an algorithm that will find the least squares
solution x( and the projection 7 = Axp.

We begin with a lemma.

Rephrasing Theorem 4.150 using the subspace W = col(A) gives the equivalence of an orthogonality
condition with a minimization condition. The following picture illustrates this orthogonality condition and
geometric meaning of this theorem.

<l

col(A)

Theorem 4.154: Existence of Minimizers

Lety € R™ and let A be an m X n matrix.
Choose 7 € W = col(A) given by 7 = projy (¥), and let xop € R" be such that 7 = Axp.
Then

1. y—Axp e W+

2. |y—A%| < ||y —iil foralli #Z €W

We note a simple but useful observation.

Lemma 4.155: Transpose and Dot Product

Let A be an m X n matrix. Then

Proof. This follows from the definitions:

AX- Y= (A0 =T ATy =x- (AT).
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A

The next corollary gives the technique of least squares.

Corollary 4.156: Least Squares and Normal Equation

A specific value of X which solves the problem of Theorem 4.154 is obtained by solving the equation
ATAx=ATy (4.21)

Furthermore, there always exists a solution to this equation.
The equation 4.21 is called the normal equation corresponding to the equation AX = yy.

Proof. For x the minimizer of Theorem 4.154, (Y — Axp) - A = O for all #Z € R” and from Lemma 4.155,

this is the same as saying
AT (F—Axp)-ii=0

for all u € R". This implies
ATy —ATAx) =0.
and so
ATy =ATAx,
Therefore, there is a solution to the equation of this corollary, and it solves the minimization problem of
Theorem 4.154. 'y

Note that xp might not be unique but AX, the closest point of A (R") to ¥ is unique as was shown in the
above argument.

Consider the following example, continuing our discussion from the beginning of this subsection:

Example 4.157: Least Squares Solution to a System

Find a least squares solution to the system

|
B =N

Solution. First, consider whether there exists a real solution. To do so, set up the augmnented matrix given
by

2
1

1
3
5

—_— N

4
The reduced row-echelon form of this augmented matrix is

S O =
S = O
- o O
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It follows that there is no real solution to this system. Therefore we wish to find the least squares
solution. The normal equation is

ATAx = ATy
! X 2 —1 4 2
; = |1 35!
s|LY 1
21 19 x| 7
19 35 y| | 10
This is a familiar exercise and the solution is

o[- ]

{z _14} _f
1 35 4

and so we need to solve the system

Consider another example.

Example 4.158: Least Squares Solution to a System

Find a least squares solution to the system
2 1 3
4 5| L7 9
Solution. First, consider whether there exists a real solution. To do so, set up the augmented matrix given
by
2 1|3
-1 312
4 5|9

The reduced row-echelon form of this augmented matrix is

S o =
S = O

1
1
0

It follows that the system has a solution given by x = y = 1. However we can also use the normal
equation and find the least squares solution.

{2 _14} _f; {x}_{Z _14} 3
1 35 45| Ly 1 35

[\9}
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Then
The least squares solution is

which is the same as the exact solution found above. ' Y

An important application of Corollary 4.156 is the problem of finding the least squares regression line
in statistics. Suppose you are given points in the xy plane

{Gey1)s (2,32) 5+ (X ym)

and you would like to find constants m and b such that the line ¥y = mxX + b goes through all these points.
Of course this will be impossible in general. Therefore, we try to find m,b such that the line will be as
close as possible. The desired system is

which is of the form AX = y. It is desired to choose m and b to make

HEE

Yn

2

as small as possible. According to Theorem 4.154 and Corollary 4.156, the best values for m and b occur
as the solution to
Vi xp 1
ATA{’Z]:AT .|, whereA =
Yn Xy 1

P Ligx | [m _ | X

Solving this system of equations for m and b (using Cramer’s rule for example) yields:

_ (X ) (i i) + (X xayi) n

- (X, 2) n— (T %)

Thus, computing ATA,

and )
_ — (B x) Xl xiyi+ (B i) Yil X
(X, ) n— (X, x)°

Consider the following example.
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Example 4.159: Least Squares Regression Line

Find the least squares regression line y = mx + b for the following set of data points:

{(0,1),(1,2),(2,2),(3,4),(4.5)}

Solution. In this case we have n = 5 data points and we obtain:
Y x=10 Y, y=14

Yo xyi=38 Y2, x2=30

and hence
—10% 14 +5%38
— =1.00
m 5%30— 102
—10%x38+14%30
b = =0.80
5%30—102

The least squares regression line for the set of data points is:
y=Xx+.8

One could use this line to approximate other values for the data. For example for x = 6 one could use
y(6) = 6+ .8 = 6.8 as an approximate value for the data.

The following diagram shows the data points and the corresponding regression line.

6 .

i Il Il Il Il X\
—1 1 2 3 4 5

— Regression Line
—=—  Data Points
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One could clearly do a least squares fit for curves of the form y = ax® + bx + ¢ in the same way. In this
case you want to solve as well as possible for a, b, and c the system

X% xp 1 a Y1
E . b — .
X2 x, 1 ¢ Yn

and one would use the same technique as above. Many other similar problems are important, including
many in higher dimensions and they are all solved the same way.

Notice that the discussion preceding Example 4.159 provided (rather messy) formulas for m and b in
the case when you want to find a least squares fit for a linear function. Those formulas are of absolutely
no use if you want to fit a quadratic or a cubic. Perhaps it is better, then, to just remember to set up the
matrix A for whatever degree polynomial you want to fit and then just use your linear algebra skills and
solve the normal equation AT Ax = ATy in order to find the coefficients for your least squares polynomial.
Fewer disgusting formulas to memorize, and the algorithm works for polynomials of every degree.
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4.13 Applications

‘ A. Apply the concepts of vectors in R" to the applications of physics and work. \

Vectors and Physics

Suppose you push on something. Then, your push is made up of two components, how hard you push and
the direction you push. This illustrates the concept of force.

Definition 4.160: Force

Force is a vector. The magnitude of this vector is a measure of how hard it is pushing. It is measured
in units such as Newtons or pounds or tons. The direction of this vector is the direction in which
the push is taking place.

Vectors are used to model force and other physical vectors like velocity. As with all vectors, a vector
modeling force has two essential ingredients, its magnitude and its direction.

Recall the special vectors which point along the coordinate axes. These are given by

ol
I

where the 1 is in the "’ slot and there are zeros in all the other spaces. The direction of &; is referred to as
the i direction.

Consider the following picture which illustrates the case of R3. Recall that in R3, we may refer to these
vectors as i, j, and k.
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Ui
Given a vector i = | : |, it follows that

Up

n
U=ué+---+u,e, = Zu,@i
k=1

What does addition of vectors mean physically? Suppose two forces are applied to some object. Each
of these would be represented by a force vector and the two forces acting together would yield an overall
force acting on the object which would also be a force vector known as the resultant. Suppose the two
vectors are ii = Y7_, u;é¢; and ¥ = Y7_, v;é;. Then the vector & involves a component in the i* direction
given by u;é;, while the component in the i'" direction of ¥ is v;é;. Then the vector i + ¥ should have a
component in the ' direction equal to (u; 4 v;) &;. This is exactly what is obtained when the vectors, i and
Vv are added.

Uy +vy

1

_|_
<!
I

Uy, +vy,

(u; +vi)&;

I
(NgE

1

~.

Thus the addition of vectors according to the rules of addition in R” which were presented earlier,
yields the appropriate vector which duplicates the cumulative effect of all the vectors in the sum.

Consider now some examples of vector addition.

Example 4.161: The Resultant of Three Forces

There are three ropes attached to a car and three people pull on these ropes. The first exerts a force
of Fi = 2i+3j — 2k Newtons, the second exerts a force of F) = 3i+5j+k Newtons and the third
exerts a force of 5i — j+ 2k Newtons. Find the total force in the direction of i.

Solution. To find the total force, we add the vectors as described above. This is given by
(20437 —2k)+ (Bi+5]+k) + (51— j+ 2k
= (24345)i+GB+5+—-1)j+(—2+1+2)

= 10i+7j+k

)
k

Hence, the total force is 10i + 7f+ % Newtons. Therefore, the force in the i direction is 10 Newtons. 'y

Consider another example.

Example 4.162: Finding a Vector from Geometric Description

An airplane flies northeast at 100 miles per hour. Write this as a vector.

Solution. A picture of this situation follows.
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Therefore, we need to find the vector # which has length 100 and direction as shown in this diagram.
We can consider the vector i as the hypotenuse of a right triangle having equal sides, since the direction
of u corresponds with the 45° line. The sides, corresponding to the i and j directions, should be each of
length 100/v/2. Therefore, the vector is given by

100-  100- [%]

I+—Jj=
N AV B

U=

This example also motivates the concept of velocity, defined below.

The speed of an object is a measure of how fast it is going. It is measured in units of length per unit
time. For example, miles per hour, kilometers per minute, feet per second. The velocity is a vector
having the speed as the magnitude but also specifying the direction.

Thus the velocity vector in the above example is %?+ %f, while the speed is 100 miles per hour.

Consider the following example.

Example 4.164: Position From Velocity and Time

The velocity of an airplane is 100 + f+7$ measured in kilometers per hour and at a certain instant
of time its position is (1,2,1).
Find the position of this airplane one minute later.

Solution. Here imagine a Cartesian coordinate system in which the third component is altitude and the
first and second components are measured on a line from West to East and a line from South to North.

1
Consider the vector |2 |, which is the initial position vector of the airplane. As the plane moves, the
1

position vector changes according to the velocity vector. After one minute (considered as 61—0 of an hour)
the airplane has moved in the 7 direction a distance of 100 x % = % kilometer. In the j direction it has

moved 61—0 kilometer during this same time, while it moves % kilometer in the & direction. Therefore, the
new displacement vector for the airplane is

Nk
20+ || = [ 22
RN
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Now consider an example which involves combining two velocities.

Example 4.165: Sum of Two Velocities

A certain river is one half kilometer wide with a current flowing at 4 kilometers per hour from East
to West. A man swims directly toward the opposite shore from the South bank of the river at a speed
of 3 kilometers per hour. How far down the river does he find himself when he has swam across?
How far does he end up swimming?

Solution. Consider the following picture which demonstrates the above scenario.

AN

JE

First we want to know the total time of the swim across the river. The velocity in the direction across
the river is 3 kilometers per hour, and the river is % kilometer wide. It follows the trip takes 1/6 hour or
10 minutes.

Now, we can compute how far downstream he will end up. Since the river runs at a rate of 4 kilometers
per hour, and the trip takes 1/6 hour, the distance traveled downstream is given by 4 (%) = % kilometers.

The distance traveled by the swimmer is given by the hypotenuse of a right triangle. The two arms of
the triangle are given by the distance across the river, %km, and the distance traveled downstream, % km.
Then, using the Pythagorean Theorem, we can calculate the total distance d traveled.

RONORE

Therefore, the swimmer travels a total distance of % kilometers. [ Y
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Work

The mathematical concept of work is an application of vectors in R". The physical concept of work differs
from the notion of work employed in ordinary conversation. For example, suppose you were to slide a
150 pound weight off a table which is three feet high and shuffle along the floor for 50 yards, keeping the
height always three feet and then deposit this weight on another three foot high table. The physical concept
of work would indicate that the force exerted by your arms did no work during this project. The reason
for this definition is that even though your arms exerted considerable force on the weight, the direction of
motion was at right angles to the force they exerted. The only part of a force which does work in the sense
of physics is the component of the force in the direction of motion.

Work is defined to be the magnitude of the component of this force times the distance over which it
acts, when the component of force points in the direction of motion. In the case where the force points
in exactly the opposite direction of motion work is given by (—1) times the magnitude of this component
times the distance. Thus the work done by a force on an object as the object moves from one point to
another is a measure of the extent to which the force contributes to the motion. This is illustrated in the
following picture in the case where the given force contributes to the motion of the object from the point
P to the point Q.
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Recall that for any vector # in R”, we can write # as a sum of two vectors, as in
= ﬁ|| 4

For any force F, we can write this force as the sum of a vector in the direction of the motion and a vector
perpendicular to the motion. In other words,

FoRy+F,

In the above picture the force, Fis applied to an object which moves on the straight line from P to Q.
There are two vectors shown, F|| and F| and the picture is intended to indicate that when you add these

two vectors you get F. In other words, F = 13” + F . Notice that 17] | acts in the direction of motion and F.
acts perpendicular to the direction of motion. Only 13” contributes to the work done by F on the object as it
moves from P to Q. 13” is called the component of the force in the direction of motion. From trigonometry,

you see the magnitude of 13” should equal ||F || |cos 6]. Thus, since ﬁll points in the direction of the vector
from P to Q, the total work done should equal

IE|[|PO] cos 6 = | F||[|G— Bl cos 0

Now, suppose the included angle had been obtuse. Then the work done by the force F on the object
would have been negative because 13” would point in —1 times the direction of the motion. In this case,
cos 6 would also be negative and so it is still the case that the work done would be given by the above
formula. Thus from the geometric description of the dot product given above, the work equals

IE1g— Pl cos6 = F (7~ )

This explains the following definition.

Let F be a force acting on an object which moves from the point P to the point Q, which have
position vectors given by p and g respectively. Then the work done on the object by the given force
equals F - (g—p).

Consider the following example.

Example 4.167: Finding Work

2
Let F = | 7 | Newtons. Find the work done by this force in moving from the point (1,2,3) to the
-3
point (—9,—3,4) along the straight line segment joining these points where distances are measured
in meters.

Solution. First, compute the vector § — p, given by
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According to Definition 4.166 the work done is

2 —-10
71| -=5|=-20+(-35)+(-3)
-3 1

= —58 Newton meters

[ )

Note that if the force had been given in pounds and the distance had been given in feet, the units on
the work would have been foot pounds. In general, work has units equal to units of a force times units of
a length. Recall that 1 Newton meter is equal to 1 Joule. Also notice that the work done by the force can
be negative as in the above example.
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Chapter 5

Linear Transformations

5.1 Linear Transformations

A. Understand the definition of a linear transformation, and that all linear transformations are
determined by matrix multiplication.

Much of mathematics involves the study of functions, and in this chapter we are going to examine
a certain class of functions, functions that behave particularly nicely. Without getting into too much
detail, when we discuss a function we will always want to be aware of the domain of the function and the
codomain of the function. Suppose that we are discussing a function whose name is f (always popular).
Maybe f is the function returns the height of a person in centimeters. So the domain of f would be the
collection of people and the codomain would be the collection of real numbers. Perhaps f(Pat) = 152.73
or something like that.

In most of your mathematical work to date, you have worked with functions whose domain has been
R, the collection of real numbers, and the codomain has also been the collection of real numbers. For
example the cosine function is such a function.

But consider the function that adds two numbers together. This function has as its domain the collection
of pairs of real numbers and has as its codomain the collection of real numbers. If we call this function g,
we can explicitly define this function as follows:

¢:R25R

{x} —=x+y
y

You can see that we have specified the name of the function, g, the domain of the function, R2, the
codomain of the function, R, and the rule or formula for computing the value of the function, saying that

the vector [;] gets mapped to the real number x + y.

Here are some other functions with which you are familiar, written in this new, detailed style:

T:R*— R’
f : The set of people — R Exp:R—R 1 2
x — Height of x x— e [x} — 13 0 [x}
Y 2 1

Functions of this last sort, where the domain is R” and the codomain is R™, will occupy us in this
chapter. But the collection of all such functions is too vast and complicated for us in this course, so we
will examine a well-behaved subset of these functions, the collection of Linear Transformations.
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Matrix Multiplication and Linear Transformations

Recall that when we multiply an m X n matrix by an n x 1 column vector, the result is an m X 1 column
vector. In this section we will discuss how, through matrix multiplication, an m X n matrix transforms
an n X 1 column vector into an m X 1 column vector. This transformation is nothing more than a function
with domain R” and codomain R™, which we will denote T : R” — R™.

Consider the following example.

Example 5.1: A Function Which Transforms Vectors

1 20

Consider the matrix A = { 1 0

} . Show that left matrix multiplication by A transforms vectors

in R3 into vectors in RZ.

Solution. First, recall that vectors in R3 are vectors of size 3 x 1, while vectors in R? are of size 2 x 1. If
we multiply A, which is a 2 x 3 matrix, by a 3 x 1 vector, the result will be a 2 x 1 vector. This what we
mean when we say that A transforms vectors.

X
Now, for | y | in R, multiply on the left by the given matrix to obtain the new vector. This product

Z
1201 ] [x+2y
210 i | 2x+y
The resulting product is a 2 x 1 vector which is determined by the choice of x and y. Here are some
numerical examples.

looks like

1
. .. 5.
Here, the vector | 2 | in R3 was transformed by the matrix into the vector { 4 } in R2,

3
Here is another example:
1 20 1(5) 120
210 3 |25

[ )

The idea is to define a function T which takes vectors in R? (the domain) and delivers new vectors in
R? (the codomain). In this case, that function is multiplication by the matrix A, so the definition is

Ty : R? — R?
X— AX
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Try to keep the function 74 separate in your mind from the matrix A. The matrix is used to define the
function, but the matrix by itself is not the function—the matrix is just a rectangular array of numbers, not
a function.

Notice the difference between Ty and Ty (X). We know that Ty is the name of a function. But Ty (X)
is something different. 7' (X) denotes the the value returned when the transformation 7} is applied to the
vector X. So Ty (X) is a vector, not a function. You may have been sloppy about this in the past, talking
about, for example, the function sin(x). But the function is not sin(x). Rather, sin(x) is a number, the value
that the sine function returns when presented with the real number x. We will try to be careful about this
notation in this text, and we hope you will be, too. It’s all part of maturing as a mathematician.

The collection of functions defined by matrix multiplication in the way we have been discussing is
called the collection of matrix transformations:

A function T : R" — R™ is said to be a matrix transformation if there is an m X n matrix A such
that
T(X) =AX

for all X € R".

In this case we will often say that T is the transformation determined by the matrix A.

Recall the property of matrix multiplication that states that for k and p scalars,
A (kB+ pC) = kAB + pAC

In particular, for A an m X n matrix and B and C, n x 1 vectors in R", this formula holds.

In other words, this means that matrix transformations are examples of linear transformations, which
we will now define.

Let T : R" — R™ be a function, where for eachx € R",T (X) € R™. Then T is a linear transforma-
tion if whenever k is a scalar and X| and X, are vectors in R" (n x 1 vectors),

1. T()_C] —}—)?2) = T()_C]) +T(f1), and

2. T(k%)) = kT (%))

One could amalgamate those together into a single equation, that is requiring that:
T (kX +kXp) = kT (X1) +kT (X,).
Clearly the two equations above imply the combined version, since

T (kX1 +kX;) =T (kx;)+T (kX;) (Using the first equation with vectors kx| and kX;)
=kT (X)) +kT (¥2) (Using the second equation twice)
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Conversely choosing k = 1 in the combined equation yields the first equation above, and choosing X, = 0
yields the second one.

The combined version can be useful when one wants to show that a particular function 7 is a linear
transformation, it allows to verify a single equation instead of two. Consider the following example.

Example 5.4: Linear Transformation

Let T be a transformation defined by T : R> — R? is defined by
X X
T|y|= {”y} forall | y | eR3
Z e Z

Show that T is a linear transformation.

Solution. Using the combined equation, it suffices to show that T (kx| +kX,) = kT (X;) + kT (x,) for all
scalars k and vectors X1,X,. Let

X1 X2
Y=y |, %=|xn
71 22
Then
X1 X2
T (kX1 +kx2) = T k| y1 |+k| »»
1 22
[ kxl ka
=T kyir | + | k2
| kz1 kzo
[ kxy + kxo
=T kyi +ky>
| k21 +kz2
_ [ (kxy ko) + (kyt +ky2)
| (kxy +kxp) — (kzy + kz2)
_ I (kx1 —|—ky1) + (ka —|—ky2)
| (kxy —kz1) + (kxz — kz2)
[ ki +ky n kxz +ky2
o kxl kZl ka —kZz
g | YL | 22
X1 —Z11 X2 —22
= kT(fO-ﬁ-kT(fz)
Therefore T is a linear transformation. 'y

Two important examples of linear transformations are the zero transformation and identity transfor-
mation. The zero transformation defined by 7 (X¥) = O for all X is an example of a linear transformation.
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Similarly the identity transformation defined by 7 (X) = X is also linear. Take the time to prove these using
the method demonstrated in Example 5.4.

The argument above shows that every matrix transformation is a linear transformation:

Theorem 5.5: Matrix Transformations are Linear Transformations

Let T4 : R" — R™ be a function defined by T (X) = AX. Then T is a linear transformation.

It turns out that every linear transformation can be expressed as a matrix transformation, and thus linear
transformations are exactly the same as matrix transformations. We will show this in the next section.

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(Q N g Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

5.2 The Matrix of a Linear Transformation |

A. Find the matrix of a linear transformation with respect to the standard basis.
B. Determine the action of a linear transformation on a vector in R".
In the examples in the last section, the action of the linear transformations was to multiply by a matrix.

It turns out that this is always the case for linear transformations. If 7 is any linear transformation which
maps R” to R™, there is always an m x n matrix A with the property that

T (%) = A% (5.1)

for all X € R".
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Establishing that fact is the main goal of this section.

Theorem 5.6: Matrix of a Linear Transformation

Let T : R" — R™ be a linear transformation. Then we can find a matrix A such that T (X) = AX. In
this case, we say that T is determined or induced or represented by the matrix A.

We are going to establish this using the fundamental fact that the set {e],¢5,...,¢,} is a basis for R".
Suppose T : R" — R™ is a linear transformation and you want to find the matrix that defines this linear
transformation as described in Equation 5.1. Note that

X1 1 0 0
b %) 1 0 n
X = =x1| . |+x| . [+Fx]| . :ina'
: : : : =
Xn 0 0 1

where &; is the i column of I,,, that is the n x 1 vector which has zeros in every slot but the i andalin
this slot.

Then since T is linear,

n
T ()?) = le'T (Zl)
i=1
| | 1
= { T (1) T (én) E
| | Xn
X1
= Al :
Xn
The desired matrix is obtained from constructing the i/ column as T (&;) . Recall that the set {€},&5, - ,&,}

is called the standard basis of R”. Therefore the matrix of T is found by applying 7 to the standard basis.
We state this formally as the following theorem.

Theorem 5.7: Matrix of a Linear Transformation

Let T : R" — R™ be a linear transformation. Then the matrix A satisfying T (X) = AX is given by

so the i'" column of A is the image, under the transformation T, of the i'" standard basis vector, é;.

We will say that the matrix A represents the linear transformation T with respect to the standard
basis.
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Combining Theorem 5.7 with Theorem 5.5, we have the following fundamental result:

Corollary 5.8: Matrices and Linear Transformations

A function T : R" — R™ is a linear transformation if and only if it is a matrix transformation.

Consider the following example.

Example 5.9: The Matrix of a Linear Transformation

Suppose T is a linear transformation, T : R3 — R? where

1 0 0
(HRORHESEHED
0 0 1

Find the matrix A that represents T with respect to the standard basis.

Solution. By Theorem 5.7 we construct A as follows:

In this case, A will be a 2 x 3 matrix, so we need to find 7 (¢;),T (¢;), and T (€3). Luckily, we have
been given these values so we can fill in A as needed, using these vectors as the columns of A. Hence,

1 91
A:[z -3 1}
)

In this example, we were given the resulting vectors of T (¢;),T (¢;), and T (¢3). Constructing the
matrix A was simple, as we could simply use these vectors as the columns of A. The next example shows
how to find A when we are not given the 7 (¢;) so clearly.

Example 5.10: The Matrix of Linear Transformation: Inconveniently

Defined

Suppose T is a linear transformation, T : R — R? and

[i]= 2] r )= 5]

Find the matrix A that represents T with respect to the standard basis.

Solution. By Theorem 5.7 to find this matrix, we need to determine the action of 7' on the standard basis
vectors €] and é;. Here we have been given T of two different vectors, and this is where linearity of T
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comes in. In particular for €, suppose there exist x and y such that

{H:x“]”{—?] (5:2)
o] =i o[ 4]

Substituting in values, this sum becomes
1 1 3
T[O}_X[Z]-'_y{Z} (5.3)

Therefore, if we know the values of x and y which satisfy 5.2, we can substitute these into equation
5.3. By doing so, we find T (¢€]) which is the first column of the matrix A.

Then, since T is linear,

We proceed to find x and y. We do so by solving 5.2, which can be done by solving the system

We see that x = 1 and y = 1 is the solution to this system. Substituting these values into equation 5.3,

we have
1 1 3 1 3 4
AR I PR H
4 | .
Therefore [ 4} is the first column of A.

Computing the second column is done in the same way, and is left as an exercise.
The resulting matrix A is given by
4 -3
=i 3]
)

This example illustrates a very long procedure for finding the matrix of A. While this method is reliable
and will always result in the correct matrix A, the following procedure provides an alternative method.

Suppose T : R" — R™ is a linear transformation. Suppose there exist vectors {dy,--- ,d,} in R"
— — 71 .
such that [ a --- dp } exists, and

T () =b;

Then the matrix that represents T with respect to the standard basis is
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We will illustrate this procedure in the following example. You may also find it useful to work through
Example 5.10 using this procedure.

Example 5.12: Matrix of a Linear Transformation

Given Inconveniently

Suppose T : R? — R3 is a linear transformation and

1 0 0 2 1 0
T|3|=|1|,T{1|={(1]|,T|{1|=]0
1 1 1 3 0 1

Find the matrix of this linear transformation with respect to the standard basis.

-1

1 01 020
Solution. By Procedure 5.11,A=| 3 1 1 andB=|1 1 0
110 31
Then, Procedure 5.11 claims that the matrix of T is
2 -2 4
C=BA'=]|0 01
4 -3 6

Indeed you can first verify that T'(X) = CX for the 3 vectors above:

2 -2 4 1 2 -2 4 0
0 0 1 3| = .10 0 1 1]l=1]1
4 -3 6 1 | 4 -3 6|1

2 2 471 0]

0 0 1 1|l=1]0

4 -3 6|0 1

But more generally T (¥) = C% for any ¥. To see this, let ¥ = A~'¥ and then using linearity of 7
T(X)=T(Ay)=T (ZWE) =Y 57(@)Y 5:bi = By = BA™ ' = Cx
i

)

Recall the dot product discussed earlier. Fix a vector i € R" and consider the function 7 : R” — R”
defined by T (V) = proj; (V) which takes a vector and maps it to its projection onto . It turns out that this
function is a linear transformation, a result which follows from the properties of the dot product. This is
shown as follows.

u-u

o kv -+ piw) - i\ _
proj; (kv +pw) = <7( fl) )u
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&
:i‘ ]

Vi 7AW
7 U

=k projg (V) + p projg (W)

Consider the following example.

Example 5.13: Matrix of a Projection Map

1
Letii= | 2 | and let T be the projection map T : R> — R> defined by

3
T (¥) = projz (V)
for any v € R3.
1. Does this transformation come from multiplication by a matrix?

2. If so, what is the matrix?

Solution.

1. First, we have just seen that T'(V) = proj; (V) is linear. Therefore by Theorem 5.6, we can find a
matrix A such that 7'(X) = AX.

2. The columns of the matrix for T are defined above as T'(¢;). It follows that T'(¢;) = proj;; (€;) gives
the i column of the desired matrix. Therefore, we need to find

o €-u\
proj (&) = (l ) i

u-u

For the given vector # , this implies the columns of the desired matrix are

1 1 1
) 2| 2] 2
3 3 3

which you can verify. Hence the matrix that represents 7 relative to the standard basis is

W N =
(o) NI N
O O\ W

14
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

5.3 Properties of Linear Transformations

A. Use properties of linear transformations to solve problems.

B. Find the composite of transformations and the inverse of a transformation.

Let 7 : R" — R™ be a linear transformation. Then there are some important properties of 7" which will
be examined in this section. Consider the following theorem.
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Theorem 5.14: Properties of Linear Transformations

Let T : R" — R™ be a linear transformation and let ¥ € R”".

T preserves the zero vector.

T(0X) = 0T (%). Hence T (0) =0

T preserves the negative of a vector:

T((—1)X) = (—1)T(X). Hence T(—X) = —T(X).

T preserves linear combinations:
LetXy,...Xx € R" and ay,...,a; € R.

Then it y = a1 X| + axXs + ... + ayXy, it follows that

T(Y) =T (a1X1 +axXo +...+ axy) = aT (X)) +axT (%) + ... + a T (Xx).

These properties are useful in determining the action of a transformation on a given vector. Consider
the following example.

Example 5.15: Linear Combination

Let T : R3 — R* be a linear transformation such that
0 [4] e [
T|3|= ,T |10 | =
1 0 5 -1
-2 5
—7
Find T 3
-9
—7 -7
Solution. Using the third property in Theorem 5.14, we can find T 3 | by writing 3 | asalinear
-9 -9
1 4
combinationof | 3 | and | O
1 5
Therefore we want to find a,b € R such that
—17 1 4
3 ({=a|3|+b| 0
-9 1 5
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The necessary augmented matrix and resulting reduced row-echelon form are given by:

1 4| -7 1 0 1
30, 3({—--—=101|-=-2
1 5/-9 0 0 O
Hence a =1,b = —2 and
-7 1 4
3|1=1]3|+(-2)]0
-9 1 5
Now, using the third property above, we have
—7 1 [ 4
T 3 = T(1|3|+(=2)]0
-9 1 |5
1 4]
= 1T 3 |-2T | O
1 5 |
[ 4 4
4 5
- o | 2| -
| 2 5
[ —4
- —6
N 2
| —12
-7 :2
Therefore, T 3| = N 'Y
-9 —12

Suppose two linear transformations act in the same way on X for all vectors. Then we say that these
transformations are equal.

Let S and T be linear transformations from R" to R™. Then S = T if and only if for every X € R",
§(X) =T (x)
Suppose two linear transformations act on the same vector X, first the transformation 7 and then a

second transformation given by S. We can find the composite transformation that results from applying
both transformations.
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LetT : R*+— R” and S : R" — R be linear transformations. Then the composite of S and T is
SoT : RF s R™
The action of So T is given by

(SoT)(X) = S(T (X)) for all ¥ € R

Notice that the resulting vector will be in R”. Be careful to observe the order of transformations. We
write So T but apply the transformation 7 first, followed by S.

Theorem 5.18: Composition of Transformations

Let T : R*+— R" and S : R" — R™ be linear transformations such that T is induced by the matrix
A and S is induced by the matrix B. Then SoT is a linear transformation which is induced by the
matrix BA.

Consider the following example.

Example 5.19: Composition of Transformations

Let T be a linear transformation induced by the matrix

1 2
A= 4]
and S a linear transformation induced by the matrix
2 3
=[5 1]

Find the matrix of the composite transformation So T. Then, find (So T)(X) for X = { 411 } .

Solution. By Theorem 5.18, the matrix of So T is given by BA.

(o] ol=[3 0]

To find (So T)(X), multiply X by BA as follows
8 4 1[17 [24
20 41 | 2
127711 _[9
20 41 |2

To check, first determine 7'(X):
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Then, compute S(7' (X)) as follows:
2 31[9] [o24
0 1 20 | 2
[ )

Consider a composite transformation So 7', and suppose that this transformation acted such that (So
T)(X) = X. That is, the transformation S took the vector T (X) and returned it to X. In this case, S and T are
inverses of each other. Consider the following definition.

LetT :R"+— R" and S : R" — R" be linear transformations. Suppose that for each X € R",
(SoT)(X) =X

and
(ToS)(X)=x

Then, S is called an inverse of T and T is called an inverse of S. Geometrically, they reverse the
action of each other.

The following theorem is crucial, as it claims that the above inverse transformations are unique.

Theorem 5.21: Inverse of a Transformation

Let T : R" — R" be a linear transformation induced by the matrix A. Then T has an inverse trans-
formation if and only if the matrix A is invertible. In this case, the inverse transformation is unique
and denoted T~' : R" — R™. T~! is induced by the matrix A~

Consider the following example.

Example 5.22: Inverse of a Transformation

Let T : R? — R? be a linear transformation induced by the matrix
2 3
=[5 4]

Show that T~ exists and find the matrix B which it is induced by.

Solution. Since the matrix A is invertible, it follows that the transformation 7 is invertible. Therefore, 7!
exists.

You can verify that A~! is given by:
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Therefore the linear transformation 7! is induced by the matrix A~!. [ )

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(2 ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

5.4 Special Linear Transformations in R

A. Find the matrix of rotations and reflections in R? and determine the action of each on a vector
. 2
in R-.

In this section, we will examine some special examples of linear transformations mapping R? to R?,
including rotations and reflections. We will use the geometric descriptions of vector addition and scalar
multiplication discussed earlier to show that a rotation of vectors through an angle and reflection of a
vector across a line are examples of linear transformations.

More generally, denote a transformation given by a rotation by 7. Why is such a transformation linear?
Consider the following picture which illustrates a rotation. Let i,V denote vectors.

T (i) +T (V)
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Let’s consider how to obtain 7 (i + V). Simply, you add 7 (&) and T (V). Here is why. If you add
T (i) to T (V) you get the diagonal of the parallelogram determined by T (i) and T (V), as this action is our
usual vector addition. Now, suppose we first add # and Vv, and then apply the transformation T to i + V.
Hence, we find T'(ii + V). As shown in the diagram, this will result in the same vector. In other words,
TU+v)=Tu)+T®).

This is because the rotation preserves all angles between the vectors as well as their lengths. In par-
ticular, it preserves the shape of this parallelogram. Thus both 7 (i) 4+ T (V) and T (i + V) give the same
vector. It follows that T distributes across addition of the vectors of R?.

Similarly, if k is a scalar, it follows that T (ki) = kT (i). Thus rotations are an example of a linear
transformation by Definition 5.3.

The following theorem gives the matrix of a linear transformation which rotates all vectors through an
angle of 6.

Theorem 5.23: Rotation

Let Rg : R?> — R? be a linear transformation given by rotating vectors through an angle of 6. Then
the matrix A that represents Ry relative to the standard basis is given by

==

Proof. Leté; = (1) } and é; = [ (1)

x axis and positive y axis as shown.

] . These identify the geometric vectors which point along the positive

(—sin(6),cos(0)) Rg(21) n(cos(8),sin(0))

0(€2)\ g

From Theorem 5.7, we need to find Rg(€}) and Rg(&>), and use these as the columns of the matrix A of
T. We can use the cosine and sine of the angle 6 to find the coordinates of Ry(€;) as shown in the above
picture. The coordinates of Rg(&,) also follow from trigonometry. Thus

. cos O . —sin 6
Re(é1) = [ sin 6 ]’ Re(e2) = [ cos O }

Therefore, from Theorem 5.7,

A cosO® —sinb
| sin® cos@
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We can also prove this algebraically without the use of the above picture. The definition of (cos (6),sin(6))
is as the coordinates of the point of Rg(€). Now the point of the vector &; is exactly /2 further along the
unit circle from the point of €|, and therefore after rotation through an angle of 0 the coordinates x and y
of the point of Rg(&,) are given by

(x,y) = (cos (0 +m/2),sin(0 +7/2)) = (—sinH,cos )

Consider the following example.

Example 5.24: Rotation in R?

Let Rz : R? — R? denote rotation through /2. Find the matrix of Rz. Then, find R%(f) where
L [ 1
X = 9 |-

Solution. By Theorem 5.23, the matrix of R% is given by

ote) @ <[t B =1 ]

To find Rz (X¥), we multiply the matrix of Rz by X as follows
0 —1 1] [2
1 0 21 |1

We now look at an example of a linear transformation involving two angles.

Example 5.25: The Rotation Matrix of the Sum of Two Angles

Find the matrix of the linear transformation which is obtained by first rotating all vectors through an
angle of ¢ and then through an angle 6. Hence the linear transformation rotates all vectors through

an angle of 0 + ¢.

Solution. Let Rg ¢ denote the linear transformation which rotates every vector through an angle of 6 + ¢.
Then to obtain Ry ¢, we first apply Ry and then Ry where Ry is the linear transformation which rotates
through an angle of ¢ and Ry is the linear transformation which rotates through an angle of 6. Denoting
the corresponding matrices by Agyg, Ay, and Ag, it follows that for every i

R (il) = Agyii = AgApii = RoRy (id)

Notice the order of the matrices here!
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Consequently, you must have

Aoss [cos(e+¢) —sin(e+¢)]

sin(0+¢) cos(60+¢)
[cos@ —sin@]{cosq) —sin¢

sin® cos6 sing cos¢

] = ApAy

The usual matrix multiplication yields

4 | cos(B+¢) —sin(6+9)
010 = | sin(6+¢) cos(6+9)
-~ cos@cos¢p —sinOsing —cosBsin¢ —sinbcos @
- sin@cos¢ +cosBsing cosOcos@ —sinOsing
= ApAy

Don’t these look familiar? They are the usual trigonometric identities for the sum of two angles derived
here using linear algebra concepts.

[ )

Here we have focused on rotations in two dimensions. However, you can consider rotations and other
geometric concepts in any number of dimensions. This is one of the major advantages of linear algebra.
You can break down a difficult geometrical procedure into small steps, each corresponding to multiplica-
tion by an appropriate matrix. Then by multiplying the matrices, you can obtain a single matrix which can
give you numerical information on the results of applying the given sequence of simple procedures.

Linear transformations which reflect vectors across a line are a second important type of transforma-
tions in R2. You should draw a picture to convince yourself, geometrically, that reflecting across a line
that passes through the origin is, in fact, a linear transformation. Once you have done that, consider the
following theorem.

Theorem 5.26: Reflection

Let Q,, : R* — R? be a linear transformation given by reflecting vectors over the line j = mX. Then
the matrix of Q,, relative to the standard basis is given by

1 1 —m? 2m
1+ m?2 2m m?—1

Consider the following example.

Example 5.27: Reflection in R?

Let O, : R? — R? denote reflection over the line y = 2X. Then Q; is a linear transformation. Find

the matrix of Q,. Then, find Q»(X) where X = { _; } :
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Solution. By Theorem 5.26, the matrix of Q> is given by

Lo[1=m® 2m ]_ 1 [1-(2% 220 ]_1
1—|—m2[ 2m mz—l]_l—i—(Z)z{ 2(2) (2)2_1]_5

To find Q> (X) we multiply X by the matrix of Q; as follows:
1[=381[ 1] [-%
s| 8327 2

Consider the following example which incorporates a reflection as well as a rotation of vectors.

Example 5.28: Rotation Followed by a Reflection

Find the matrix of the linear transformation which is obtained by first rotating all vectors through
an angle of m /6 and then reflecting through the x axis.

Solution. By Theorem 5.23, the matrix of the transformation which involves rotating through an angle of
/6 is

1 1

V3 3

ootz sz ][5

sin(m/6)  cos(m/6)

Reflecting across the x axis is the same action as reflecting vectors over the line y = mx with m = 0.
By Theorem 5.26, the matrix for the transformation which reflects all vectors through the x axis is

el PRGN P T [ S B

Therefore, the matrix of the linear transformation which first rotates through 7/6 and then reflects
through the x axis is given by
1 1 1 1
{ 10 ] V3 3 V3 3
11 = 1 1
0 -1 7 2V3 -3 —V3

)

Here are two more examples of geometric transformations which are actually matrix transformations.
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Example 5.29: Expansion and Compression

If a > 0, the matrix transformation T { )yc } = { ayx ] induced by the matrix A = { g (1) } is called

an x-expansion of R? if a > 1, and an x-compression if 0 < a < 1. The names follow from their

geometric interpretation as shown in the diagram below. Similarly, if b > 0 the matrix A = { (1) 2 ]

gives rise to y-expansions and y-compressions.

y y y

X-compression X-expansion

ol
ol
Q
I

Example 5.30: Shear
. . . X X+ay | . .
If a is a number, the matrix transformation T { y ] = { y ] induced by the matrix A =

[ (1) Lll } is called an x-shear of R? (positive if a > 0 and negative if a < 0). Its effect is illustrated

below when a = % and a = —}‘.
y y y ]
Positive x-shear Negative x-shear
5] g 5]
y y
0N 0 0N
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5.5 One to One and Onto Transformations

A. Determine if a linear transformation is onto or one to one.

Let T : R" — R™ be a linear transformation. We define the range or image of 7 as the set of vectors
of R™ which are of the form T (X) (equivalently, AX) for some X € R”". It is common to write TR", T (R"),
or Im (7) to denote the range of 7.

Lemma 5.31: Range of a Matrix Transformation

X1
Let A be an m X n matrix where A;,--- ,A,, denote the columns of A. Then, for a vector X =

Xn
in R",

n
AX = Z xkAk
k=1
Therefore, A (R") is the collection of all linear combinations of these products.
Proof. This follows from the definition of matrix multiplication. [ )

This section is devoted to studying two important types of linear transformations, called one to one
transformations and onto transformations. We define them now.
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A linear transformation T : R" — R™ is called one to one (often written as 1 — 1) or injective if
whenever X| # X, € R" it follows that :

T (X)) #T (%)

Equivalently, if T (X;) = T (X»), then X; = X,. Thus, T is one to one if it never takes two different
vectors to the same vector.

The second important property a linear transformation may have is called being onto, or surjective.

LetT :R" — R™ be a linear transformation. Then T is called onto or surjective if for every X, € R
there exists some X; € R" such that T (X]) = X».

We often call a linear transformation which is one-to-one an injection. Similarly, a linear transforma-
tion which is onto is often called a surjection.

The following proposition is an important result.

Proposition 5.34: One to One

Let T : R" — R™ be a linear transformation. Then T is one to one if and only if T (X) = 0 implies
=0.

=l

Proof. We need to prove two things here. First, we will prove that if 7 is one to one, then 7' (X) = 0 implies
that ¥ = 0. Second, we will show that if 7(X) = 0 implies that X = 0, then it follows that 7 is one to one.
Recall that a linear transformation has the property that 7/(0) = 0.

Suppose first that T is one to one and consider T (0).
TO) =T (6+6) = T(0)+7(0)

and so, adding the additive inverse of 7(0) to both sides, one sees that T(0) = 0. If T(%) = 0 it must be
the case that X = 0 because it was just shown that 7(0) = 0 and T is assumed to be one to one.

Now assume that if 7'(¥) = 0, then it follows that ¥ = 0. If T'(¥) = T (&), then
TG —T@) =T F—id)=0
which shows that v — 7 = 0. In other words, v = i, and T is one to one. '

Suppose that T : R” —" is a linear transformation and suppose that A is the matrix that represents T
relative to the standard basis. Then Proposition 5.34 tells us that if A = [ A - Ay ] then A is one to
one if and only if whenever

i CkAk = 6
k=1
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it follows that each scalar ¢, = 0.

We will now take a look at an example of a one to one and onto linear transformation.

Example 5.35: A One to One and Onto Linear Transformation

S r[3]=[1 2] ]3]

Then, T : R — R? is a linear transformation. Is T onto? Is it one to one?

Solution. Recall that because T can be expressed as matrix multiplication, we know that 7 is a linear
transformation. We will first check whether the linear transformation 7" is an onto transformation. So

suppose { “ } € R2. Does there exist { ; } € R? such that T { i ] = [ “lore so, then since “|isan

b b b
arbitrary vector in R?, it will follow that T is onto.
This question is familiar to you. It is asking whether there is a solution to the equation
11 x| |a
1 2 y| | b
This is the same thing as asking for a solution to the following system of equations.
X+y=a
x+2y=>b
Set up the augmented matrix and row reduce.
1 1|a 1 0|2a—-b
{1219]_){01‘19—61} 4

You can see from this point that the system has a solution. Therefore, we have shown that for any a, b,

there is a {i} suchthatT{i} = { Z }.ThusTisonto.

Now we want to know if T is one to one. By Proposition 5.34 it is enough to show that AX = 0 implies
X = 0. Consider the system AX = 0 given by:

11 x| |0
1 2 y| |0
This is the same as the system given by

x+y=0
x+2y=0

We need to show that the only solution to this system is x = 0 and y = 0. By setting up the augmented
matrix and row reducing, we end up with
1 0(0
{ 0 1[0 ]
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This tells us that x = 0 and y = 0. Returning to the original system, this says that if
11 x| |0
1 2 y| |0
x| |0
y| |0

In other words, AX = 0 implies that X = 0. By Proposition 5.34, A is one to one, and so 7 is also one to
one.

then

We also could have seen that T is one to one from our above solution for onto. By looking at the matrix
given by 5.4, you can see that there is a unique solution given by x = 2a — b and y = b — a. Therefore,
there is only one vector, specifically { i } = { Zba_—ab } such that T { i } = { Z } Hence by Definition
5.32, T is one to one. 'y

Example 5.36: An Onto Transformation

Let T : R* — R? be a linear transformation defined by

cRrR*

Lo
QUL O S Q

Prove that T is onto but not one to one.

Solution. You can prove that 7 is in fact linear.

To show that T is onto, let { ; } be an arbitrary vector in R?. Taking the vector € R* we have

O O =

Pﬂ
O O =
|
1
- =
-
o O
—_
[
| — |
= =
—_

This shows that T is onto.
By Proposition 5.34 T is one to one if and only if 7'(X) = 0 implies that X = 0. Observe that

:{101_01}:{8}

There exists a nonzero vector X in R* such that 7'(¥) = 0. It follows that T is not one to one. [

—_—0 O =
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The above example demonstrates a method to determine if a linear transformation 7 is one to one
or onto, but the method was sort of haphazard—there isn’t a nice procedure that generalizes to other
situations. Fortunately, it turns out that the matrix A that represents 7" with respect to the standard basis
can tell us whether T is injective or surjective or both or neither.

Theorem 5.37: Matrix of a One to One or Onto Transformation

Let T : R" — R™ be a linear transformation represented by the m x n matrix A. Then T is one to
one if and only if the rank of A is n. T is onto if and only if the rank of A is m.

Consider Example 5.36. Above we showed that 7 was onto but not one to one. We can now use this
theorem to determine this fact about 7'.

Example 5.38: An Onto Transformation

Let T : R* — R? be a linear transformation defined by

cR*

QUL O S Q
QLo T Q

Prove that T is onto but not one to one.

Solution. Using Theorem 5.37 we can show that T is onto but not one to one from the matrix of 7. Recall
that to find the matrix A of T, we apply T to each of the standard basis vectors & of R*. The result is the
2 x 4 matrix A given by

A { 1001 ]

0110

Fortunately, this matrix is already in reduced row-echelon form. The rank of A is 2. Therefore by the
above theorem 7 is onto but not one to one. 'y

Compositions

If 7 :R" — R™ and S : R™ — R¥ are both linear transformations, we can think about the composition of
these two functions, which is denoted S o 7. Here’s how the composition is defined:

SoT :R" — Rk
X S(T(X))
So to compute the value of the composition So T applied to the vector X, first you compute 7' (X), and

then you compute S(7'(X)). Notice that 7' (X) € R™, so it makes sense to apply the linear transformation §
to that vector.
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It turns out that if both 7 and § are linear transformations, then the composition So 7 is also a linear
transformation. We know that 7 is represented by an m X n matrix A and S is represented by a m X k matrix
B. We also know that some matrix represents S o 7 relative to the standard basis. Fortunately, there is an
easy way to find that matrix—it is simply the matrix product BA, since

(SoT)(%) = S(T(¥)) = S(AT) = B(AT) = (BA)S.

This is one of the best things about our definition of matrix multiplication—we can represent compo-
sition by multiplication.

We’ll finish this section by examining some of the ways that taking compostions effects injectivity and
surjectivity of linear transformations.

Example 5.39: Composite of Onto Transformations

Let T :R" — R™ and S : R™ — R* be linear transformations. Show that if T and S are onto, then
SoT is onto.

Solution. Let Z € R*. Since S is onto, there exists a vector y € R™ such that S(¥) = Z. Furthermore, since
T is onto, there exists a vector X € R” such that 7 (X) = y. Thus

2=38(y) =8(T(x)) = ($T)(X),
showing that for each 7 € R there exists and ¥ € R” such that (ST)(X) = 7. Therefore, So T is onto.

The next example shows the same concept with regards to one-to-one transformations.

Example 5.40: Composite of One to One Transformations

LetT : R" — R™ and S : R™ — RX be linear transformations. Prove that if T and S are one to one,
then So T is one-to-one.

Solution. To prove that So T is one to one, we need to show that if S(T(¥)) = 0 it follows that ¥ = 0.
Suppose that S(T'(V)) = 0. Since S is one to one, it follows that 7'(V) = 0. Similarly, since T is one to one,
it follows that v = 0. Hence So T is one to one. [

Here’s a chance for another look under the hood. Notice that nowhere in the last two examples did
we use the fact that our functions were linear transformations. So our arguments show that compositions
of injections are injections whether or not the functions involved are linear transformations. And the
composition of surjections is a surjection. So, for example, the function f(x) = ¢* is an injection and the
function g(x) = x° is also an injection. Therefore the function h(x) = (go f)(x) = g(f(x)) = [¢']* is also
an injection.
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5.6 Isomorphisms

A. Determine if a linear transformation is an isomorphism.

B. Determine if two subspaces of R" are isomorphic.

Recall the definition of a linear transformation. Let V and W be two subspaces of R” and R™ respec-
tively. A mapping T : V — W is called a linear transformation or linear map if it preserves the algebraic
operations of addition and scalar multiplication. Specifically, if a,b are scalars and X,y are vectors,

T (aX+by) = aT (X) + bT ()

Consider the following important definition.

Suppose that V is a subspace of R" and that W is a subspace of R". A linear map T : V — W is
called an isomorphism from V to W if the following two conditions are satisfied.

e T is one to one. That is, if T (X) = T (¥), then X =y.

* T is onto. That is, if w € W, there exists V € V such that T (V) = w.
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Consider the following example of an isomorphism.

Example 5.42: Isomorphism

Let T : R? — R? be defined by
T{x} {x—}—y]

Show that T is an isomorphism from R? to R?.

Solution. To prove that T is an isomorphism we must show

1. T is a linear transformation;
2. T is one to one;

3. T is onto.

We proceed as follows.

1. T is a linear transformation:

D - gl

_ 7 kx1 + px;
kyi + py2

_ | (kx1+px2) + (kyi + py2) }
| (kx1 4 px2) — (kyi + py2)

_ (kx1+ky1)+(Px2+Py2) }
| (kx1 —ky1) + (px2 — py2)

_ [ ku +/<y1 n { px2+py2 }
| kxp — pxX2—py2

ez
X1 — )1 X2 —y2
= ([n])-er([2])
1 2
Therefore T is linear.

2. T is one to one:

We need to show that if T'(X) = 0 for a vector ¥ € R?, then it follows that ¥ = 0. Let ¥ = { Y } :

D132 |
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This provides a system of equations given by

xX+y =

0
x—y =0

You can verify that the solution to this system if x = y = 0. Therefore

and T is one to one.

3. T is onto:

Let a,b be scalars. We want to check if there is always a solution to

r([3])=[20]=1F]

This can be represented as the system of equations

Xty = a
x—y = b

Setting up the augmented matrix and row reducing gives

1 1 |a ‘%
I S I 1] et

This has a solution for all a,b and therefore T is onto.

Therefore T is an isomorphism. )

If there is an isomorphism from V to W, the idea is that V and W are supposed to have the same
shape, as the Greek roots of the word, iso-, meaning equal or identical, and -morphe, meaning form or
shape. This is one of the most important words in mathematics, since seeing when two things have the
same shape lets you use what you know about one of the things to deduce properties about the other
thing. Different subfields of mathematics have different definitions of what an isomorphism is, as they are
interested in emphasizing different aspects of the “shape” of an object. For us, we are mostly interested in
the dimension of the subspace—what bases might look like. As we have seen, if you know what happens
to a basis of V, you know what happens to any vector in V. We will prove in Theorem 5.47 that there is an
isomorphism from V' to W if and only if they have the same dimension. This means (roughly) that there is
only one kind of 3-dimensional space, since every 3-dimensional space “looks like” R3.

One might expect that if V has the same shape as W, then W should have the same shape as V. Trans-
lating that, this says that if there is an isomorphism mapping V to W, then there should be an isomorphism
mapping W to V. Our next result gives us such an isomorphism by looking at inverses. Thus we will
be justified in saying that if there is an isomorphism mapping V to W then the subspaces V and W are
isomorphic.
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Proposition 5.43: Inverse of an Isomorphism

Suppose that T is a subspace of R" and W is a subspace of R™. Suppose that T : V — W is an
isomorphism. Then T~! : W — V is also an isomorphism.

Proof. Let T be an isomorphism. We must show that the function 7! is a linear transformation that is
both surjective and injective.

To show that 7! is a linear transformation, fix vectors W) and W, in W and fix scalars @ and b. We
must show that
T~ aw +bws) = aT (W) +bT ' (wh).

Since T is onto, we know there are vectors v and v, both elements of R”, such that W = T'(v]) and
wh = T (v3). So we must show the following:

T~ (aT (%) +bT (v3)) = aT~ (T (W) +bT (T (%)).

As T and T~! are inverses of each other, we can simplify the right hand side of this equation, so we
need only show that

T~ (aT (W) +bT (2)) = avi + bvj.

This equation is of the form 7! (y) = x. Since 7! is the inverse of T, this is equivalent to the equation
y = T(x). So (finally) to show that 7! is a linear transformation, all we must do is prove that

aT (%)) +bT (v3) = T (avi +b7).

But this is exactly what it means to say that 7 is a linear transformation. Since we have assumed that
T is a linear transformation, we can conclude that 7~ is also a linear transformation.

To finish showing that T~! is an isomorphism, we must show that 7! is both onto and one to one.
Fortunately, both of these arguments are shorter and easier.

To show that T~! : W — V is onto. Fix ¥ € V. Notice that T~!(T(¥) = ¥, and so we have found an
element of W (namely, T (¥)) that is mapped to ¥. Thus 7! is onto.

To show that 7! is one to one, it suffices to show that if T’l(vT/) = 6, then w = 0. So assume that
T-'(w) =0. Then
w=T(T"'(w)=T(0)=0,
as T is a linear transformation. But this means that we have shown that 7! is injective, and this finishes
the proof that 7! is an isomorphism. [

Another important result is that the composition of multiple isomorphisms is also an isomorphism.

Proposition 5.44: Composition of Isomorphisms

LetT:V — W and S : W — Z be isomorphisms where V,W,Z are subspaces of R", R™, and R,
respectively. Then SoT : V — Z defined by (SoT) (V) = S(T (V)) is also an isomorphism.
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Proof. Suppose 7 : V — W and S : W — Z are isomorphisms. Why is So T a linear map? For a,b scalars,

SoT (aV1 +b(Vy)) = S(T (av)+br)) =S (aTV|+bTV,)
= aS(TV))+bS(TV,)=a(SoT)(V1)+b(SoT) (V)
Hence So T is a linear map. If (SoT) (¥) = 0, then S (T (¥)) = 0 and it follows from the fact that S is an

—

injection and Proposition 5.34 that 7'(V') = 0 and hence by the same proposition again, vV = 0. Thus SoT is
one to one. It remains to verify that So 7 is onto. Let 7 € Z. Then since S is onto, there exists w € W such
that S(w) = Z. Also, since T is onto, there exists v € V such that 7' (V) = w. It follows that S (7 (V)) =7 and
so SoT is also onto. 'y

Consider two subspaces V and W, and suppose there exists an isomorphism mapping one to the other.
In this way the two subspaces are related, which we can write as V ~ W. Then the previous two propo-
sitions together claim that ~ is an equivalence relation. That is: ~ satisfies the following conditions:

e VAV
e If V ~ W, it follows that W ~V
e fV~WandW ~Z,thenV ~Z

We leave the verification of these conditions as an exercise.

Consider the following example.

Example 5.45: Matrix Isomorphism

Let T : R" — R”" be defined by T (X) = A(X) where A is an invertible n X n matrix. Then T is an
isomorphism.

Solution. The reason for this is that, since A is invertible, the only vector it sends to 0 is the zero vector.
Hence if A(X) = A(¥), then A (¥ — ¥) = 0 and so ¥ = . Itis onto because if y € R", A (A~ ()) = (AA~") (¥)
=7 Ps

In fact, all isomorphisms from R” to R” can be expressed as 7'(X) = A(X) where A is an invertible n X n
matrix. One simply considers the matrix whose ' column is 7'¢;, which is the matrix that represents the

transformation 7" with respect to the standard basis.

Recall that a basis of a subspace V is a set of linearly independent vectors which span V. The following
fundamental lemma describes the relation between bases and isomorphisms.

Lemma 5.46: Mapping Bases

LetT :V — W be a linear transformation where V,W are subspaces of R". If T is one to one, then
it has the property that if {ii,- - - i} is linearly independent, so is {T (iy),---, T (iy)}.

More generally, T is an isomorphism if and only if whenever {V},--- ,V,} is a basis for V, it follows
that {T (Vy),---,T(V,)} is a basis for W.
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Proof. First suppose that T is a one to one linear transformation and assume that {1, i} is linearly
independent. It is required to show that {7 (i), --,T (i)} is also linearly independent. Suppose then that

k —
Z CiT(ﬁi) =0
i=1

T (i Ciﬁ,’) = 6
i=1

i Ciﬁi =0
i=1

Now the fact that {iy,- - ,u,} is linearly independent implies that each ¢; = 0. Hence {7 (i}), -, T (i,)}
is linearly independent.

Then, since T is linear,

Since T is one to one, it follows that

Now suppose that T is an isomorphism and {Vy,---,V,} is a basis for V. It was just shown that
{T(Vy),---,T(¥,)} is linearly independent. It remains to verify that span{7 (v}),---,T(V,)} = W. If
w € W, then since T is onto there exists v € V such that 7 (V) = w. Since {V},---,V,} is a basis, it follows

that there exists scalars {c;};_, such that
n
Z Ci‘_;i =V.
i=1

Hence,

-

i=1
It follows that span{7 (V}),---,T(V,) } = W showing that this set of vectors is a basis for W.

w=T@) =T (i‘iciﬁ) =) aT (V)

Next suppose that 7" is a linear transformation which takes a basis to a basis. This means that if
{V1,--,V,} is a basis for V, it follows {T'(V}),---,T(V,)} is a basis for W. Then if w € W, there exist
scalars ¢; such that w = YU, ¢;T () = T (L7, c;ivi) showing that T is onto. If T (¥}, c;i%;) = O then
Y, ¢;T(¥) = 0 and since the vectors {T(¥),---,T(¥,)} are linearly independent, it follows that each
¢; =0. Since Y., ¢;V; is a typical vector in V, this has shown that if T'(V) = 0 then ¥ = 0 and so T is also
one to one. Thus 7 is an isomorphism. '

The following theorem illustrates a very useful idea for defining an isomorphism. Basically, if you
know what it does to a basis, then you can construct the isomorphism.

Theorem 5.47: Isomorphic Subspaces

Suppose V is a subspace of R", and W a subspace of R™. Then the two subspaces are isomorphic
if and only if they have the same dimension. In the case that the two subspaces have the same
dimension, then for a linear map T : V — W, the following are equivalent.

1. T is one to one.
2. T is onto.

3. T is an isomorphism.
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Proof. Suppose first that these two subspaces have the same dimension.
and let a basis for W be {wy,---,w;}. Now define T as follows.

~
Y
<!
SN—
S|

and for Zf-‘zl ¢;V; an arbitrary vector of V,

k k k
T (Z c,-\7,-> = ZCiT<\7i) = Zciv_‘;i-
i=1 i=1 i=1

It is necessary to verify that this is well defined. Suppose then that

Then

and since {V},---,V,} is a basis, ¢; = ¢; for each i. Hence

and so the mapping is well defined. Also if a,b are scalars,

k n k
T <a2ci‘7i+bzéi‘7i> =T <Z (ac, —l—bC, )
i=1 i=1

1

k
= aZc,-Vvi-l-bZé,-Vvi
i= i=1

o ($) oo (£

k k
T (Z c,-ﬁ-) = Z ciw; = 6,
i=1 i=1

~.

M»H

Thus T is a linear transformation.
Now if

Let a basis for V be {Vy,---

k
Z aci +bé;)w
i=1

Civ i>

Vit

then since the {wy,---,w;} are independent, each ¢; = 0 and so Zi'(:l ¢;V; = 0 also. Hence T is one to one.

If YX_, ci; is a vector in W, then it equals

k k
ZC,‘T(\_/}) =T <Z Ci\7i>
i=1 i=1

showing that 7 is also onto. Hence T is an isomorphism and so V and W are isomorphic.



5.6. Isomorphisms = 295

Next suppose T : V +— W is an isomorphism, so these two subspaces are isomorphic. Then for
{Vi,---, Vi } abasis for V, it follows that a basis for W is {T (v} ),-- -, T (Vi) } showing that the two subspaces
have the same dimension.

Now suppose the two subspaces have the same dimension. Consider the three claimed equivalences.

First consider the claim that 1. = 2. If T is one to one and if {V},---,V;} is a basis for V, then
{T(V1),---,T(Vx)} is linearly independent. If it is not a basis, then it must fail to span W. But then
there would exist w ¢ span{7(V}),---,T (Vx)} and it follows that {7 (V}),---,T (Vx),w} would be linearly
independent which is impossible because there exists a basis for W of k vectors.

Hence span {7 (V}),---,T(Vx)} =W and so {T (v}),---,T (V) } is a basis. If w € W, there exist scalars
¢; such that

-

W=

k
CiT(Vi) =T (Z Cﬁ%)
i i=1

showing that 7" is onto. This shows that 1. = 2.

Next consider the claim that 2. =- 3. Since 2. holds, it follows that T is onto. It remains to verify that
T is one to one. Since 7 is onto, there exists a basis of the form {7 (V;),---,T(V)}. Then it follows that
{Vi,---,Vi} is linearly independent. Suppose

1

-
o
=

I
Ol

N
I
—

Then )

Z CiT(\ji) = 6

i=1
Hence each ¢; = 0 and so, {V},---,V} is a basis for V. Now it follows that a typical vector in V is of the
form Y5, ¢V If T (X5, i) = 0, it follows that

CiT(\ji) = 6

=

i=1

and so, since {T'(¥),---,T(¥%)} is independent, it follows each ¢; = 0 and hence Y¥_, ¢;#; = 0. Thus T is
one to one as well as onto and so it is an isomorphism.

If T is an isomorphism, it is both one to one and onto by definition so 3. implies both 1. and 2. [

Note the interesting way of defining a linear transformation in the first part of the argument by describ-
ing what it does to a basis and then “extending it linearly” to the entire subspace.

Example 5.48: Isomorphic Subspaces

LetV =R3 and let

W = span

—_—— N
- o = O
O N ==

Show thatV and W are isomorphic.
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Solution. First observe that these subspaces are both of dimension 3 in R3, and so they are isomorphic by
Theorem 5.47. The three vectors which span W are easily seen to be linearly independent by making them
the columns of a matrix and row reducing to the reduced row-echelon form.

You can exhibit an isomorphism of these two spaces as follows.

1
2
1
1

H
—~
o
[\S)
S~—
I
—_ o = O
~
—
St
S~—
I
O N = =

and extend linearly. Recall that the matrix of this linear transformation is just the matrix having these
vectors as columns. Thus the matrix of this isomorphism is

1 01
2 11
1 0 2
1 10

You should check that multiplication on the left by this matrix does reproduce the claimed effect resulting
from an application by 7. [

Consider the following example, where the isomorphism is not given on the standard basis.

Example 5.49: Finding the Matrix of an Isomorphism

LetV =R? and let
1 0 1
2 1 1
W = span 11 lol |2
1 1 0
LetT :V — W be defined as follows.
1 0 1
2 1 1
T|1|= E T|1|= E T|1|= )
1 1 0
Find the matrix of this isomorphism T with respect to the standard basis.

Solution. First note that the vectors

1 0 1
L, 14{, |1
0 1 1

are indeed a basis for R? as can be seen by making them the columns of a matrix and using the reduced
row-echelon form.
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Now recall the matrix of 7 is a 4 x 3 matrix A which gives the same effect as 7. Thus, from the way
we multiply matrices,

1 01 POl
211
Al 1 1=
011 bo2
1 10
Hence,
1 01 ~1 1 0 O
A 2 11 i (1) i - 0 2 -1
110 2 01 1 N 2 -1 1
1 10 -1 2 -1
Note how the span of the columns of this new matrix must be the same as the span of the vectors defining
w. [

This idea of defining a linear transformation by what it does on a basis works for linear maps which
are not necessarily isomorphisms.

Example 5.50: Finding the Matrix of a Non-Isomorphism

LetV = R3 and let W denote
1 0 1
i 0 1 1
spa 1l lol] |1
1 1 2
LetT :V — W be defined as follows.
AR Y S S
T|1 | = , T 1| = , T 1 | =
0 1 | 0 | 1
1 1 2
Find the matrix of this linear transformation.

Solution. Note that in this case, the three vectors which span W are not linearly independent. Nevertheless
the above procedure will still work. The reasoning is the same as before. If A is this matrix, then

1 01 101
011
Al1 1 1] =
011 ol
1 1 2
and so

1 01 -1 1 00
A_Oll i(l)i 1001
1 01 01 1 1100
1 1 2 1 01
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The columns of this last matrix are obviously not linearly independent. [ )

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.
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Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.
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5.7 The Kernel And Image Of A Linear Map

A. Describe the kernel and image of a linear transformation, and find a basis for each.

In this section we will consider the case where the linear transformation is not necessarily an isomor-
phism. First consider the following important definition.

LetV and W be subspaces of R" and let T : V — W be a linear transformation. Then the image of
T, denoted as im(T), is defined to be the set

im(T)={T¥):veV}

In words, it consists of all vectors in W which equal T (V) for some V €

V.
The kernel of T, written ker (T), consists of all v € V such that T (V) = 0.

That is,
ker (T) = {m ViT(E) = 6}

The kernel of T is also called the null space of T .

It follows that im (7') and ker (7') are subspaces of W and V respectively.
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Proposition 5.52: Kernel and Image as Subspaces

Let V,W be subspaces of R" and let T : V — W be a linear transformation. Then ker (T) is a
subspace of V and im (T) is a subspace of W.

Proof. First consider ker (7). It is necessary to show that if Vj,V, are vectors in ker (7T') and if a,b are
scalars, then av| + bV, is also in ker (7). But

T (a\71 —l—b\72) = aT(\_/'l) —l—bT(Vz) = a6+b6 =0

Thus ker (7') is a subspace of V.

Next suppose T (V}),T (,) are two vectors in im (7). Then if a, b are scalars,
aT(Vz) + bT(Vz) =T (avl + sz)
and this last vector is in im (7') by definition. [ )

We will now examine how to find the kernel and image of a linear transformation and describe a basis
of each.

Example 5.53: Kernel and Image of a Linear Transformation

Let T : R* — R? be defined by

Then T is a linear transformation. Find a basis for ker(T) and im(T).

Solution. You can verify that 7 is a linear transformation.

First we will find a basis for ker(T). To do so, we want to find a way to describe all vectors X € R*
a

such that 7'(¥) = 0. Let X = ZZ be such a vector. Then
d

-[ea] =[]

The values of a,b, c,d that make this true are given by solutions to the system

Lo T

a—b = 0
ct+d = 0
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The solution to this system is a = s,b = 5,c = t,d = —t where s,t are scalars. We can describe ker(7) as
follows.
1 0
1 0
ker(T) = ; = span NE |
—t 0 —1

Notice that this set is linearly independent and therefore forms a basis for ker(7).

We move on to finding a basis for im(7"). We can write the image of T as

m(r)={| 40 ]}
w={[o]-[ o] [ [V}

This set is clearly not linearly independent. By removing unnecessary vectors from the set we can create
a linearly independent set with the same span. This gives a basis for im(7") as

mr)=seun [ 3], 0]}

Recall that a linear transformation T is called one to one if and only if 7' (X) = 0 implies X = 0. Using
the concept of kernel, we can state this theorem in another way.

We can write this in the form

Theorem 5.54: One to One and Kernel

Let T be a linear transformation where ker(T) is the kernel of T. Then T is one to one if and only
if ker(T) consists of only the zero vector.

A major result is the relation between the dimension of the kernel and dimension of the image of a
linear transformation. In the previous example ker(7") had dimension 2, and im(7') also had dimension of
2. Consider the following theorem.

Theorem 5.55: Dimension of Kernel and Image

LetT :V — W be a linear transformation where V,W are subspaces of R". Suppose the dimension
of V is m. Then
m = dim (ker (7)) +dim (im (7))

Proof. From Proposition 5.52, im(7') is a subspace of W. We know that there exists a basis for im(7),
written {T'(V}),---,T(V,)}. Similarly, there is a basis for ker (T'),{u,---,us}. Then if vV € V, there exist
scalars ¢; such that

T(\_;) = i‘iCiT(Vi)
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Hence T (V—Y._, ¢;iV;) = 0. It follows that V— Y/, ¢;V; is in ker (T'). Hence there are scalars g; such that

Hence v=1Y_,ciVi+ ):;:1 a;jij. Since V is arbitrary, it follows that
V = span {ii,- -, s, V1, -,V }

If the vectors {uy,- - ,u,V1,---,V,} are linearly independent, then it will follow that this set is a basis for
the m-dimensional subspace V. Suppose then that

r S
Zci\_/"i-i- Za,ﬁj =0
i=1 =

Apply T to both sides to obtain

r

ZC,‘T(\_;,') + zs:lajT(ﬁ)j = i‘iciT(Vi) =0
j= i=

i=1

Since {T'(V),---,T (V;) } is linearly independent, it follows that each ¢; = 0. Hence }}_, a;ii; = 0 and so,
since the {iij, - - -, i} are linearly independent, it follows that each a; = 0 also. Therefore
{uy,- -~ ,Us, V1, -+ ,V,} is a basis for V and so

m=s+r=dim (ker(7))+dim (im (7))

>

The above theorem leads to the next corollary.

Corollary 5.56

LetT :V — W be a linear transformation where V,W are subspaces of R". Suppose the dimension
of V is m. Then
dim(ker(7T)) <m

dim(im (7)) <m

This follows directly from the fact that m = dim (ker (7)) + dim (im (T')).

Consider the following example.

Example 5.57

Let T : R? — R3 be defined by

—_ o O
=l

1
TE) = | 1
0

Letim (T) = W. Show that T is an isomorphism from R? to W. Find a 2 x 3 matrix A such that the
restriction of multiplication by A to W equals T~
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Solution. Since the two columns of the above matrix are linearly independent, we conclude that
dim(im(7')) = 2 and therefore dim(ker(7)) =2 —dim(im(7")) = 2 —2 = 0 by Theorem 5.55. Then by
Theorem 5.54 it follows that T is one to one.

Thus T is an isomorphism of R? and the two dimensional subspace of R? which is the span of the
columns of the given matrix. Now in particular,

1 0
T(é)) = ,T(é)=10
i 1
Thus _
1 0
77111 | = é1, T7'10 | = é)
0 | 1
Extend 7! to all of R? by defining
0
T 1| = é1
0
Notice that the set of vectors
1 0 0
11,10, |1
0 1 0

is linearly independent, so 7~! can be extended linearly to yield a linear transformation defined on R3.
The requested matrix of 7!, denoted by A, needs to satisfy

o

Ao |=[500]
010
and so .
<ot slfion] <[5 8]
010
Note that -
BainEn
L __0_ L J
[0 1 0] 8 :_O_
(00 1] 1]

so the restriction to W of matrix multiplication by this matrix A yields 7. [
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5.8 The General Solution of a Linear System

A. Use linear transformations to determine the particular solution and general solution to a sys-
tem of equations.

It turns out that we can use linear transformations as a way to think about solving systems of linear
equations. Indeed given a system of linear equations of the form AX = b, one may rephrase this as 7'(X) = b
where T is the linear transformation defined by T(X) = AX. With this in mind consider the following
definition.

Suppose a linear system of equations can be written in the form

-

T =b

IfT (%) = b, then X, is called a particular solution of the linear system.

Recall that a system of equations AX = b is called homogeneous if b=0. Suppose we represent a
homogeneous system of equations by 7 (¥) = 0. As discussed in Section 5.7, the X for which 7 (X) =0
form the the null space, or kernel, of 7.

We may also refer to the kernel of T as the solution space of the equation 7 (X) = 0. Since we can
write T (X) = 0 as AX = 0, you have been solving such equations for quite some time.
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We have spent a lot of time finding solutions to systems of equations in general, as well as homo-
geneous systems. Suppose we look at a system given by A% = b, and consider the related homogeneous
system. By this, we mean that we replace b by 0 and look at AX = 0. It turns out that there is a very
important relationship between the solutions of the original system and the solutions of the associated
homogeneous system. In the following theorem, we use linear transformations to denote a system of
equations. Remember that T (X) = AX.

Theorem 5.59: Particular Solution and General Solution

Suppose X, is a solution to the linear system given by

Then if ¥ is any solution to T () = b, there exists X € ker (T) such that
y=Xp+Xo

Hence, every solution to the linear system can be written as a sum of a particular solution, X, and a
solution Xy to the associated homogeneous system given by T (X) = 0.
Conversely, every vector of the form vecty = X, +Xo for Xy € ker (T') is a solution of T (X) = b.

Proof. Let ¥ be any solution to T(¥) = b and consider y—X, =Y+ (—1)Xp,. Then T (y—X,) =T () —
T (X,). Since y and X X, are both solutions to the system, it follows that T () = b and T (Xp) = b. Hence,
T -T(X,) = b—b=0.LetXy=y— X,. Then, T (%) = 0 50 Xy is a solution to the associated homoge-

—

neous system and so X € ker (7). Then notice that X}, +xp = X, + (Y — X)) = J.
Finally, if vecty = X, + Xy for Xy € ker(T), then T (y) =T (X, +Xp) =T (X,) + T (Xo) = b+0=0b
Thus vecty is a solution of 7' (£) = b. is a solution of T () = b and our proof is complete. [ )

Sometimes people remember the above theorem in the following form. The solutions to the system
T (X) = b are given by X, + ker (T') where X), is a particular solution to T (X) = b.

For now, we have been speaking about the kernel or null space of a linear transformation 7. However,
we know that every linear transformation 7 is determined by some matrix A. Therefore, we can also speak
about the null space of a matrix. Consider the following example.

Example 5.60: The Null Space of a Matrix

Let
1 2 30
A=1211 2
4 5 7 2

Find null (A). Equivalently, find the solutions to the system of equations AX = 0.

Solution. We are asked to find {)_c’ AX = 6} In other words we want to solve the system, AX = 0. Let
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X
X= )Z) . Then this amounts to solving
w
12307|" 0
21122 ]=]o0
4572]||° 0
w
This is the linear system
x+2y+3z=0

2x+y+z+2w=0
4x+5y+T7z4+2w =0

To solve, set up the augmented matrix and row reduce to find the reduced row-echelon form.

1 4
123 0]0 1o -5 3]0
21 12(0]=-=]01 3 -2]o0
45720 00 0 o]0

This yields x = %z — %w andy = %w — %z. Since null (A) consists of the solutions to this system, it consists

vectors of the form,

1 4
32— 3W 1 _4
3 3 3 3
5 5 2
SWTIL | T3 4w 3
z 1 0

W 0 1

Consider the following example.

Example 5.61: A General Solution

The general solution of a linear system of equations is the set of all possible solutions. Find the
general solution to the linear system,

1230 X 9

211 2 Y= 7

45 7 2 N 25
w

given that is one solution.

T N o=
—_— N = =




306 Linear Transformations

Solution. Note the matrix of this system is the same as the matrix in Example 5.60. Therefore, from
Theorem 5.59, you will obtain all solutions to the above linear system by adding a particular solution X,
to the solutions of the associated homogeneous system, X. One particular solution is given above by

(5.5)

Using this particular solution along with the solutions found in Example 5.60, we obtain the following
solutions,

1 4
3 3 1
_3 2 1
zf w2 E,
1 0
0 1 1
Hence, any solution to the above linear system is of this form. [
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5.9 The Coordinates of a Vector Relative to a Basis

A. Find the coordinates of a vector relative to a given basis.

B. Use matrices to change the coordinates of a vector relative to one basis to coordinates relative
to another basis.

Coordinates of a Vector Relative to a Basis

In the diagram below, we see a vector v and the two vectors of the standard basis for R2. We are used

to thinking of V algebraically, as vV = For our work to come, it will be important to realize that

2
L
the algebraic notation is really using the fact that there is one, and only one, way to write vV as a linear
combination of the vectors in the standard basis:

V=2e+1é,

and we express this idea by talking about the coordinates of V relative to the standard basis.

il

<!

At this point we will introduce a bit of new notation:

What this is trying to emphasize is that there is the vector (Ilength and direction, remember?) v, and
we have associated with this geometric object some numbers, the coordinates of v, but those coordinates
depend on the fact that we can find a linear combination of the vectors in the standard basis that is equal
to V.

With that introduction, you won’t be surprised to find out that now we will ask about expressing V as a
linear combination of vectors in some other basis, B. Here’s a picture:
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S

<l

Here we have the same vector V, along with two other vectors l;l and 1;2. Since 1;2 is not a multiple
of by, the set B = {by,b,} is linearly independent and is therefore a basis for R2. This means that there

is a unique way to write V as a linear combination of b, and b, and we should be able to use that linear
combination to find the coordinates of vV relative to the basis B.

For the picture above, it is the case that [El]Std = [” and [52]&[1 = {:ﬂ , and since [V|g;qg = {ﬂ , wWe

have

and so [1]p = m .

So the vector V can be represented lots of different ways. But if we are given a basis, then there is
only one way to write V as a linear combination of the vectors in that basis, and that linear combination
generates the coordinates of V relative to that basis.

Let’s formalize that a bit.

Definition 5.62: Coordinate Vector

Let B = {V},V,---,V,} be a basis for R" and let X be an arbitrary vector in R". Then X is uniquely
represented as X = a|V| +axVy + - - - + a, v, for scalars ay, - - - ,ay.
The coordinate vector of X with respect to the basis B, written [X|p, is given by

ai

®p=|

ap

Consider the following example.

Example 5.63: Coordinate Vector

LetB = { [ (1) ] , { _i ]} be a basis of R? and let ¥ = [ _:1)) ] be a vector in R?. Find [X]3.
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Solution. First, note the order of the basis is important so label the vectors in the basis B as

o= ()[4}

Now we need to find a; and a; such that X = a;V; + a>V», that is:

i elo el

Solving this system gives a; = 2,a» = —1. Therefore the coordinate vector of X with respect to the basis
Bis
M= | 4 |=| ?
B=la | 7| =1

A couple of things to notice about the last example:

* When we were talking about the vector X, we just said X = . We didn’t say [X]s;q = [_3 CIf

3
—1 1
we want to talk about the coordinates of a vector relative to any basis other than the standard basis,
we will be explicit about the basis that we’re using. Otherwise, just assume that we are talking about

the standard basis.

* What we’ve managed to do, almost without thinking about it, is introduce a function that takes as
input (the coordinates relative to the standard basis of) a vector and returns the coordinates of the
same vector relative to the basis B. This function, the change of coordinates function deserves its
own section.

The Change of Coordinates Function

Suppose you have a basis B of R” and some vector X. Since you know X, you automatically know the
coordinates of X relative to the standard basis, which we will denote [¥]s;4. (That is sort of complicated on

5 ;] . There. Not so bad after all.) We’d
like to know the coordinates of X relative to the basis B, [X]p. We noted above that there is a function that
does this. What can we say about that function? Can we easily compute [X]?

a first read. Here’s an example. Suppose X = F} . Then [X]s;q =
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Fix an ordered basis B of R". The change of coordinates function Cg is the function with domain
R" and codomain R" that computes the coordinates of a vector with respect to the basis B. So

CB R* — R”
[X]sta = [X]B

So Cp([X]sta) = [X]B.

We think of Cp as changing the coordinates of the vector. Given the coordinates relative to the
standard basis, Cg returns the coordinates of the same vector relative to the basis B.

Given any basis B, one can easily verify that the change of coordinates function is actually an isomor-
phism.

Theorem 5.65: Cp is a Linear Transformation

For any basis B of R", the coordinate function
Cp: R" - R"

is a linear transformation, and moreover an isomorphism.

Once we have established that the function Cp is a linear transformation, we know that there is a matrix,
we will call it Mp, that represents that linear transformation relative to the standard basis. And finding the
matrix Mp is easy: the columns of Mp are just the images of the standard basis vectors under the function
Cp. In other words, the columns of Mp are nothing more or less than the coordinates (relative to the basis
B) of the vectors in the standard basis.

Let’s look at an example:

Example 5.66: Changing Coordinates
Let B be the basis
1| |-1
o= (Bl

Find Mp, the matrix that changes coordinates from the standard coordinates to coordinates relative
to B. So we need to find the matrix such that

Mp[X]stq = [X] -

Solution. The first column of Mg should be the image of ¢] under the linear transformation Cg. Thus we’d
like to know the coordinates of €] relative to the basis B. This means that we need to find the scalars a;

and a, such that
1 n =10 1
al 1 a) ) = ol
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In other words, we must solve

The solution is

i I e 1 S

and that gives us the first column of Mp.

[ = [

in the same fashion, we find that the second column of Mp is equal to [: ” . So

By solving the equation

2 -1
-
[ )
Now, let’s look at that solution a little more closely. To find the two columns of Mp we multiplied the
matrix ﬁ :} by {(1) and [ﬂ and gathered up the solutions into the matrix ... ﬁ :} . And where

did that 2 x 2 matrix come from? It was the inverse of the matrix whose columns are exactly the vectors
in B. This gives us a recipe for finding the change of coordinates matrix Mp.

Proposition 5.67: Change of Coordinates Matrix

Given a basis B for R", Mp, the change of coordinates matrix, is the matrix that has the property
that

Mg[X]s1a = [¥]5.
To find Mp, do the following:

1. Form A, the n X n matrix whose columns are the vectors in B.

2. Compute A~".

3. That’sit. Mg =A"1.

But even better, look at the inverse function Cgl and its matrix Mgl. As Cg is an isomorphism, it has
an inverse, and to find the matrix transformation associated with CEI, we need to find the inverse of Mp.
But by the algorithm above, that is simply the matrix A whose columns are the vectors in B.

Let us write things a little more generally. We’ve been working with two bases, the standard basis and
the basis B. But there is no reason to restrict ourselves to working with the standard basis.
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Fix an ordered bases By and B, of R". The change of coordinates function Cg,p, is the func-
tion with domain R" and codomain R" that, given the coordinates of a vector with respect to B,
computes the coordinates of the same vector with respect to the basis B>. So

CBzBl R" - R”

%], — [X]5,

So Cp,s, ([%]5,) = [*]8,-

Let By and B, be two bases for R". The change of coordinates matrix Mp,p, , is the matrix with
the property that

Mp,5,[X]5, = []5,
So Mp,p, changes coordinates from By to B;.
If B, is the standard basis, we will simply write Mp, .

We will, of course, be interested in finding the matrix Mp,p,. By an argument that is similar to that
preceding Proposition 5.67, we have

Proposition 5.70: Finding the Change of Coordinates Matrix

Given bases By and B, of R", to find Mp,p,, do the following:

1. Form Ay, the n X n matrix whose columns are the vectors in B].
2. Form A;, the n X n matrix whose columns are the vectors in B>.
3. ComputeAz_lAl.

4. That’s it. Mp,p, =A2_1A1.

Let us look at an example.
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Example 5.71: Finding the Change of Coordinates Matrix

Suppose that the bases By and B, are

By = {b1.by} = { m ; {:ﬂ } B, ={B1.Bo} = { m ; {:ﬂ }
Let ¥ be the vector ¥ = H

* Use change of coordinates matrices to find [V]g, and [V]p,.
* Find Mp,p,, the matrix that changes from B1-coordinates to B;-coordinates.

* Use Mp,p, and [V]p, to compute [V]p,.

Solution.

* We know the coordinates of V with respect to the standard basis and we want the coordinates of
Vv with respect to B;. So we need the matrix Mp, 54, also known as Mp,. Using the algorithm of
Proposition 5.67, let

2 —1
A= [1 - 3} |

Then Mp, 5 =A; ' = ﬁg :;g] and
M5, = Mg, s1al7sia
~[s S [}
<[]

To check whether this is correct, we see if the coordinates of ¥ with respect to the basis B really do
give us v} as a linear combination of the vectors in Bj:

05 -

2
13
as needed.

To find [V]p, we argue similarly, using

I -1
=t
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2 -1
I -1

[V]B, = Mp,sta[V]sta = [? :}] E] = [_11} .

Again, we can check that this gives us the correct linear combination of the basis vectors in B; to

create the vector V:
1 —1 2
e[Sl

Here are some pictures to showing that v = %l;l + %452 and also v =1 51 +(=1) ﬁg:

So Mp,sta :AZ_1 = [ } and

as needed.

<l

* We use the algorithm outlined in Proposition 5.70, and the matrices A; and A, that we found above.

We’re looking for Mp,p,, and we have

Mp,p, = Ay 'Ay
=1 —
-2 1 -3
2 -1z -1
I R N
3
1

* We are asked to use Mp,p, and [V]p, to compute [V],.

[‘7]32 = MBzBl [‘7]31

-1l
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-

which shows a pleasing agreement with our earlier calculation.

5.10 The Matrix of a Linear Transformation Il

A. Find the matrix of a linear transformation with respect to general bases.

The Matrix of a Linear Transformation with Respect to Arbitrary Bases

We know that, given a linear transformation 7' : R” — R, there is a matrix A such that 7'(X) = AX. When
we developed all of that machinery, we were working relative to the standard basis: given the coordinates
of X relative to the standard basis, AX is the coordinate vector of T'(X) relative to the standard basis. Our
goal now is to show how to represent that linear transformation relative to arbitrary bases.

“But why in the world might we want to do that?” you might reasonably ask. One reason is that there
are linear transformations whose matrix (relative to the standard bases) is really complicated, while the
matrix of the same transformation relative to other bases might be exceptionally easy, making it easy to an-
alyze the behavior of the transformation. So it is worthwhile to be able to represent linear transformations
relative to unusual bases.

But before we can talk about how to do that, we must establish an important lemma.

Lemma 5.72: Mapping of a Basis

Let T : R" — R" be an isomorphism. Then T maps any basis of R" to another basis for R".
Conversely, if T : R" — R" is a linear transformation which maps a basis of R" to another basis of
R”", then it is an isomorphism.

Proof. First, suppose T : R” — R" is a linear transformation which is one to one and onto. Let {Z)l, e ,Z)n}
be a basis for R”. We wish to show that {T(Z)l), fee ,T(En)} is also a basis for R”.

First consider why it is linearly independent. Suppose Y7, akT(Ek) = 0. Then by linearity we have

T (Zzzl ak5k> = 0 and since T is one to one, it follows that Yio akgk = 0. This requires that each a; =0

0
T
because {Bl, e ,Bn} is independent, and it follows that {T(Z)l), e T(Bn)} is linearly independent.

Next take w € R”. Since T is onto, there exists V € R” such that T'(V) = w. Since {51, e ,Bn} is a basis,

in particular it is a spanning set and there are scalars ¢, such that T (Zzzl C/jk) =T (B) = w. Therefore
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=Y lckT(bk) which is in the span< T (b) (En)} . Therefore, since {T(Z)l), e T(Z)n)} is both

linearly independent and spans R”, { T(b), (l;n)} is a basis for R”, as claimed.

Suppose now that 7' : R” — R" is a linear transformation such that T(E,-) = w; where {E I ,En} and

{W1,--+,wy,} are two bases for R"”. We must show that T is an isomorphism, so we must show that T is
both one to one and onto.

To show that T is one to one, let T (ZZZI ckf)k) = 0. Then Y, cxT (bi) = Y, cxwwy = 0. It follows
that each ¢, = 0 because it is given that {wy,---,w,} is linearly independent. Hence T (ZZ:I c,j;k) =0
implies that /', ckf)k — 0 and so T is one to one.

To show that T is onto, let w be an arbitrary vector in R". This vector can be writtenas w =Y} | dxwy =
Yioi dkT(Zk) =T (Zzzl dljk) . Therefore, T is also onto. ®

We can now address the main goal of this section, which is how we can represent a linear transforma-
tion with respect to different bases.

We are comfortable with the fact that if 7 is a linear transformation with domain R" and codomain
R™, then there is an m X n matrix A such that 7'(X) = AX. So linear transformations can easily be computed
using matrix multiplication. Furthermore, the columns of A are simply the images of the standard basis
vectors €; under the transformation 7T':

A=[T(e1) T(éa) -+ T(en)].

—_

We are now going to start being careful about the fact that a vector X can have coordinates relative to
different bases, and so let us rewrite the last paragraph emphasizing the fact that everything that we have
done so far has been relative to the standard bases for R"” and R™.

If T is a linear transformation with domain R” and codomain R™, then there is a matrix Ag s:4 such that
[T (X)]sta = AstastalX]sza- So linear transformations can easily be computed using matrix multiplication.
Furthermore, the columns of Ag; ;5,4 are simply the coordinates relative to the standard basis for R™ of the
images of the standard basis vectors €; of R" under the transformation 7':

Asiasia = [ [T(€)]sia [T(€2)]sta -+ [T(€n)]sta |-

Now we are going to think about representing that linear transformation with respect to arbitrary bases.
So suppose that B} = {l;l,l;z, ... ,l;,,} is a basis for R"” and B, is a basis for R™. We have a linear transfor-
mation 7 : R" — R™, and we are looking for a matrix Ap,p, such that the coordinates (relative to B,) of
the vector 7'(X) can be found by multiplying the matrix times the coordinates (relative to B;) of the vector
X. In other words, we want the matrix Ap,p, such that

[T(£>]Bz = Ap,B [}]Bl‘

Without justifying it yet, let us just state that we can find the matrix Ap,p, in a fashion that is entirely
analogous to the process we already know. The columns of Ag,p, are simply the coordinates relative to

the basis B, of the images of the basis vectors b; of R™ under the transformation 7':

— —

Ay, = [ [T(51)]s, T(b2)]5, - T(bu)]s, .
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Here is the formal statement of the theorem:

Theorem 5.73: The Matrix of a Linear Transformation

LetT : R" — R™ be a linear transformation, and suppose that the matrix Ag; ;4 represents the linear
transformation T with respect to the standard bases. So

[T(f)]Std = AStdStd [3_5] Std -

Let B and B, be bases of R" and R™ respectively. Suppose that By = {1;1,1;2, .. .,l;n}.
Define the m x n matrix Ap,p, by letting the ith column of the matrix be the coordinates, relative to

—

B», of the vector T (b;), the image of the ith basis vector from Bj. In other words, let

— — —

Ag,, = [ [T(b1)]B, [T (b2)]B, -+ [T (bn)]s, |-

Finally, let M, and Mp, be the change of coordinate matrices from the standard basis to By and By,
respectively, representing the change of coordinate functions Cg, and Cp,.
Then the following holds:

AB,B, = Mp,AsiastaM Ell : (5.6)

and, furthermore, the matrix Ag,p, represents the linear transformation T relative to the two bases
B and B,. Thus
[T@’)]Bz = ABZBI [)_C’]Bl'

Proof. The above equation 5.6 can be represented by the following diagram.

T / AStdStd
n m
RStd RSzaf

CBl /MBI\L lCBQ /M32

R% — R%
Bl T/ABzBl B2

In this diagram, the arrows are labeled with both the linear transformation (e.g., 7) and the matrix
that represents the linear transformation relative to the given bases (so Aggs;¢ 1S the matrix such that
[T (X)]sta = Astasta|X]sta)- The subscripts on the R” are suggesting the basis with which we should interpret

1
0

the elements of R". So, for example, in RY, ;, the coordinate vector 0] is €1, while in Rgl, the same list

O =

of coordinates |0 represents the vector b).
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We are looking for the matrix of the linear transformation
-1
Cp,0ToCp, : R" — R™,
which we know exists as Cp, is an isomorphism.

By Theorem 5.7, the columns are given by the images of the coordinate vectors

( 471 A A AT )

1 0f 1|0 0
1 0 0
101,100, |1, ..., |0
0| (0] |O 1
\ L L L L Jd J
under the function Cg, o T o Cgll.
But since (for example) -
1
0
Cl;l 0 - Zl >
_0_
we readily obtain that
_ 0 o]
1
Ap,B, = CBZOTOCI;1 0 CBZOTOCEII 0 CBzOTOCEII
L ._0_ _0_

= [Ca,(T(B1)) Cy(T(B2)) -+~ Cpy(T(bn))]
= [[T))e, [T(G2)]p, - [T(Ga))s, |
and this completes the proof.

Consider the following example.

Example 5.74: Matrix of a Linear Transformation

Let T : R?> — R? be a linear transformation defined by T <[ “ } ) = { b } .

Consider the two bases
- o 1 —1
m={a}={|o ][ 1]}

me{li)[ ]}

Find the matrix Ag, p, of T with respect to the bases B and B.

and
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Solution. By Theorem 5.73, the columns of Ag,p, are the coordinate vectors of T'(b;) and T (b) with
respect to the basis B>.

Since

a standard calculation yields

1

. 2
the first column of Ag, g, is [ | ] .
2

The second column is found in a similar way. We have

(5 ])=[41)
I

and with respect to B; calculate:

Hence the second column of Ag,p, is given by { (1) . We thus obtain
roo1
5 0
2
| 72

We can verify that this is the correct matrix Ag,p, on the specific example

First applying T gives

and one can compute that

and finally applying Ag, p, gives
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as above.

We see that the same vector results from either method, as suggested by Theorem 5.73. [

If the bases B; and B, are equal, say B, then we write Ap instead of Agp. The following example
illustrates how to compute such a matrix. Note that this is what we did earlier when we considered only
B| = B to be the standard basis.

Example 5.75: Matrix of a Linear Transformation with respect to an Arbitrary Basis

Consider the basis B of R? given by

1 1 —
B={b..br,bs}={ |0 |,| 1],
1 1

And let T : R3 — R3 be the linear transformation defined on B as:

1 1 1 1 —1 0
T|o|=|-1|,7|1|=] 2|.7] 1]|=
1 ~1

1. Find the matrix Ag of T relative to the basis B.

2. Then find the usual matrix Ag;q that represents T with respect to the standard basis of R3.

Solution.
Equation 5.6 from Theorem 5.73 tells us that Ag = MpAg;yMp I

Now CB(Ei) = ¢;, so the matrix M;l of the change of coordinates function CI;I is given by

11 -1
Myl =[cpl (@) Cl(&) CGpl@)] =101 1
11 0

Moreover the matrix product Ag;,qMp ! of the transformation T o C B l'is given by

1 10
[ToCg'(e) ToCg'(e)) ToCg'(83)]=| -1 2 1
1 -1 1
Thus
Ap = MpAguMpy !
= (Mg [AsiaM )
11 17" 1 10
=101 1 -1 21
11 0 1 -1 1
[ 2 -5 1
= -1 40
| 0 -2 1
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Consider how this works. Let ¥ be an arbitrary vector in R>, and suppose that the coordinates of ¥

by
relative to the basis B are [V]p = | b
b3
b
Then the product My b, gives us the coordinates of V relative to the standard basis:
b
I 1 -1 by 1 1 —1
[V]Std =101 1 byl =b1| 0| +by| 1 |+b3 1
1 1 0 by 1 1 0

Apply T to this linear combination to obtain

1 1 0 b1 +b>
bi| =1 | +by 2|1 +b3| 1 | =| —b1+2by+ b3
1 -1 1 by —br+bs

which are the coordinates of T (V) relative to the standard basis.

If we take the product of the matrix Ag of the transformation (as found above) and multiply it by b, we
are supposed to find the coordinates of T (V) relative to the basis B. So those coordinates should be given
by

2 =51 by 2by —5by + b3
[T(V)]B = -1 4 0 by | = —b,+4by
0 -2 1 b3 —2by + b3
Is this the coordinate vector of the above relative to the given basis B? We check as follows.

1 1 —1

(2b1 —5by+Db3) | O | +(=b1+4by) | 1 | +(—2by+D3) 1
1 1 0

b1+ by
= | —b1+2by+ b3
by —by+b;

and we get the coordinates of T (V) relative to the standard basis that we found above.

Now we find the matrix of 7" with respect to the standard basis. Let Ag;; be this needed matrix. Thus

I 1 -1 1 10
Agg 1 O 1 1 | =] -1 21
11 0 I -1 1
1 1
as you can check by looking at each column of the product. For example Ag;y |0 = [—1]{.
1 1
But this means that
1 1011 —17" 0 0 1
Aga=1 -1 2 1 0 1 = 2 3 -
I -1 1 11 -3 -2 4
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Of course this is a very different matrix than the matrix of the linear transformation with respect to the non
standard basis B. [ )

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(2 ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
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Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!



https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/

Chapter 6

Complex Numbers

6.1 Complex Numbers

A. Understand the geometric significance of a complex number as a point in the plane.

B. Prove algebraic properties of addition and multiplication of complex numbers, and apply
these properties. Understand the action of taking the conjugate of a complex number.

C. Understand the absolute value of a complex number and how to find it as well as its geometric
significance.

Although very powerful, the real numbers are inadequate to solve equations such as x*> + 1 = 0, and this
is where complex numbers come in. We define the number i as the imaginary number such that i> = —1,
and define complex numbers as those of the form z = a + bi where a and b are real numbers. We call this
the standard form, or Cartesian form, of the complex number z. Then, we refer to a as the real part of z,
and b as the imaginary part of z. It turns out that such numbers not only solve the above equation, but
in fact also solve any polynomial of degree at least 1 with complex coefficients. This property, called the
Fundamental Theorem of Algebra, is sometimes referred to by saying C is algebraically closed. Gauss is
usually credited with giving a proof of this theorem in 1797 but many others worked on it and the first
completely correct proof was due to Argand in 1806.

Just as a real number can be considered as a point on the line, a complex number z = a + bi can be
considered as a point (a,b) in the plane whose x coordinate is a and whose y coordinate is b. For example,
in the following picture, the point z = 3 + 2i can be represented as the point in the plane with coordinates
(3,2).

cz=(3,2) =3+2i

Addition of complex numbers is defined as follows.
(a+bi)+ (c+di)=(a+c)+(b+d)i

This addition obeys all the usual properties as the following theorem indicates.

323
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Theorem 6.1: Properties of Addition of Complex Numbers

Let z,w, and v be complex numbers. Then the following properties hold.

e Commutative Law for Addition
I+w=w-+z

» Additive Identity
z+0=z

e Existence of Additive Inverse

For each z € C, there exists —z € C such thatz+ (—z) =0
In factif z=a -+ bi, then —z7 = —a — bi.

e Associative Law for Addition

(z+w)+v=z+W+v)

The proof of this theorem is left as an exercise for the reader.
Now, multiplication of complex numbers is defined the way you would expect, recalling that i> = —1.

(a+bi)(c+di) = ac+adi+bci+i*bd
= (ac—bd)+ (ad+bc)i

Consider the following examples.
Example 6.2: Multiplication of Complex Numbers
* (2-3i)(—3+4i)=6+1T7i
* (4—7i)(6—2i) =10—50i

o (<3460)(5—i) = —9+33i

The following are important properties of multiplication of complex numbers.
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Theorem 6.3: Properties of Multiplication of Complex Numbers

Let z,w and v be complex numbers. Then, the following properties of multiplication hold.

* Commutative Law for Multiplication
W = wg

* Associative Law for Multiplication
(zw)v =z (wv)

* Multiplicative Identity
lz=1z

* Existence of Multiplicative Inverse

1

For each z # 0, there exists z such that =1

e Distributive Law
z(w+v)=zw+zv

You may wish to verify some of these statements. The real numbers also satisfy the above axioms, and
in general any mathematical structure which satisfies these axioms is called a field. There are many other
fields, in particular even finite ones particularly useful for cryptography, and the reason for specifying these
axioms is that linear algebra is all about fields and we can do just about anything in this subject using any
field. Although here, the fields of most interest will be the familiar field of real numbers, denoted as R,
and the field of complex numbers, denoted as C.

An important construction regarding complex numbers is the complex conjugate denoted by a hori-
zontal line above the number, Z. It is defined as follows.

Let z = a+ bi be a complex number. Then the conjugate of z, written 7 is given by
a+bi=a—>bi
Geometrically, the action of the conjugate is to reflect a given complex number across the x axis.

Algebraically, it changes the sign on the imaginary part of the complex number. Therefore, for a real
number a, a = a.
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Example 6.5: Conjugate of a Complex Number

e Ifz=3+4i,thenz=3—4i,1e.,3+4i=3—4i
e —2+45i=-2-5i.

~.|

= —1

e 7=1.

Consider the following computation.

(a+0bi)(a+bi) = (a—bi)(a+bi)
= d®+b*—(ab—ab)i=d*+1*

Notice that there is no imaginary part in the product, thus multiplying a complex number by its conjugate
results in a real number.

Theorem 6.6: Properties of the Conjugate

Let z and w be complex numbers. Then, the following properties of the conjugate hold.

» zisreal if and only ifZ = z.

Division of complex numbers is defined as follows. Let z = a4+ bi and w = ¢ 4 di be complex numbers
such that ¢,d are not both zero. Then the quotient z divided by w is

E_a-l-bi B a—i—bixc—di

w  c+di c+di c—di
_ (ac+bd)+ (bc—ad)i
N 2 +d?

ac+bd+bc—ad,
i.
A+d>  A+d?

In other words, the quotient  is obtained by multiplying both top and bottom of = by w and then
simplifying the expression.
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Example 6.7: Division of Complex Numbers

2—i  2-i X3—4i_ (6—4)+(—3—8)i_2—11i_£_£i
344i 3+4i° 3—4i 32442 25 25 25

1-2 _ 1-2i —2-5i (2-10)+(4-5)i_ 12 1.
= = == — i
—245i —245i —2-5i 22452 29 29

Interestingly every nonzero complex number a + bi has a unique multiplicative inverse. In other words,
for a nonzero complex number z, there exists a number z ! (or %) so that zz~1 = 1. Note that z = a + bi is

nonzero exactly when a” 4 b* # 0, and its inverse can be written in standard form as defined now.

Definition 6.8: Inverse of a Complex Number

1

Let z = a+ bi be a complex number. Then the multiplicative inverse of z, written 7~ exists if and

only if a*> + b*> # 0 and is given by
1 1 1 ><a—bi a—bi a . b
= = = e —1
a+bi a+bi a—-bi a®+b> d’+b* a>+Db?

%

Note that we may write 7! as % Both notations represent the multiplicative inverse of the complex

number z. Consider now an example.

Example 6.9: Inverse of a Complex Number
Consider the complex number z = 2+ 6i. Then 7~ is defined, and

1 1

z 2+6i
1 2—6i
= X
2+6i 2—-6i
2—6i
22 +62
2—6i
40
1 3

R

20 20

You can always check your answer by computing zz~ .

Another important construction of complex numbers is that of the absolute value, also called the mod-
ulus. Consider the following definition.
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The absolute value, or modulus, of a complex number, denoted |z| is defined as follows.

la+bi| = \/a?+ b?

Thus, if z is the complex number z = a + bi, it follows that
2 = (2)'/?

Also from the definition, if z = a+ bi and w = ¢ + di are two complex numbers, then |zw| = |z| |w].
Take a moment to verify this.

The triangle inequality is an important property of the absolute value of complex numbers. There are
two useful versions which we present here, although the first one is officially called the triangle inequality.

Proposition 6.11: Triangle Inequality

Let z,w be complex numbers.
The following two inequalities hold for any complex numbers z,w:

|+ w| < |z + |w]
Iz = ]| < |z —w|

The first one is called the Triangle Inequality.

Proof. Let z = a+ bi and w = ¢ + di. First note that
ww = (a+bi)(c—di) =ac+bd+ (bc —ad)i

and so |ac+ bd| < |zw| = |z||w].
Then,
lz+w* = (a+c+i(b+d))(a+c—i(b+d))

= (a+¢)*+ (b+d)* = a® + P +2ac+2bd + b* + d*
< 2l + Wl + 212 [w] = (|2]+ w])
Taking the square root, we have that
lz+w| < |z +[w]

so this verifies the triangle inequality.

To get the second inequality, write
T=I—WHW, W=W—2+Z
and so by the first form of the inequality we get both:

ol < lz=wl+wl, [w] < |z—w[+]
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Hence, both |z| — |w| and |w| — |z| are no larger than |z —w|. This proves the second version because
||z| — |w]| is one of |z] — |w| or [w| — |z [ )

With this definition, it is important to note the following. You may wish to take the time to verify this
remark.

Let z=a+bi and w = c+di. Then |z—w| = \/(a —¢)*+ (b—d)*. Thus the distance between the
point in the plane determined by the ordered pair (a,b) and the ordered pair (c,d) equals |z —w| where 7
and w are as just described.

For example, consider the distance between (2,5) and (1,8). Lettingz=2+5iand w=1+8i,z—w =
1-3i,(z—w)(z—w) =(1-3i)(143i) =10 so0 |z—w| = V/10.

Recall that we refer to z = a + bi as the standard form of the complex number. In the next section, we
examine another form in which we can express the complex number.

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.
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Lyryx Online and Text Exercises!
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students’ work, identifying common errors and providing personalized
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6.2 Polar Form

A. Convert a complex number from standard form to polar form, and from polar form to standard
form.

In the previous section, we identified a complex number z = a + bi with a point (a,b) in the coordinate
plane. There is another form in which we can express the same number, called the polar form. The polar
form is the focus of this section. It will turn out to be very useful if not crucial for certain calculations as
we shall soon see.

Suppose z = a + bi is a complex number, and let r = Va2 + b = |z|. Recall that r is the modulus of z


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/

330 = Complex Numbers

. Note first that

) b2 2 2
()22
r r r

4 Q) is a point on the unit circle. Therefore, there exists an angle 6 (in radians) such that

r’r

and so (

a . b
cosO = —, sinf = —
r r

In other words 6 is an angle such that ¢ = rcos® and b = rsin@, that is 8 = cos™'(a/r) and 6 =
sin~!(b/r). We call this angle 6 the argument of z.

We often speak of the principal argument of z. This is the unique angle 6 € (—m, x| such that

a . b
cosO = —, sinf = —
r r

The polar form of the complex number z = a + bi = r(cos 0 +isin0) is for convenience written as:
z=re

where 0 is the argument of z.

Let z = a+ bi be a complex number. Then the polar form of z is written as
z=re

where r = v/a? + b? and 0 is the argument of z.

When given z = re'?, the identity ¢’® = cos @ + isin @ will convert z back to standard form. Here we
think of ¢ as a short cut for cos 8 +isin 6. This is all we will need in this course, but in reality ¢'® can be
considered as the complex equivalent of the exponential function where this turns out to be a true equality.

z=a+bi =re'?

r=+a?*+b? L

Thus we can convert any complex number in the standard (Cartesian) form z = a + bi into its polar
form. Consider the following example.
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Example 6.13: Standard to Polar Form

Let z =2+ 2i be a complex number. Write z in the polar form

Solution. First, find r. By the above discussion, r = v a% + b? = |z|. Therefore,

r=v22422=v/8=2V2

Now, to find 8, we plot the point (2,2) and find the angle from the positive x axis to the line between

this point and the origin. In this case, 8 = 45° = 7. That is we found the unique angle 6 such that

6 = cos~'(1/v/2) and 6 = sin~!(1/1/2).
Note that in polar form, we always express angles in radians, not degrees.
Hence, we can write z as

7= 2\/56’%
[

Notice that the standard and polar forms are completely equivalent. That is not only can we transform
a complex number from standard form to its polar form, we can also take a complex number in polar form
and convert it back to standard form.

Example 6.14: Polar to Standard Form

Letz = 2627i/3 | Write z in the standard form

z=a-+bi

Solution. Let z = 2¢2%/3 be the polar form of a complex number. Recall that ¢’® = cos 0 + isin 6. There-
fore using standard values of sin and cos we get:

7 =223 = 2(cos(21/3) +isin(27/3))
1.3
= 2<—§+17>

= —1+3i

which is the standard form of this complex number. [

You can always verify your answer by converting it back to polar form and ensuring you reach the
original answer.
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6.3 Roots of Complex Numbers

A. Understand De Moivre’s theorem and be able to use it to find the roots of a complex number.

A fundamental identity is the formula of De Moivre with which we begin this section.

Theorem 6.15: De Moivre’s Theorem

For any positive integer n, we have
< eie)" _ pind

Thus for any real number r > 0 and any positive integer n, we have:

(r(cos@+isin®))" = r" (cosnd +isinnd)

Proof. The proof is by induction on 7. It is clear the formula holds if n = 1. Suppose it is true for n. Then,

consider n+ 1.
(r(cosO +isin0))"™" = (r(cos O +isin0))" (r(cos @ +isinH))

which by induction equals

= ! (cosnb +isinnb)(cosO +isinh)
1 ((cosnB cos O —sinnBsin @) + i (sinn cos @ + cosnHsin 6))
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= /"(cos(n+1)0+isin(n+1)86)
by the formulas for the cosine and sine of the sum of two angles. [

The process used in the previous proof, called mathematical induction is very powerful in Mathematics
and Computer Science and explored in more detail in the Appendix.

Now, consider a corollary of Theorem 6.15.

Corollary 6.16: Roots of Complex Numbers

Let z be a non zero complex number. Then there are always exactly k many k' roots of 7 in C.

Proof. Let z = a+ bi and let 7z = |z| (cos 0 +isin ) be the polar form of the complex number. By De
Moivre’s theorem, a complex number

w = re'® = r(cos o+ isina)
is a k' root of z if and only if

wh = (re'®)k = kel = /¥ (coska +isinka) = |z| (cos @ +isin 6)

This requires 7* = |z| and so r = |z|1/k. Also, both cos (k) = cos 6 and sin (ko) = sin 6. This can only
happen if
koo =0+2xn
for ¢ an integer. Thus
a=0T2T 010 k-

and so the k™ roots of z are of the form

042/ 042/
|Z‘1/k<cos( +k n)—f—isin( +k ”)),zzo,l,z,.._,k_l

Since the cosine and sine are periodic of period 27, there are exactly k distinct numbers which result from
this formula. o

The procedure for finding the k k" roots of z € C is as follows.
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Procedure 6.17: Finding Roots of a Complex Number

Let w be a complex number. We wish to find the n'" roots of w, that is all z such that 7" = w.
There are n distinct n'" roots and they can be found as follows:.

1. Express both z and w in polar form z = re'® ,w = se’®. Then z* = w becomes:
(reie)n — rneine — Seitp
We need to solve for r and 6.

2. Solve the following two equations:

e’ = € (6.1)

3. The solutions to r" = s are given by r = /5.

4. The solutions to €% = ¢!® are given by:

nd =¢+2xl, for{ =0,1,2,---,n—1

or

2
6:94——%6, for{=0,1,2,---,n—1
n o n

5. Using the solutions r,0 to the equations given in (6.1) construct the n'" roots of the form
0
z=re".

Notice that once the roots are obtained in the final step, they can then be converted to standard form
if necessary. Let’s consider an example of this concept. Note that according to Corollary 6.16, there are
exactly 3 cube roots of a complex number.

Example 6.18: Finding Cube Roots

Find the three cube roots of i. In other words find all z such that 7° = i.

Solution. First, convert each number to polar form: z = re® and i = 1¢i%/2, The equation now becomes
(rei6)3 — 3310 — 1,i7/2

Therefore, the two equations that we need to solve are P =1and3i0 =ixn /2. Given that r € R and P=1
it follows that r = 1.

Solving the second equation is as follows. First divide by i. Then, since the argument of i is not unique
we write 30 = /24 2xl for £ =0,1,2.

30 = m/242nlfor 0 =0,1,2
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2
6 = 7r/6+§7t€for€:O,1,2

For ¢ = 0: )
0= 7r/6—|—§7r(0) =7r/6
For /¢ =1: 5 5
0=m/6+ gn(l) ="
For ¢ =2:

2 3
0=1/6+7m(2)=m

Therefore, the three roots are given by

in/6 1 W q Q3w
le /,166 ,le'2

Written in standard form, these roots are, respectively,

2 2 2 2

The ability to find k" roots can also be used to factor some polynomials.

Example 6.19: Solving a Polynomial Equation

Factor the polynomial x> — 27.

—1 3
Solution. First find the cube roots of 27. By the above procedure , these cube roots are 3,3 <7 +1 %) ,

—1 3
and 3 (— —1i £> . You may wish to verify this using the above steps.

Therefore, x> — 27 =

)

Note also (x—3 (%l-l-l@)) (x—3 (%1 —i73)) = x*>+3x+9 and so
© =27 = (x—3) (x*+3x+9)
where the quadratic polynomial x> 4 3x 4+ 9 cannot be factored without using complex numbers. [

Note that even though the polynomial x> — 27 has all real coefficients, it has some complex zeros,

—1 3 —1 3
3 (7 + 1%) ,and 3 (7 — 1%) These zeros are complex conjugates of each other. It is always
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the case that if a polynomial has real coefficients and a complex root, it will also have a root equal to the
complex conjugate.
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6.4 The Quadratic Formula

A. Use the Quadratic Formula to find the complex roots of a quadratic equation.

The roots (or solutions) of a quadratic equation ax’ + bx 4 ¢ = 0 where a,b,c are real numbers are
obtained by solving the familiar quadratic formula given by

—b++/b?—4ac
X =
2a

When working with real numbers, we cannot solve this formula if b — 4ac < 0. However, complex
numbers allow us to find square roots of negative numbers, and the quadratic formula remains valid for
finding roots of the corresponding quadratic equation. In this case there are exactly two distinct (complex)

square roots of b> — 4ac, which are iv/4ac — b? and —iv/4ac — b2.

Here is an example.

Example 6.20: Solutions to Quadratic Equation

Find the solutions to x* +2x-+75 = 0.
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Solution. In terms of the quadratic equation above, a = 1, b = 2, and ¢ = 5. Therefore, we can use the
quadratic formula with these values, which becomes

bR —dac  —2%4/(2)°—4(1)(5)
= 2a - 2(1)

Solving this equation, we see that the solutions are given by

| 2i+/A-20 -2+4i

=—142i

X > 5 i
We can verify that these are solutions of the original equation. We will show x = —1 + 2i and leave

x = —1 —2i as an exercise.
P A2+5 = (=120 F2(—1+42i)+5
= 1—-4i—4-2+4+4i+5
0

Hence x = —1 + 2i is a solution. [

What if the coefficients of the quadratic equation are actually complex numbers? Does the formula
hold even in this case? The answer is yes. This is a hint on how to do Problem ?? below, a special case of
the fundamental theorem of algebra, and an ingredient in the proof of some versions of this theorem.

Consider the following example.

Example 6.21: Solutions to Quadratic Equation

Find the solutions to x> — 2ix —5 = 0.

Solution. In terms of the quadratic equation above, a = 1, b = —2i, and ¢ = —5. Therefore, we can use
the quadratic formula with these values, which becomes

btV dae 2i\(-2—4(1)(-5)
o 2a - 2(1)

Solving this equation, we see that the solutions are given by

C2it/—4+20 2i+4

)
2 > !

X

We can verify that these are solutions of the original equation. We will show x =i+ 2 and leave
X =1—2 as an exercise.

X —2ix—5 = (i+2)*-2i(i+2)-5
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1 44i+4+2—4i—5
= 0

Hence x = i + 2 is a solution.

We conclude this section by stating an essential theorem.

Theorem 6.22: The Fundamental Theorem of Algebra

Any polynomial of degree at least 1 with complex coefficients has a root which is a complex number.
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Spectral Theory

7.1 Eigenvalues and Eigenvectors of a Matrix

A. Describe eigenvalues geometrically and algebraically.

B. Find eigenvalues and eigenvectors for a square matrix.

Spectral Theory refers to the study of eigenvalues and eigenvectors of a matrix. It is of fundamental
importance in many areas and is the subject of our study for this chapter.

Definition of Eigenvectors and Eigenvalues

In this section, we will work with the entire set of complex numbers, denoted by C. Recall that the real
numbers, R are contained in the complex numbers, so the discussions in this section apply to both real and
complex numbers. For clarity, most of our examples and exposition will take place using real numbers
but we will try to point out places where the fact that we are officially working with the complex numbers
makes the mathematics cleaner.

To illustrate the idea behind what will be discussed, consider the following example.

Example 7.1: Eigenvectors and Eigenvalues

0 5 —10
A=|0 22 16
0 -9 -2
Compute the product AX for
5 1
X=| —4 | andXx=| 0
3 0
What do you notice about AX in each of these products?

Solution. First, compute AX for

=l
[l
|

N

339
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This product is given by
0 5 -—10 -5 —50 -5
AX=10 22 16 —4 |1 =] —40 | =10| —4
0 -9 -2 3 30 3

In this case, the product AX resulted in a vector which is equal to 10 times the vector X. In other words,
AX = 10X.
Let’s see what happens in the next product. Compute AX for the vector

1
x=10
0
This product is given by
0 5 -—10 1 0 1
Ax=1]0 22 16 0|l=10|=0]0
0 -9 -2 0 0 0

In this case, the product AX resulted in a vector equal to 0 times the vector X, AX = OX.

Perhaps this matrix is such that AX results in kX, for every vector X. However, consider

0 5 —-10 1 -5
0 22 16 1| = 38
0 -9 =2 1 —-11
In this case, AX did not result in a vector of the form kX for some scalar k. '

There is something special about the first two products calculated in Example 7.1. Notice that for
each, AX = kX where k is some scalar. When this equation holds for some X and k, we call the scalar k an
eigenvalue of A. Traditionally mathematicians use the special symbol A (the Greek letter lambda) instead
of k when referring to eigenvalues. In Example 7.1, the values 10 and O are eigenvalues for the matrix A
and we can label these as A; = 10 and A, = 0.

When A¥ = AX for some X # 0, we call such an X an eigenvector of the matrix A. The eigenvectors
of A are associated to an eigenvalue. Hence, if A; is an eigenvalue of A and AX = A,X, we can label this
eigenvector as X|. Note again that in order to be an eigenvector, X must be a nonzero vector.

There is also a geometric significance to eigenvectors. When you have a nonzero vector which, when

multiplied by a matrix results in another vector which is parallel to the first or equal to 0, this vector is
called an eigenvector of the matrix. This is the meaning when the vectors are in R” and A is a real number.

The formal definition of eigenvalues and eigenvectors is as follows.
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Let A be an n x n matrix and let X € C" be a nonzero vector for which

AX = AX (7.1)

for some scalar A. Then A is called an eigenvalue of the matrix A and X is called an eigenvector of
A associated with A, or a A-eigenvector of A.

The set of all eigenvalues of an n X n matrix A is denoted by ¢ (A) and is referred to as the spectrum
of A.

The eigenvectors of a matrix A are those vectors X for which multiplication by A results in a vector in
the same direction or opposite direction to X. Since the zero vector 0 has no direction this would make no
sense for the zero vector. As noted above, 0 is never allowed to be an eigenvector.

Let’s look at eigenvectors in more detail. Suppose X satisfies 7.1. Then

AX—2A%=0
or
(A—ANZ=0

for some ¥ = 0. Equivalently you could write (AI—-A)X= 0, which is more commonly used. Hence, when
we are looking for eigenvectors, we are looking for nontrivial solutions to this homogeneous system of
equations!

Recall that the solutions to a homogeneous system of equations consist of the linear combinations of
those basic solutions. In this context, we call the basic solutions of the homogeneous system of equations
(AI—A)X = 0 the basic eigenvectors corresponding to A. Note that these basic eigenvectors cannot be
zero, and it follows that any (nonzero) linear combination of basic eigenvectors is again an eigenvector.

The basic eigenvectors corresponding to an eigenvalue A of a matrix A are the (nonzero) basic
solutions of the homogeneous system of equations (Al —A)X = 0.

Suppose the matrix (A1 —A) is invertible, so that (A1 —A)~" exists. Then the following equation
would be true.

=L
|
=1

(AL—A) " (A1 - A)x’
7)

|
~
~

|
e

This claims that ¥ = 0. However, we have required that X # 0. Therefore (A1 — A) cannot have an inverse!

Recall that if a matrix is not invertible, then its determinant is equal to 0. Therefore we can conclude
that
det(AI—A)=0 (7.2)
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Note that this is equivalent to det (A —Al) = 0.

The expression det(x/ —A) is a polynomial (in the variable x) called the characteristic polynomial
of A, and det (x/ —A) = 0 is called the characteristic equation. For this reason we may also refer to the
eigenvalues of A as characteristic values, but the former is often used for historical reasons.

The following theorem claims that the roots of the characteristic polynomial are the eigenvalues of A.
Thus when 7.2 holds, A has a nonzero eigenvector.

Theorem 7.4: The Existence of an Eigenvector

Let A be an n x n matrix and suppose det(Al —A) = 0 for some A € C.
Then A is an eigenvalue of A and thus there exists a nonzero vector X € C" such that AX = AX.

Proof. For A an n x n matrix, the method of Laplace Expansion demonstrates that det (A1 — A) is a polyno-
mial of degree n. As such, the equation 7.2 has a solution A € C by the Fundamental Theorem of Algebra.
The fact that A is an eigenvalue is left as an exercise. ' Y
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Finding Eigenvectors and Eigenvalues

Now that eigenvalues and eigenvectors have been defined, we will study how to find them for a matrix A.

First, consider the following definition.

Definition 7.5: Algebraic Multiplicity of an Eigenvalue

Let A be an n x n matrix with characteristic polynomial given by det (xI —A). Suppose that A is an
eigenvalue for A. This means that the characteristic polynomial factors so that

det (xI —A) = (x—A)"p(x),

where A is not a root of the polynomial p(x).

The algebraic multiplicity of A (or simply multiplicity if the context is clear) is defined to be the
integer n. So the algebraic multiplicity of A is the number of times that A occurs as a root of the
characteristic polynomial.

For example, suppose the characteristic polynomial of A is given by (x — 2)2. Solving for the roots of
this polynomial, we set (x — 2)2 = 0 and solve for x. We find that A = 2 is a root that occurs twice. Hence,
in this case, A = 2 is an eigenvalue of A of algebraic multiplicity equal to 2.

We will now look at how to find the eigenvalues and eigenvectors for a matrix A in detail. The steps
used are summarized in the following procedure.

Procedure 7.6: Finding Eigenvalues and Eigenvectors
Let A be an n X n matrix.
1. First, find the eigenvalues A of A by solving the equation det (xI —A) = 0.

2. For each A, find the basic eigenvectors X # 0 by finding the basic solutions to (AI—A)X= 0.

To verify your work, make sure that AX = AX for each A and associated eigenvector X.

We will explore these steps further in the following example.

Example 7.7: Find the Eigenvalues and Eigenvectors

-5

LetA = { 74

} . Find its eigenvalues and eigenvectors.

Solution. We will use Procedure 7.6. First we find the eigenvalues of A by solving the equation
det(xI —A) =0

This gives
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=0

det{x—'—s -2 ]

7 x—4
Computing the determinant as usual, the result is
P Hx—6=0

Solving this equation, we find that A} =2 and 4, = —3.

Now we need to find the basic eigenvectors for each A. First we will find the eigenvectors for A; = 2.
We wish to find all vectors X # 0 such that AX = 2X. These are the solutions to (2 —A)xX = 0.

Clot -5 D6 = 6]
7 2]0) -]

The augmented matrix for this system and corresponding reduced row-echelon form are given by
BT R P
7 =210 0 O ‘ 0

The solution is any vector of the form
2
AN

Multiplying this vector by 7 we obtain a simpler description for the solution to this system, given by

e

This gives the basic eigenvector for A; = 2 as
2
7

To check, we verify that AX = 2X for this basic eigenvector.

EHIHEMEEH

This is what we wanted, so we know this basic eigenvector is correct.

&~ N

—_ I

Next we will repeat this process to find the basic eigenvector for A, = —3. We wish to find all vectors
X # 0 such that AX = —3X. These are the solutions to ((—3)/ —A)xX = 0.

CIFEES)INEH
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2 =2 X -~ 0
7 =7 y 10
The augmented matrix for this system and corresponding reduced row-echelon form are given by
2 =210 RN 1 —-1]0
7 =710 0 0]0

The solution is any vector of the form
s 1
s 701

This gives the basic eigenvector for A, = —3 as

]

To check, we verify that AX = —3X for this basic eigenvector.

-5 2 Ll | -3 |_ 3 1
-7 4 1 | =3 1
This is what we wanted, so we know this basic eigenvector is correct. 'y

The following is an example using Procedure 7.6 for a 3 x 3 matrix.

Example 7.8: Find the Eigenvalues and Eigenvectors

Find the eigenvalues and eigenvectors for the matrix

5 —10 -5
A=| 2 14 2
4 -8 6

Solution. We will use Procedure 7.6. First we need to find the eigenvalues of A. Recall that they are the
solutions of the equation

det(xI —A)=0
In this case the equation is
1 00 5 —-10 -5
det{x| O 1 O |— 2 14 2 =0
0 01 -4 -8 6

which becomes
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Using Laplace Expansion, compute this determinant and simplify. The result is the following equation.
(x—5) (x* —20x+100) =0

Solving this equation, we find that the eigenvalues are A; = 5,4, = 10 and A3 = 10. Notice that 10 is
a root of algebraic multiplicity two as

x> —20x+ 100 = (x— 10)?

Therefore, A, = 10 is an eigenvalue of algebraic multiplicity two.
Now that we have found the eigenvalues for A, we can compute the eigenvectors.

First we will find the basic eigenvectors for A; = 5. In other words, we want to find all non-zero vectors
X so that AX = 5X. This requires that we solve the equation (5/ —A)X = O for X as follows.

1 00 5 —10 =5 X 0
5101 0| — 2 14 2 y|l=1]0
0 01 -4 -8 6 z 0
That is you need to find the solution to
0 10 5 X 0
-2 -9 -2 y|=10
4 8 —1 Z 0

By now this is a familiar problem. You set up the augmented matrix and row reduce to get the solution.
Thus the matrix you must row reduce is

0O 10 5|0

-2 -9 210

4 8 —110
The reduced row-echelon form is

10 —3]0

01 %|o

00 0]0

5 5
7S Z
1 _ 1
—58 | =S5 —3
1

where s € R. If we multiply this vector by 4, we obtain a simpler description for the solution to this system,
as given by

t| =2 (7.3)
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where t € R. Here, the basic eigenvector is given by

Notice that we cannot let # = 0 here, because this would result in the zero vector and eigenvectors are
never equal to 0! Other than this value, every other choice of 7 in 7.3 results in an eigenvector.

It is a good idea to check your work! To do so, we will take the original matrix and multiply by the
basic eigenvector X;. We check to see if we get 5x;.

5 —10 -5 5 25 5
2 14 2| | —2l=|-10]=5]| =2
—4 -8 6 4 20 4

This is what we wanted, so we know that our calculations were correct.

Next we will find the basic eigenvectors for Ay, A3 = 10. These vectors are the basic solutions to the
equation,

1 00 5 —-10 -5 X 0
100 1 0| — 2 14 2 y|=10
0 01 -4 -8 6 Z 0
That is you must find the solutions to
5 10 5 X 0
-2 -4 -2 y| =10
4 8 4 Z 0
Consider the augmented matrix
5 10 510
-2 -4 =210
4 8 4]0
The reduced row-echelon form for this matrix is
1 2 1|0
0 000
0 000
and so the eigenvectors are of the form
—2s—t -2 —1
s =S 1| +¢ 0
t 0 1

Note that you can’t pick ¢ and s both equal to zero because this would result in the zero vector and
eigenvectors are never equal to zero.

Here, there are two basic eigenvectors, given by
-2 —1
X) = 1 | andx3 = 0
0 1
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Taking any (nonzero) linear combination of X, and X3 will also result in an eigenvector for the eigen-
value A = 10. As in the case for A = 5, always check your work! For the first basic eigenvector, we can
check AX, = 10X, as follows.

5 —10 -5 —1 —-10 -1
2 14 2 0| = 0| =10 0
-4 -8 6 1 10 1
This is what we wanted. Checking the second basic eigenvector, X3, is left as an exercise. 'y

It is important to remember that for any eigenvector X, X # 0. However, it is possible to have eigenvalues
equal to zero. This is illustrated in the following example.

Example 7.9: A Zero Eigenvalue

Let
2 2 -2
A= 1 3 -1
—1 1 1

Find the eigenvalues and eigenvectors of A.

Solution. First we find the eigenvalues of A. We will do so using Definition 7.2.
In order to find the eigenvalues of A, we solve the following equation.
x—2 =2 2

det(xI —A)=det| —1 x—3 1 =0
1 -1 x-1

This reduces to x> — 6x> +8x = 0. You can verify that the solutions are ; =0, A, =2, and A3 = 4.
Notice that while eigenvectors can never equal 0, it is possible to have an eigenvalue equal to 0.

Now we will find the basic eigenvectors. For A; = 0, we need to solve the equation (0] —A)X = 0.
This equation becomes —AX = 0, and so the augmented matrix for finding the solutions is given by

-2 -2 210
-1 -3 10
I -1 —110
The reduced row-echelon form is
1 0 —-1/(0
01 0f0
00 O0f0
1
Therefore, the eigenvectors are of the form 7 | 0 | where # # 0 and the basic eigenvector is given by
1
1
x1=10
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We can verify that this eigenvector is correct by checking that the equation AX; = 0xX; holds. The
product AX; is given by

2 2 =2 1 0
AX| = 1 3 -1 0[=10
-1 1 1 1 0

This clearly equals 0X1, so the equation holds. Hence, AX; = 0x; and so O is an eigenvalue of A.

Computing the other basic eigenvectors is left as an exercise. [

In the following sections, we examine ways to simplify this process of finding eigenvalues and eigen-
vectors by using properties of special types of matrices.

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

Eigenvalues and Eigenvectors for Special Types of Matrices

When trying to find the eigenvalues and eigenvectors of a matrix we’d like to work as little as possible.
Sometimes we can trade a matrix A in for a simpler matrix B that has the same eigenvalues. We will show
when this is possible by looking at what it means for two matrices to be similar. Then we will discuss
using two special types of matrices that can help us find eigenvalues and eigenvectors more easily, our
friends the elementary matrices and triangular matrices.

We start with the definition of what it means to say that two matrices are similar.
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https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/
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Let A and B be n X n matrices. Suppose there exists an invertible matrix P such that
A=P'BP

Then A and B are called similar matrices.

It turns out that we can use the concept of similar matrices to help us find the eigenvalues of matrices.
Consider the following lemma.

Lemma 7.11: Similar Matrices and Eigenvalues

Let A and B be similar matrices, so that A = P~'BP where A, B are n X n matrices and P is invertible.
Then A, B have the same eigenvalues.

Proof. We need to show that if A = P~1BP, then A and B have the same eigenvalues.
Suppose A = P~'BP and A is an eigenvalue of A, that is AX = A¥ for some ¥ # 0. Then

P BPR = A%

Since P is one to one and X # 0, it follows that P¥ =+ 0. Here, P¥ plays the role of the eigenvector in
this equation. Thus A is also an eigenvalue of B. One can similarly verify that any eigenvalue of B is also
an eigenvalue of A, and thus both matrices have the same eigenvalues as desired.

[ )

Note that this proof also demonstrates that the eigenvectors of A and B will (generally) be different.
We see in the proof that AX = AX, while B (PX) = A (PX). Therefore, for an eigenvalue A, A will have the
eigenvector X while B will have the eigenvector PX.

Now we will discuss how to use elementary matrices to simplify finding the eigenvectors and eigen-
values of a matrix A. Recall from Definition 2.47 that an elementary matrix E is obtained by applying one
row operation to the identity matrix.

It is possible to use elementary matrices to simplify a matrix before searching for its eigenvalues and
eigenvectors. This is illustrated in the following example.

Example 7.12: Simplify Using Elementary Matrices

Find the eigenvalues for the matrix

33 105 105
A= 10 28 30
—20 —60 —-62
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Solution. This matrix has big numbers and therefore we would like to simplify as much as possible before
computing the eigenvalues.

We will do so using row operations. First, add 2 times the second row to the third row. To do so, left
multiply A by E (2,2). Then right multiply A by the inverse of E (2,2) as illustrated.

1 00 33 105 105 I 00 33 —105 105
010 10 28 30 0O 1 0|=]10 =32 30
0 21 -20 —60 —62 0 -2 1 0 0 -2

By Lemma 7.11, the resulting matrix has the same eigenvalues as A where here, the matrix E (2,2) plays
the role of P.

We do this step again, as follows. In this step, we use the elementary matrix obtained by adding —3
times the second row to the first row.

1 -3 0 33 —105 105 1 30 30 15
0 10 10 =32 30 010|=]10 =2 30 (7.4)
0 01 0 0 -2 0 01 0 0 =2

Again by Lemma 7.11, this resulting matrix has the same eigenvalues as A. At this point, we can easily
find the eigenvalues. Let

3 0 15
B=|10 -2 30
0 0 -2

Then, we find the eigenvalues of B (and therefore of A) by solving the equation det (xI —B) = 0. You
should verify that this equation becomes

(x+2)(x+2)(x—3)=0

Solving this equation results in eigenvalues of A} = —2,A, = —2, and A3 = 3. Therefore, these are also
the eigenvalues of A.

[ )

Through using elementary matrices, we were able to create a matrix for which finding the eigenvalues
was easier than for A. At this point, you could go back to the original matrix A and solve (Al —A)X =0
to obtain the eigenvectors of A.

Notice that when you multiply on the right by an elementary matrix, you are doing the column oper-
ation defined by the elementary matrix. In Equation 7.4 multiplication by the elementary matrix on the
right merely involves taking three times the first column and adding to the second. Thus, without referring
to the elementary matrices, the transition to the new matrix in 7.4 can be illustrated by

33 —105 105 3 -9 15 3 0 15
10 -32 30|(—|10 =32 30| —=|10 -2 30
0 0 -2 0 0 -2 0 0 -2

The third special type of matrix we will consider in this section is the triangular matrix. Recall Defi-
nition 2.67 which states that an upper (lower) triangular matrix contains all zeros below (above) the main
diagonal. Remember that finding the determinant of a triangular matrix is a simple procedure of taking
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the product of the entries on the main diagonal.. It turns out that there is also a simple way to find the
eigenvalues of a triangular matrix.

In the next example we will demonstrate that the eigenvalues of a triangular matrix are the entries on
the main diagonal.

Example 7.13: Eigenvalues for a Triangular Matrix

LetA = . Find the eigenvalues of A.

S O =
S~
(@)W NN

Solution. We need to solve the equation det (xI —A) = 0 as follows

x—1 -2 -4
det(xI —A)=det| 0 x—4 -7 |=@x—-1)(x—4)(x—6)=0
0 0 x—6

Solving the equation (x—1)(x—4) (x—6) = 0 for x results in the eigenvalues A; = 1,4, = 4 and
A3 = 6. Thus the eigenvalues are the entries on the main diagonal of the original matrix. [

The same result is true for lower triangular matrices. For any triangular matrix, the eigenvalues are
equal to the entries on the main diagonal. To find the eigenvectors of a triangular matrix, we use the usual
procedure.

In the next section, we explore an important process involving the eigenvalues and eigenvectors of a
matrix.

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!
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7.2 Diagonalization

A. Determine when it is possible to diagonalize a matrix.

B. When possible, diagonalize a matrix.

Similarity and Diagonalization

We begin this section by recalling the definition of similar matrices. Recall that if A,B are two n X n
matrices, then they are similar if and only if there exists an invertible matrix P such that

A=P 'Bp

In this case we write A ~ B. The concept of similarity is an example of an equivalence relation.

Lemma 7.14: Similarity is an Equivalence Relation

Similarity is an equivalence relation, i.e. for n X n matrices A, B, and C,
1. A ~ A (reflexive)
2. IfA ~ B, then B ~ A (symmetric)

3. If A~ BandB ~ C, then A ~ C (transitive)

Proof. It is clear that A ~ A, taking P = I.

Now, if A ~ B, then for some P invertible,

A=P'BpP
and so
PAP™' =B
But then .
(PY)y AP"'=B
which shows that B ~ A.

Now suppose A ~ B and B ~ C. Then there exist invertible matrices P, Q such that
A=P'BP,B=07'C0Q

Then,
A=P7'(07'cQ)P=(0P)"'C(QP)

showing that A is similar to C. ®
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Another important concept necessary to this section is the trace of a matrix. Consider the definition.

If A = [a;j] is an n x n matrix, then the trace of A is

n
trace(A) = Za,—i.
i=1

In words, the trace of a matrix is the sum of the entries on the main diagonal.

Lemma 7.16: Properties of Trace

For n x n matrices A and B, and any k € R,
1. trace(A+ B) = trace(A) + trace(B)
2. trace(kA) = k- trace(A)

3. trace(AB) = trace(BA)

The following theorem includes a reference to the characteristic polynomial of a matrix. Recall that
for any n x n matrix A, the characteristic polynomial of A is c4(x) = det(xI —A).

Theorem 7.17: Properties of Similar Matrices

If A and B are n x n matrices and A ~ B, then
1. det(A) = det(B)

rank(A) = rank(B)

trace(A) = trace(B)

ca(x) = cp(x)

SANEEE S e

A and B have the same eigenvalues

We now proceed to the main concept of this section. When a matrix is similar to a diagonal matrix, the
matrix is said to be diagonalizable. We define a diagonal matrix D as a matrix containing a zero in every
entry except those on the main diagonal. More precisely, if d;; is the i 7" entry of a diagonal matrix D,
then d;; = O unless i = j. Such matrices look like the following.

where * is a number which might not be zero.
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The following is the formal definition of a diagonalizable matrix.

Let A be an n X n matrix. Then A is said to be diagonalizable if there exists an invertible matrix P
such that
P 'AP=D

where D is a diagonal matrix.

Notice that the above equation can be rearranged as A = PDP~!. Suppose we wanted to compute
A% By diagonalizing A first it suffices to then compute (PDP_l) 100, which reduces to PD'P~!. This

last computation is much simpler than A'%°. While this process is described in detail later, it provides
motivation for diagonalization.

Diagonalizing a Matrix

The most important theorem about diagonalizability is the following major result.

Theorem 7.19: Eigenvectors and Diagonalizable Matrices

An n x n matrix A is diagonalizable if and only if there is an invertible matrix P given by

where the X, are eigenvectors of A.
Moreover if A is diagonalizable, the corresponding eigenvalues of A are the diagonal entries of the
diagonal matrix D.

Proof. Suppose P is given as above as an invertible matrix whose columns are eigenvectors of A. Then
P~ is of the form

pl=

where vT/,{)_c’ ' = Okj», which is the Kronecker’s symbol defined by

5. Lifi=j
YT 0ifi#£
Then
"
W
PIAP = | 7 |[A% A% - AX, |
i
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Wy
‘/_{}g — — —
= S [ Aax AR Ay |
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[ A 0
[0 A
Conversely, suppose A is diagonalizable so that P~'AP = D. Let
P:[)?l Xy - Xy }
where the columns are the X; and
M 0
D=
Then
M 0
AP=PD=[% X X |
and so
[A)?l AXy -+ AX, } = [ MY Ay - A%, }
showing the X} are eigenvectors of A and the Ay are eigenvectors. [

Notice that because the matrix P defined above is invertible it follows that the set of eigenvectors of A,
{X1,%2,---,X, }, form a basis of R".

We demonstrate the concept given in the above theorem in the next example. Note that not only are
the columns of the matrix P formed by eigenvectors, but P must be invertible. We achieve this by using
basic eigenvectors for the columns of P.

Example 7.20: Diagonalize a Matrix

Let
2 0
A= 1 4 —1
-2 —4

Find an invertible matrix P and a diagonal matrix D such that P~'AP = D.

Solution. By Theorem 7.19 we use the eigenvectors of A as the columns of P, and the corresponding
eigenvalues of A as the diagonal entries of D.

First, we will find the eigenvalues of A. To do so, we solve det (xI —A) = 0 as follows.

1 00 2 0 O
det|{x|{ O 1 O] — I 4 -1 =0
0 01 -2 -4 4



7.2. Diagonalization = 357

This computation is left as an exercise, and you should verify that the eigenvalues are A = 2,4, =2,
and A3 = 6.

Next, we need to find the eigenvectors. We first find the eigenvectors for A;,A, = 2. Solving (2 —A)X =
0 to find the eigenvectors, we find that the eigenvectors are

-2 1
t 1 {+s]|0
0 1

where ¢, s are scalars. Hence there are two basic eigenvectors,

-2 1
)?1 = 1 and )?2 = 0
0 1
0
You can verify that the basic eigenvector for A3 = 6 is X3 = 1
-2
Then, we construct the matrix P as follows.
-2 1 0]
P=[X % X3]=| 10 1
01 -2

That is, the columns of P are the basic eigenvectors of A. Then, you can verify that

111
) 4
pl=| 31 3
11 1
7 2 1%
Thus,
111
7 2 7
1 1 2 0 0 21 0
Plap = 2 b3 1 4 —1 10 1
1 1 -2 —4 01 -2
) i
(2 0 0
- o020
1006

You can see that the result here is a diagonal matrix where the entries on the main diagonal are the
eigenvalues of A. We expected this based on Theorem 7.19. Notice that eigenvalues on the main diagonal
must be in the same order as the corresponding eigenvectors in P. [

Consider the next important theorem.
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Consider the next important theorem.

Theorem 7.21: Linearly Independent Eigenvectors

Let A be an n x n matrix, and suppose that A has distinct eigenvalues A, A, ..., Ay. For each i, let
X; be a A;-eigenvector of A. Then {X1,X2,...,Xy} is linearly independent.

The corollary that follows from this theorem gives a useful tool in determining if A is diagonalizable.

Corollary 7.22: Distinct Eigenvalues

Let A be an n X n matrix and suppose A has n distinct eigenvalues. Then A is diagonalizable.

It is possible that a matrix A cannot be diagonalized. In other words, for some matrices A there is no
invertible matrix P so that P~'AP is a diagonal matrix.

Consider the following example.

Example 7.23: A Matrix which cannot be Diagonalized

i

If possible, find an invertible matrix P and diagonal matrix D so that P~1AP = D.

Solution. Through the usual procedure, we find that the eigenvalues of A are A; = 1,4, = 1. To find the
eigenvectors, we solve the equation (A —A)X = 0. The matrix (Al — A) is given by

A—1 -1
0 2A-1
Substituting in A = 1, we have the matrix
I-1 -1 | |0 -1
0O 1-1| |0 0
Then, solving the equation (A —A)X = 0 involves carrying the following augmented matrix to its

reduced row-echelon form.
0 —-11|0 ERUTIN 0 110
0 00 0 010

Then the eigenvectors are of the form

O =
—_

and the basic eigenvector is

=l
I
1
O =
—_
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In this case, the matrix A has one eigenvalue of algebraic multiplicity two, but only one basic eigenvec-
tor. In order to diagonalize A, we need to construct an invertible 2 x 2 matrix P. However, because A only
has one basic eigenvector, we cannot construct this P. Notice that if we were to use X as both columns of
P, P would not be invertible. For this reason, we cannot repeat eigenvectors in P.

Hence this matrix cannot be diagonalized. [ )

The idea that a matrix may not be diagonalizable suggests that conditions exist to determine when it
is possible to diagonalize a matrix. We saw earlier in Corollary 7.22 that an n X n matrix with n distinct
eigenvalues is diagonalizable. It turns out that there are other useful diagonalizability tests.

First we need the following definition.

Let A be an n x n matrix and A € R. The eigenspace of A corresponding to A, written E; (A) is the
set of all eigenvectors corresponding to A, and its dimension is called the geometric multiplicity of
A. So

E;(A) ={X¥ e R" | AX = AX}.

In other words, the eigenspace E; (A) is all X such that AX = AX. Notice that this set can be written
E;(A) =null(Al —A), showing that E (A) is a subspace of R".

Recall that the algebraic multiplicity of an eigenvalue A is the number of times that it occurs as a root
of the characteristic polynomial.

Consider now the following lemma.

Lemma 7.25: Dimension of the Eigenspace, Geometric Multiplicity

If A is an n x n matrix and A is an eigenvalue of A of algebraic multiplicity m, then
dim(E, (A)) <m.

That is the geometric multiplicity of an eigenvalue is always at most its algebraic multiplicity.

Again in other words this result tells us that if A is an eigenvalue of A, then the number of linearly
independent A-eigenvectors is never more than the alegbraic multiplicity of A. This fact provides us with
a useful test for diagonalizability:

Theorem 7.26: Diagonalizability Condition

Let A be an n x n matrix A. Then A is diagonalizable if and only if for each eigenvalue A of A, its
geometric multiplicity equals its algebraic multiplicity. That is dim(E, (A)) is equal to the number
of times A occurs as a root of the characteristic polynomial.
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Complex Eigenvalues

In some applications, a matrix may have eigenvalues which are complex numbers. For example, this often
occurs in differential equations. These questions are approached in the same way as above.

Consider the following example.
Example 7.27: A Real Matrix with Complex Eigenvalues
Let

A= —1

SO =
—_ N O

Find the eigenvalues and eigenvectors of A.

Solution. We will first find the eigenvalues as usual by solving the following equation.

1 00 1 0
det{x[O0 1 0|—-]10 2 —1 =0
0 01 01 2
This reduces to (x— 1) (x> —4x+5) = 0. The solutions are A; = 1,A, =2+iand A3 =2 —i.
There is nothing new about finding the eigenvectors for A; = 1 so this is left as an exercise.

Consider now the eigenvalue A, = 2 +i. As usual, we solve the equation (A/ —A)X = 0 as given by

100 10 0 0
@+i|o10|=l02 -1]]x=]|0
00 1 01 0

In other words, we need to solve the system represented by the augmented matrix

I1+i 0 010
0 i 110
0 -1 /0

We now use our row operations to solve the system. Divide the first row by (1) and then take —i
times the second row and add to the third row. This yields

1 0 00
0 7 11]0
0 0O0]0

Now multiply the second row by —i to obtain the reduced row-echelon form, given by

o o=
=
|
o
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Therefore, the eigenvectors are of the form

and the basic eigenvector is given by
0
Xo=|1

1

As an exercise, verify that the eigenvectors for A3 = 2 —i are of the form

Hence, the basic eigenvector is given by

As usual, be sure to check your answers! To verify, we check that AX3 = (2 —i) X3 as follows.

10 0 0 0 0
02 -1 ||=i|=]|-1-2i|=02-i)] —i
01 2 1 2—i 1

Therefore, we know that this eigenvector and eigenvalue are correct.

361

)

Notice that in Example 7.27, two of the eigenvalues were given by A, =2 +iand A3 =2 —i. You may
recall that these two complex numbers are conjugates. It turns out that whenever a matrix containing real

entries has a complex eigenvalue A, it also has an eigenvalue equal to A, the conjugate of A.
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"

)<€ N g Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

7.3 Applications of Spectral Theory

A. Use diagonalization to find a high power of a matrix.

B. Use diagonalization to solve dynamical systems.

Raising a Matrix to a High Power

Suppose we have a matrix A and we want to find A>°. One could try to multiply A with itself 50 times, but
this is computationally extremely intensive (try it!). However diagonalization allows us to compute high
powers of a matrix relatively easily. Suppose A is diagonalizable, so that P"!AP = D. We can rearrange
this equation to write A = PDP~".

Now, consider A2. Since A = PDP~!, it follows that
A2 = (ppP™")* = PDP~'PDP~" = PD*P"!

Similarly,
A3 = (pDP™')’ = PDP~'PDP~'PDP' = PD’P"!

In general,
A"= (pDP™")" = PD"P"!
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Therefore, we have reduced the problem to finding D". In order to compute D", then because D is
diagonal we only need to raise every entry on the main diagonal of D to the power of n.

Through this method, we can compute large powers of matrices. Consider the following example.

Example 7.28: Raising a Matrix to a High Power

2 10
LetA = 0O 1 O |.FindAY,
-1 -1 1

Solution. We will first diagonalize A. The steps are left as an exercise and you may wish to verify that the
eigenvalues of A are A} = 1,1, = 1, and A3 = 2.

The basic eigenvectors corresponding to Aj,A, = 1 are

0 —
)_51 = 0 and )_52 = 1
1 0

The basic eigenvector corresponding to A3 = 2 is

0 -1 -1
P:[xl X2 )?3}: 0 1 0
1 0 1
Then also
1 1 1
P'=] 0 10
-1 -1 0
which you may wish to verify.
Then,
[ 1 1 1 2 1 0 0 -1 -1
P AP = 0 10 0 10 0 1 0
| -1 -1 0 -1 -1 1 1 1
1 0 0
= 010
| 0 0 2
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Now it follows by rearranging the equation that

0 —1 -1 1 00 1 11
A=PDP'=10 1 0 010 0 10
1 0 1 00 2 -1 -1 0
Therefore,
AS0O — ppS0p-l
0 -1 =171 007" 1 11
= |0 1 0 010 0 10
1 0 1 00 2 -1 -1 0
By our discussion above, DY is found as follows.
1007 1 0 0
010 = 0 1°° 0
002 o o0 2°
It follows that
[0 —1 —1 1 0 0 1 11
A = [0 1 0 0 15% o 0 10
10 1 0 0 2% -1 -1 0
[ 20 1420 0
= 0 1 0
| 1-2%0 1-2%

[ )

Through diagonalization, we can efficiently compute a high power of A. Once we have P, the only
computation required is to use row reduction to find P~!. But for some matrices finding the inverse is
trivial, as we discuss in the next section.

Raising a Symmetric Matrix to a High Power

We already have seen how to use matrix diagonalization to compute powers of matrices. This requires
computing eigenvalues of the matrix A, and finding an invertible matrix of eigenvectors P such that P~!AP
is diagonal. In this section we will see that if the matrix A is symmetric (see Definition 2.30), then we can
actually find such a matrix P that is an orthogonal matrix of eigenvectors. Thus P~! is simply its transpose
PT, and PT AP is diagonal. When this happens we say that A is orthogonally diagonalizable

In fact this happens if and only if A is a symmetric matrix as shown in the following important theorem.
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Theorem 7.29: Principal Axis Theorem

The following conditions are equivalent for an n X n matrix A:
1. A is symmetric.

2. A has an orthonormal set of n eigenvectors.

3. A is orthogonally diagonalizable.

Proof. The complete proof is beyond this course, but to give an idea assume that A has an orthonormal
set of eigenvectors, and let P consist of these eigenvectors as columns. Then P 1=Pr and PTAP=Da
diagonal matrix. But then A = PDPT and

A" = (PDP")T = (P")'D"P" = PDP" = A

S0 A is symmetric.

Now given a symmetric matrix A, one shows that eigenvectors corresponding to different eigenvalues
are always orthogonal. So it suffices to apply the Gram-Schmidt process on the set of basic eigenvectors
of each eigenvalue to obtain an orthonormal set of eigenvectors. [

We demonstrate this in the following example.

Example 7.30: Orthogonal Diagonalization of a Symmetric Matrix

1 00
o 3 1L
LetA = 2 2 || Find an orthogonal matrix P such that PT AP is a diagonal matrix.
o 1 3
2 2

Solution. In this case, verify that the eigenvalues are 2 and 1. First we will find an eigenvector for the
eigenvalue 2. This involves row reducing the following augmented matrix.

The reduced row-echelon form is

and so an eigenvector is
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Finally to obtain an eigenvector of length one (unit eigenvector) we simply divide this vector by its length
to yield:

Ssk-o

Next consider the case of the eigenvalue 1. To obtain basic eigenvectors, the matrix which needs to be

row reduced in this case is
1-1 0 0 0

3 1
0o 1-3 -1]o0

0 -3 1-3]0
The reduced row-echelon form is
01110
00 0]0
00 0]0

Therefore, the eigenvectors are of the form

—t
t

Note that all these vectors are automatically orthogonal to eigenvectors corresponding to the first eigen-
value. This follows from the fact that A is symmetric, as mentioned earlier.

We obtain basic eigenvectors

1 0
0] and | —1
0 1

Since they are themselves orthogonal (by luck here) we do not need to use the Gram-Schmidt process and
instead simply normalize these vectors to obtain

1 0
and | — \%
0 1
V2

An orthogonal matrix P that orthogonally diagonalizes A is then obtained by letting these basic vectors be
the columns of P.

0 1 O

1 1

a Y n

We verify this works. PTAP is of the form

V2 V2 031 0 1 0
5 5 1 1
Lo 0 S G
0o —-L L o L 3 4L o L
V2 V2 2 2 V2 V2
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I
cowN
o~ o
— o o

which is the desired diagonal matrix. 'y

We can now apply this technique to efficiently compute high powers of a symmetric matrix.

Example 7.31: Powers of a Symmetric Matrix

1 00
o 3 1
LetA = 2 2 | ComputeA’.
o L 3
2 2

Solution. We found in Example 7.30 that PTAP=Dis diagonal, where

0O 1 O 20 0
P=| 5 0 —% |andD=]0 1 0

1 1

ﬁoﬁ 0 01

Thus A = PDPT and A” = PDPT PDPT ...PDPT = PD’PT which gives:

_ ) i 1 1T
(1)1()1 '20()70\/5\/5
AT = | 5 0 —— 010 1 0 0
f0f 00 1 o —L L
L V2 v2 |k V2 V2
_ ) I 1 1T
(1)1()1 '2700'0\/5\/5
=75 0 ——>% 010 1 0 0
f0f 001]l0 —% &
L V2 v2 |t . V2 V2
s To 2o 207
0 1 0 2 2
_ | L o0 —L
=\ 2 V2 I 0 0
19 L 0 —L L
V2 V2o V2 V2
1 0 i
2741 271
_ |0 H 5
271 2741
0 = %7
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(2 ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

Markov Matrices

There are applications of great importance which feature a special type of matrix. Matrices whose columns
consist of non-negative numbers that sum to one are called Markov matrices.

An n X n matrix whose entries are nonnegative real numbers such that the sum of the entries in each
column is equal to one is called a Markov matrix.

An important application of Markov matrices is in population migration, as illustrated in the following
definition.

Let m locations be denoted by the numbers 1,2,---,m. Suppose it is the case that each year the
proportion of residents in location j which move to location i is a;j. Also suppose no one escapes or
emigrates from without these m locations. This last assumption requires ) ;a;; = 1, and means that
the matrix A, such that A = [ai j}, is a Markov matrix. In this context, A is also called a migration
matrix.

Consider the following example which demonstrates this situation.


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/
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Example 7.34: Migration Matrix

Let A be a Markov matrix given by
A 4 2
| .6 .8

Verity that A is a Markov matrix and describe the entries of A in terms of population migration.

Solution. The columns of A are comprised of non-negative numbers which sum to 1. Hence, A is a Markov
matrix.

Now, consider the entries a;; of A in terms of population. The entry a;; = .4 is the proportion of
residents in location one which stay in location one in a given time period. Entry a;; = .6 is the proportion
of residents in location 1 which move to location 2 in the same time period. Entry aj, = .2 is the proportion
of residents in location 2 which move to location 1. Finally, entry ay, = .8 is the proportion of residents
in location 2 which stay in location 2 in this time period.

Considered as a Markov matrix, these numbers are usually identified with probabilities. Hence, we
can say that the probability that a resident of location one will stay in location one in the time period is .4.

[ )

Observe that in Example 7.34 if there was initially, say, 15 thousand people in location 1 and 10
thousand in location 2, then after one year there would be .4 x 15+ .2 x 10 = 8 thousand people in location
1 the following year, and similarly there would be .6 X 154-.8 X 10 = 17 thousand people in location 2 the
following year.

X1n

- X2 . . . . . -
More generally let X, = ,n where x;, is the population of location i at time period n. We call X,

Xmn
the state vector at period n. In particular, we call Xy the initial state vector. If A is the migration matrix
and X, is the state vector at period n, we compute the population in each location i one time period later
by %41 = AX,. In order to find the population of location i after k years, we compute the i’ component of
AKX, This discussion is summarized in the following theorem.

Theorem 7.35: State Vector

Let A be the migration matrix of a population and let X,, be the vector whose entries give the pop-
ulation of each location at time period n. Then X, is the state vector at period n and it follows
that

fn—&—l = Afn

The sum of the entries of X,, will equal the sum of the entries of the initial vector Xy. Since the columns
of A sum to 1, this sum is preserved for every multiplication by A as demonstrated below.

¥ Fasn-o (z) S

i

Consider the following example.
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Example 7.36: Using a Migration Matrix

Consider the migration matrix
6 0 .1
2 8 0
2209
for locations 1,2, and 3. Suppose initially there are 100 residents in location 1, 200 in location 2 and
400 in location 3. Find the population in the three locations after 1,2, and 10 units of time.

A=

Solution. Using Theorem 7.35 we can find the population in each location using the equation X, ;| = AX,.
For the population after 1 unit, we calculate X; = AX as follows.

X1 = AXo
X11 -.6 0 1 100
X21 = 2 8 0 200
31 2 2 .9 || 400
[ 100
= 180
| 420

Therefore after one time period, location 1 has 100 residents, location 2 has 180, and location 3 has 420.
Notice that the total population is unchanged, it simply migrates within the given locations. We find the
locations after two time periods in the same way.

X, = AX;
X12 -.6 0 .1 100
x22 = 2 8 0 180
X32 L 2209 420
[ 102
= 164
_434]

We could progress in this manner to find the populations after 10 time periods. However from our
above discussion, we can simply calculate (A"Xp);, where n denotes the number of time periods which
have passed. Therefore, we compute the populations in each location after 10 units of time as follows.

X10 = X0
X110 6 0 .17 100
X210 = 2 8 0 200
X310 _.2 29 400

[ 115.08582922
= 120.13067244
| 464.78349834

Since we are speaking about populations, we would need to round these numbers to provide a logical
answer. Therefore, we can say that after 10 units of time, there will be 115 residents in location one, 120
in location two, and 465 in location three. [ )
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A second important application of Markov matrices is the concept of random walks. Suppose a walker
has m locations to choose from, denoted 1,2,---,m. Let a;; refer to the probability that the person will
travel to location i from location j. Again, this requires that

k
Zaij =1
i=1

X1n

. o X2 . [ . . .
In this context, the vector x,, = ,n contains the probabilities x;,, that the walker ends up in location i at

Xmn
time n.

Example 7.37: Random Walks

Suppose three locations exist, referred to as locations 1,2 and 3. The Markov matrix of probabilities
A = [a;j] is given by

04 0.1 05

04 06 0.1

02 03 04

If the walker starts in location 1, calculate the probability that he ends up in location 3 at time n = 2.

Solution. Since the walker begins in location 1, we have

1

The goal is to calculate x3,. To do this we calculate X;, using X, .| = AX,.

X = AXo

[ 04 0.1 0.5 1
= 04 0.6 0.1 0
| 02 03 04 0

[ 0.4
= | 04
| 0.2

X, = AX

[ 0.4 0.1 05 0.4
= 04 06 0.1 0.4
| 02 03 04 0.2

0.3
— | 042
| 0.28
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This gives the probabilities that our walker ends up in locations 1, 2, and 3. For this example we are
interested in location 3, and the probability that our individual ends up at location 3 at time n = 2 is 0.28.

[ )

Returning to the context of migration, suppose we wish to know how many residents will be in a
certain location after a very long time. It turns out that if some power of the migration matrix has all
positive entries, then there is a vector Xy such that A”Xy approaches X; as n becomes very large. Hence as
more time passes and n increases, A”Xy will become closer to the vector X.

Consider Theorem 7.35. Let n increase so that X, approaches X;. As X, becomes closer to X;, so too
does X, 1. For sufficiently large n, the statement X, | = AX,, can be written as X; = AX;.

This discussion motivates the following theorem.

Theorem 7.38: Steady State Vector

Let A be a migration matrix. Then there exists a steady state vector written X such that
X :A)_C)S

where X, has positive entries which have the same sum as the entries of X.
As n increases, the state vectors X, will approach X;.

Note that the condition in Theorem 7.38 can be written as (I — A)X; = 0, representing a homogeneous
system of equations.

Consider the following example. Notice that it is the same example as the Example 7.36 but here it
will involve a longer time frame.

Example 7.39: Populations over the Long Run

Consider the migration matrix
6 0 .1
2 8 0
2209
for locations 1,2, and 3. Suppose initially there are 100 residents in location 1, 200 in location 2 and
400 in location 4. Find the population in the three locations after a long time.

A=

Solution. By Theorem 7.38 the steady state vector X, can be found by solving the system (/ —A)X; = 0.
Thus we need to find a solution to

1 00 6 0 .1 X1s 0

01 0(—-(2 80 x5 | =10

0 0 1 2209 X3 0
The augmented matrix and the resultlng reduced row-echelon form are given by
0.4 —0. 1 0 1 0 -025]|0
—0.2 =101 -025]0

-0.2 —02 01 0 00 00
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Therefore, the eigenvectors are )
0.25
t| 025

The initial vector X is given by
[ 100
200
400

Now all that remains is to choose the value of ¢ such that
0.25¢ 4+ 0.25¢t +t = 100 + 200 + 400

Solving this equation for ¢ yields t = @. Therefore the population in the long run is given by

1400 0.25 116.666 666 666 6667
= 0.25 | = | 116.6666666666667
1 466.666 666 666 6667

Again, because we are working with populations, these values need to be rounded. The steady state
vector Xy is given by
117
117
466

)

We can see that the numbers we calculated in Example 7.36 for the populations after the 10/ unit of
time are not far from the long term values.

Consider another example.

Example 7.40: Populations After a Long Time

Suppose a migration matrix is given by

11 1
5 25
1 1
A=| 4 1 2
13
20 4 10

Find the comparison between the populations in the three locations after a long time.

Solution. In order to compare the populations in the long term, we want to find the steady state vector X;.
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So we must solve the equation

11 1

5 2 5
1 00 L1 Xls 0
01 0f—| 4 4 2 x | =10
0 01 1 1 3 X3 0

20 4 10

The augmented matrix and the resulting reduced row-echelon form are given by

4 _1 _1‘0
5 72 75
1 3 1 Lo _%‘0
-5 1 20| S50 ~1819
11 1 7
~3% ~4 100 00 0]0
and so an eigenvector is
16
18
19

Therefore, the proportion of population in location 2 to location 1 is given by %. The proportion of

population 3 to location 2 is given by %. [

A Look Under the Hood: Eigenvalues of Markov Matrices

You may not have noticed it, but Theorem 7.38 and the discussion immediately following it foreshadow
the following important proposition, the proof of which has a surprising and satisfying approach.

Proposition 7.41: Eigenvalues of a Markov Matrix

Let A = [ajj| be a Markov matrix. Then 1 is always an eigenvalue for A.

Proof. Remember that the determinant of a matrix always equals that of its transpose. Therefore,
det (x — A) = det ((xl —A)T) — det (xI — A”)

because I7 = I. Thus the characteristic equation for A is the same as the characteristic equation for A .
Consequently, A and AT have the same eigenvalues. We will show that 1 is an eigenvalue for A7 and then
it will follow that 1 is an eigenvalue for A.

Remember that for a Markov matrix, ) ;a;; = 1. Therefore, if AT = [b,- j] with b;; = aj;, it follows that

Zbijzzaﬁzl
J J
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Therefore, from matrix multiplication,

1 Yibij 1
AT | = : — | :
1 Y jibnj 1
1
Notice that this shows that | : | is an eigenvector for AT corresponding to the eigenvalue A = 1. As
1
explained above, this shows that A = 1 is an eigenvalue for A because A and A” have the same eigenvalues.

[ )

Discrete Time Dynamical Systems

The migration matrices discussed above give an example of a discrete time dynamical system. We call
them discrete because they involve discrete time values taken at a sequence of points rather than on a
continuous interval of time.

Another example of a situation which can be studied in this way is a predator prey model. Consider
the following model where x is the number of prey and y the number of predators in a certain area at a
certain time. These are functions of n € N where n = 1,2, -- are the ends of intervals of time which may
be of interest in the problem. In other words, x, is the number of prey at the end of the n'" interval of time.
An example of this situation may be modeled by the following equation

Xnt1 | | 2 =3 Xn
Yn+1 1 4 Yn
This says that from time period n to n+ 1, x increases if there are more x and decreases as there are more

y. In the context of this example, this means that as the number of predators increases, the number of prey
decreases. As for y, it increases if there are more y and also if there are more x.

This is an example of a matrix recurrence, which we define now.

Suppose a dynamical system is given by

Xnt1l = GXp+Dby,
Yny1 = cxp +dyp

This system can be expressed as V,..| = AV,, where V,, = l in ] and A = l C:» 2 } :
n

In this section, we will examine how to find solutions to a dynamical system given certain initial
conditions. This process involves several concepts previously studied, including matrix diagonalization
and Markov matrices. The procedure is given as follows.
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Procedure 7.43: Solving a Dynamical System

Suppose a dynamical system is given by

Xn+1 = axp+byn
Ynt1 = Cxp+dy,

Given initial conditions xy and yo, the solutions to the system are found as follows:
1. Express the dynamical system in the form V, | = AV,,.

2. Diagonalize A to be written as A = PDP~ .
3. ThenV, = PD"P~'V, where V) = BO] is the vector containing the initial conditions.
0

4. If given specific values for n, substitute into this equation. Otherwise, find a general solution
forV,.

We will now consider an example in detail.

Example 7.44: Solutions of a Discrete Dynamical System

Suppose a dynamical system is given by

Xpt1 = 1.5x,—0.5y,

Express this system as a matrix recurrence and find solutions to the dynamical system for the initial
conditions xy = 20, yg = 10.

Solution. First, we express the system as a matrix recurrence.

Vn+1 = AV,
] _ [15 =057 x
Ynt1 1.0 O ][ Y

15 0.5
A= { 1.0 0]

You can verify that the eigenvalues of A are 1 and 0.5. By diagonalizing, we can write A in the form

ror- (][ ]2 ]

Now given an initial condition

Then
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the solution to the dynamical system is given by
V, = PD'P 'V
x| U t][1 o] 2 =177 x0
yo | 2 0 05 -1 1 Yo
1 1 0 2 —1 X0
2 0 (0.5)" — 1 Y0

¥0 ((0.5)" = 1) —x0 ((0.5
| 30(2(0.5)"—1) —x0(2(0.5)" - 2)

1T 1T
p— p— p— p—

If we let n become arbitrarily large, this vector approaches
{ 2x0 — o }
2x0 — Yo

AREES
Yn 2)CO_yO

Now suppose the initial condition is given by

Hinkl

Then, we can find solutions for various values of n. Here are the solutions for values of n between 1

Thus for large n,

and 5
_,.[ 20 _,.[ 215 4. [ 2875
"= 00 PP T 250 0P| 275
. [ 29375 _ . [ 29688
=% 0875 [P T 00| 29375

Notice that as n increases, we approach the vector given by
2x0—yo | | 2(20)0—10 | | 30
2x0—yo | | 2(20)0—10 | | 30 |-

These solutions are graphed in the following figure.

29
28
27

28 29 30
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The following example demonstrates another system which exhibits some interesting behavior. When
we graph the solutions, it is possible for the ordered pairs to spiral around the origin.

Example 7.45: Finding Solutions to a Dynamical System

Suppose a dynamical system is of the form

{xﬁl}_[ 0.7 0.7][)@1]
Yn+1 -0.7 0.7 Vn

Find solutions to the dynamical system for given initial conditions.

Solution. Let

0.7 0.7
A= { ~0.7 0.7 }

To find solutions, we must diagonalize A. You can verify that the eigenvalues of A are complex and are
given by A1 =0.740.7i and A, = 0.7 — 0.7i. The eigenvector for A; = 0.740.7i is

"

and the eigenvector for A, = 0.7 —0.7i is

Thus the matrix A can be written in the form

11
1 1][07+0.7 0 2 772!
i —i 0  07-07i| |1 L
and so,
vV, = PD'PlY,
11
]  [1 17[(07407)" 0 2 72 T x
o | | i =i 0 (0.7 —0.7i)" i

The explicit solution is given by

H N [ X0 (3(0.7=070)"+ 3 (0.7+0.70") 4o (
Ly (2(0.7-070)"+1(0.7+0.7i)") —xo (

)=o)

Then one obtains the following sequence of values which are graphed below by lettingn =1,2,---,20

n

i(0.7—0.7i)" — 1i (0.7+0.7)")
i(0.7—0.7i)" — 3i (0.7+0.7)")

D=0 —

Suppose the initial condition is
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In this picture, the dots are the values and the dashed line is to help to picture what is happening.

These points are getting gradually closer to the origin, but they are circling the origin in the clockwise

direction as they do so. As n increases, the vector { n ] approaches { 8 ] . )

n

Our discussion to this point has been focused on discrete time dynamical systems. However, matrix

techniques can also be used to analyze the behavior of continuous time systems of differential equations.

One famous such model of predator-prey interactions is the Lotka Volterra system. This model is given by
the system of two differential equations

d
@ = )
d
i = e

where a, b, c,d are positive constants. For example, you might have x be the population of moose and y the
population of wolves on an island.

Note that these equations make logical sense. The top says that the rate at which the moose population
increases would be ax if there were no predators y. However, this is modified by multiplying instead by
(a — by) because if there are predators, these will depress the rate of growth of the of moose. The more
predators there are, the more pronounced is this effect. As to the predator equation, you can see that the
equations predict that if there are many prey around, then the rate of growth of the predators would seem
to be high. However, this is modified by the term —cy because if there are many predators, there would be
competition for the available food supply and this would tend to decrease %.

The behavior near an equilibrium point, which is a point where the right side of the differential equa-
tions equals zero, is of great interest. In this case, the equilibrium point is

c a
ST
Then one defines new variables according to the formula
c a
X+ g% + Y

In terms of these new variables, the differential equations become

a = (+3) (a0 (6+3))
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a =~ 0+5) (ma(x+3))

Multiplying out the right sides yields

dx

- e _bxy—b—
dt R
dy a

YD v+ 2d
g Ty

dx ¢
a — d’
dy a
24
dr b
Replace ‘fl—’t‘ with the difference quotient M where 4 is a small positive number and % with a

similar difference quotient. For example one could have & correspond to one day or even one hour. Thus,
for h small enough, the following would seem to be a good approximation to the differential equations.

x(t+h) = x(1) —hb%y

y(t+h) = y(t)-i—hgdx

Let 1,2,3,--- denote the ends of discrete intervals of time having length / chosen above. Then the above

equations take the form
1 —hbe
X+l | _ d Xn
Yn+1 % 1 Yn

Note that the eigenvalues of this matrix are always complex.

We are not interested in time intervals of length 4 for & very small. Instead, we are interested in much
longer lengths of time. Thus, replacing the time interval with mh,

o)=L 7] 2]

x(n+2)] [ 1—ach® =2bGh 7 4,
y(n+2) | | 2%h 1—ach® || ya
Note that most of the time, the eigenvalues of the new matrix will be complex.

You can also notice that the upper right corner will be negative by considering higher powers of the
matrix. Thus letting 1,2,3,--- denote the ends of discrete intervals of time, the desired discrete dynamical

system is of the form
Xpt1 | _ | a —b Xn
Yn+1 c d Yn
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where a,b,c,d are positive constants and the matrix will likely have complex eigenvalues because it is a
power of a matrix which has complex eigenvalues.

You can see from the above discussion that if the eigenvalues of the matrix used to define the dynamical
system are less than 1 in absolute value, then the origin is stable in the sense that as n — oo, the solution
converges to the origin. If either eigenvalue is larger than 1 in absolute value, then the solutions to the
dynamical system will usually be unbounded, unless the initial condition is chosen very carefully. The
next example exhibits the case where one eigenvalue is larger than 1 and the other is smaller than 1.

The following example demonstrates a familiar concept as a dynamical system.
The Fibonacci sequence is the sequence given by
1,1,2,3,5,---
which is defined recursively by the equations

X0 =1
X1 =1
Xpt2 =Xp+ Xy forn > 1

Show how the Fibonacci Sequence can be considered a dynamical system.

Solution. This sequence, important in both theoretical and applied mathematics, was first introduced to
western mathematics by Leonardo of Pisa in 1202. His introductory problem involved keeping track of
the number of reproducing rabbits on an island. The sequence can be found as the solution of a dynamical
system as follows. Let y, = x,,4.1. Then the above recurrence relation can be written as

e =l D)=l
A=)

B
s X2 =

Let

are, respectively,

X =

1

You can see from a short computation (or a couple of seconds with a calculator) that one of the eigen-
values is smaller than 1 in absolute value while the other is larger than 1 in absolute value. Now, diago-
nalizing A gives us

1 1 1 17! 1 1 1 1
2V5—3 —3V5—; [0 1} 2V5—7 V53
1 1

1 1 1 1
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1 1

V545 0

11
0 3-3V5
Then it follows that for a given initial condition, the solution to this dynamical system is of the form
1 1 1 1 n
{xn} W5—3 =353 (%\/g-i-%)
yn N 1

1
WS mSEE
15 45 (15-) ]

It follows that

Xn = <;\/§+%>n <%¢§+;) - (%—%\G)(

Here is a picture of the ordered pairs (x,,y,) forn=0,1,--- ,n

40

20 *

0 0 20 30

There is so much more that can be said about dynamical systems. It is a major topic of study in

differential equations and what is given above is just an introduction.
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

The Matrix Exponential

The goal of this section is to use the concept of the matrix exponential to solve first order linear differential
equations. We begin by defining the matrix exponential.

Suppose A is a diagonalizable matrix. Then the matrix exponential, written ¢*, can be easily defined.
Recall that as A is diagonalizable, there is an invertible matrix P and a diagonal matrix D such that

P lAP=D
D is of the form
M 0
(7.5)
0 Ay
and it follows that
Al 0
D" =
0 AV
Since A is diagonalizable,
A= PDP"!

and


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/
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We now will examine what is meant by the matrix exponential ¢*. Begin by formally writing the

:;0 ZPD"P ! (EIZ‘>P_

If D is given above in 7.5, the above sum is of the form

following power series for e”:

1

- | T 0

P Z - P—l
=01 o A
This can be rearranged as follows:
Yilowht 0
A=P P!
0 Yo Ak
eh 0
=P P!
0 M

This justifies the following theorem.

Theorem 7.47: The Matrix Exponential
] An and corresponding matrix of eigenvec-

Let A be a diagonalizable matrix, with eigenvalues A4, ..., A,
tors P. Then the matrix exponential, ¢*, is given by

=P p!

Example 7.48: Compute ¢* for a Matrix A

Let
2 -1 -1

Find .

Solution. The eigenvalues work out to be A = 1, A, =2, and A3 = 3 and corresponding eigenvectors
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Then let
1 00 0o —1 -1
D=]102 0| andP=| -1 -1 01,
0 0 3 1 1 1
and so
0
pl=|-1 -1 —
0 1 1
Then the matrix exponential is
0 -1 —1 el 0 0 1 0 1
A= -1 -1 0 0 ¢ 0 -1 -1 -1
1 1 1 0 0 & 1 1
&2 23 23
et—e o2 e—e

—ez—i—e —€2+€3 —62—|—€—|—€3

[ )

The matrix exponential is a useful tool to solve autonomous systems of first order linear differential
equations. These are equations which are of the form

¥ =A%, #(0)=C

where A is a diagonalizable n x n matrix and C is a constant vector. X is a vector of functions in one
variable, ¢:
x1(2)

XQ(I)

xn.(t)

Then ¥ refers to the first derivative of X and is given by

= , Xi(t) = the derivative of x;(t)

Then it turns out that the solution to the above system of equations is ¥ (¢) = ¢’’C. To see this, suppose
A is diagonalizable so that

M

Then
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ellt
AC=P - rlc
et
Differentiating ¢C yields
llellt
/
= (eMc) =P Plc
lne}””t
M Mt
=P P lc
A et
ll el][
= P P~'p p-'c
A, ehnt
= A(eMC) =ax
Therefore ¥ = ¥(¢) = ¢*'C is a solution to ¥ = A%.
To prove that ¥(0) = C if ¥(t) = e*'C:
1
X(0)=eVC=pP P lc=c
1

Solution. The matrix is diagonalizable and can be written as

e T )

Therefore, the matrix exponential is of the form
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The solution to the initial value problem is

We can check that this works:

3¢2(0) _ 200

{x(O) ] [ 40 — 3¢20) }

Lastly,

v 4et — 302 1 | 4 — 6
T | 362 —2¢ ] T | 6e* —2¢

Ar— |0 2 det =3¢ 1 [ de' —6e*
YT 3| 3eX—2ef | T | 62 —2¢!

which is the same thing. Thus this is the solution to the initial value problem.

and

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!
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7.4 Orthogonality

Orthogonal Diagonalization

We begin this section by recalling some important definitions. Recall from Definition 4.126 that two non-
zero vectors are called orthogonal if their dot product equals 0. A set of vectors is said to be orthonormal
if every vector in the set has length one and any two vectors chosen from the set are orthogonal.

An orthogonal matrix U, from Definition 4.133, is one in which UU T —I. In other words, the transpose
of an orthogonal matrix is equal to its inverse. A key characteristic of orthogonal matrices, which will be
essential in this section, is that the columns of an orthogonal matrix form an orthonormal set of vectors.

We now recall another important definition.

A real n x n matrix A, is symmetric if AT =A. IfA = —AT, then A is called skew symmetric.

Before proving an essential theorem, we first examine the following lemma which will be used below.

Lemma 7.51: The Dot Product

LetA = [ai j} be a real symmetric n X n matrix, and let X,y € R". Then

(AX) -y = X- (A)

Proof. This result follows from the definition of the dot product together with properties of matrix multi-
plication, as follows:

(4X)-y =

~~
o
=
N—
ﬂ
=l

Il
}{l —~
T
-
NN
1 | —

==l
—~

>
NS
N~—

The last step follows from AT = A, since A is symmetric. [ Y

We can now prove that the eigenvalues of a real symmetric matrix are real numbers and that eigenvec-
tors corresponding to different eigenvalues are orthogonal.

Theorem 7.52: Orthogonal Eigenvectors

Let A be a real symmetric matrix. Then the eigenvalues of A are real numbers and eigenvectors
corresponding to distinct eigenvalues are orthogonal.

Proof. Recall that for a complex number a + ib, the complex conjugate, denoted by a+ib is given by
a+ib = a — ib. The notation, X will denote the vector which has every entry replaced by its complex
conjugate.
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Suppose A is a real symmetric matrix and A¥ = A% with X # 0. We will first show that A is a real
number. As A is symmetric, A = AT, and so

Multiply on the left by 7 to get

And then
F AR =% (A7)
(AR =X (A%)
(ADTZ=F (AZ) (as A =A)
(AD)Ti=AX %
A0 =A% %
X F=AX %

Dividing by %' % on both sides yields A = A which says A is real. To do this, we need to ensure that
¥z = 0. Notice that ¥¥=0ifand only if ¥ = 0. Since we chose X such that A¥ = AZ, ¥ is an eigenvector
and therefore must be nonzero.

To show that eigenvectors corresponding to distinct eigenvalues are orthogonal, suppose A is a real
symmetric matrix, AX = AX, and Ay = uy where u # A. Then since A is symmetric, it follows from
Lemma 7.51 about the dot product that

Af.y:Af-y:f-Ay:}-uy: uf.)_;
Hence (A — p)X-y = 0. It follows that, since A — i # 0, it must be that X- ¥ = 0, as claimed. '

The following theorem is proved in a similar manner.

Theorem 7.53: Eigenvalues of Skew Symmetric Matrix

The eigenvalues of a real skew symmetric matrix are either equal to O or are pure imaginary num-
bers.

Proof. First, note that if A = 0 is the zero matrix, then A is skew symmetric and has eigenvalues equal to
0.

Suppose A = —AT so A is skew symmetric and AX = AX. Then
A% ¥=(A%) ¥ =% AT¥ = —¥ A¥=—A¥ ¥

and so, dividing by E_C’T)_c’ as before, L = —A. Letting A = a + ib, this means a — ib = —a — ib and so a = 0.
Thus A is not equal to zero, then A is a pure imaginary number. [
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Consider the following example.

Example 7.54: Eigenvalues of a Skew Symmetric Matrix

0
1

LetA = { _(1) ] . Find the eigenvalues of A.

Solution. First notice that A is skew symmetric. By Theorem 7.53, the eigenvalues will either equal O or
be pure imaginary. The eigenvalues of A are obtained by solving the usual equation

det(xI—A):det{ _)16 )lc} =x*+1=0

Hence the eigenvalues are +i, pure imaginary. [

Consider the following example.

Example 7.55: Eigenvalues of a Symmetric Matrix

} . Find its eigenvalues.

Solution. First, notice that A is symmetric. By Theorem 7.52, the eigenvalues will all be real. The
eigenvalues of A are obtained by solving the usual equation

x—1 -2

det(xI—A):det{ 5 13

]:x2—4x—1:0

The eigenvalues are given by A; = 2+ +/5 and A, = 2 — /5 which are both real. [

Recall that a diagonal matrix D = [di j} is one in which d;; = 0 whenever i # j. In other words, all
numbers not on the main diagonal are equal to zero.

Consider the following important theorem.

Theorem 7.56: Orthogonal Diagonalization

Let A be a real symmetric matrix. Then there exists an orthogonal matrix U such that
UTAU =D

where D is a diagonal matrix. Moreover, the diagonal entries of D are the eigenvalues of A.

We can use this theorem to diagonalize a symmetric matrix, using orthogonal matrices. Consider the
following corollary.
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Corollary 7.57: Orthonormal Set of Eigenvectors

If A is a real n X n symmetric matrix, then there exists an orthonormal set of n eigenvectors of A.

Proof. Since A is symmetric, then by Theorem 7.56, there exists an orthogonal matrix U such that UTAU =
D, a diagonal matrix whose diagonal entries are the eigenvalues of A. Therefore, since A is symmetric and
all the matrices are real, o

D=DT =UTATU =U"A"U =U"AU =D

showing D is real because each entry of D equals its complex conjugate.

Now let
U:[Zil Uy -~ ﬁn}

where the #; denote the columns of U and

The equation, UTAU = D implies AU = UD and

AU = [ Ay Ay - Aiiy |
= [llﬁl lzﬁz lnﬁn}
= UD

where the entries denote the columns of AU and UD respectively. Therefore, Aii; = A;ii;. Since the matrix
U is orthogonal, the ij" entry of UTU equals §; j and so

Ojj = il uj = ;i

This proves the corollary because it shows the vectors {i;} form an orthonormal set. o

Let A be an n x n matrix. Then a principal axes of A is a set of orthonormal eigenvectors of A.

In the next example, we examine how to find such a set of orthonormal eigenvectors.

Example 7.59: Find an Orthonormal Set of Eigenvectors

Find an orthonormal set of eigenvectors for the symmetric matrix

17 =2 -2
A=| -2 6 4
2 4 6
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Solution. Recall Procedure 7.6 for finding the eigenvalues and eigenvectors of a matrix. You can verify
that the eigenvalues are 18,9,2. First find the eigenvector for 18 by solving the equation (18 — A)x = 0.
The appropriate augmented matrix is given by

18 —17 2 2 0
2 I8—6 —4 |0
2 -4 18—-6|0

The reduced row-echelon form is

Therefore an eigenvector is

—4
1
1
Next find the eigenvector for A = 9. The augmented matrix and resulting reduced row-echelon form are
9-17 2 2 |0 10 —5]0
2 9-6 4 |0 | —=--=101 —=1]0
2 -4 9-6|0 00 O0]0
Thus an eigenvector for A =9 is
1
2
2

Finally find an eigenvector for A = 2. The appropriate augmented matrix and reduced row-echelon form are

2—-17 2 2 10 1 0 0|0
2 2-6 4|0 —=---—=1]011]0
2 —4 2-6|0 0 0 0[O0
Thus an eigenvector for A =2 is )
0
—1
|1
The set of eigenvectors for A is given by
—4 1 0
1],]2],] —1
2 1

You can verify that these eigenvectors form an orthogonal set. By dividing each eigenvector by its magni-
tude, we obtain an orthonormal set:
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[ )

Consider the following example.

Example 7.60: Repeated Eigenvalues

Find an orthonormal set of three eigenvectors for the matrix

10 2 2
A= 2 13 4
2 4 13

Solution. You can verify that the eigenvalues of A are 9 (with algebraic multiplicity two) and 18 (with
algebraic multiplicity one). Consider the eigenvectors corresponding to A = 9. The appropriate augmented
matrix and reduced row-echelon form are given by

9—-10 -2 -2 |0 1 2 2|0
-2 9-13 4 |0|—=---—=1]1000]0
-2 -4 9—-1310 0 0 00
and so eigenvectors are of the form
—2y—2z
y
b4

We need to find two of these which are orthogonal. Let one be given by setting z =0 and y = 1, giving
-2
1
0

In order to find an eigenvector orthogonal to this one, we need to satisfy

-2 —2y—2z
1] y =5y+4z=0
<
The values y = —4 and z = 5 satisfy this equation, giving another eigenvector corresponding to A =9 as
—2(—4)-2(5) -2
(—4) =| —4
5 5

Next find the eigenvector for A = 18. The augmented matrix and the resulting reduced row-echelon
form are given by

18—10 -2 2 o 10 -3
—2 18=13 -4 |0 |=-=|0 1 —1]0
-2 —4 18—13]0 00 0
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and so an eigenvector is
1
2
2

Dividing each eigenvector by its length, the orthonormal set is

Pl 2 R
LI B B CN B B I
Vil o 5] 5|32

)

In the above solution, the repeated eigenvalue implies that there would have been many other orthonor-
mal bases which could have been obtained. While we chose to take z = 0,y = 1, we could just as easily
have taken y = 0 or even y = z = 1. Any such change would have resulted in a different orthonormal set.

Recall the following definition.

An n x n matrix A is said to be non defective or diagonalizable if there exists an invertible matrix
P such that P~'AP = D where D is a diagonal matrix.

As indicated in Theorem 7.56 if A is a real symmetric matrix, there exists an orthogonal matrix U
such that UTAU = D where D is a diagonal matrix. Therefore, every symmetric matrix is diagonalizable
because if U is an orthogonal matrix, it is invertible and its inverse is U T 1In this case, we say that A is
orthogonally diagonalizable. Therefore every symmetric matrix is in fact orthogonally diagonalizable.
The next theorem provides another way to determine if a matrix is orthogonally diagonalizable.

Theorem 7.62: Orthogonally Diagonalizable

Let A be an n x n matrix. Then A is orthogonally diagonalizable if and only if A has an orthonormal
set of eigenvectors.

Recall from Corollary 7.57 that every symmetric matrix has an orthonormal set of eigenvectors. In fact
these three conditions are equivalent.

In the following example, the orthogonal matrix U will be found to orthogonally diagonalize a matrix.

Example 7.63: Diagonalize a Symmetric Matrix

1 00
o 3 1L
LetA = 2 2 | Find an orthogonal matrix U such that UT AU is a diagonal matrix.
o 1 3
2 2
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Solution. In this case, the eigenvalues are 2 (with algebraic multiplicity one) and 1 (with algebraic multi-
plicity two). First we will find an eigenvector for the eigenvalue 2. The appropriate augmented matrix and
resulting reduced row-echelon form are given by

2—-1 0 0 |0

1 0 0f0
3 _1
02220—>---—>01—10
0 _% 2 % ‘ 0 00 00
and so an eigenvector is
0
1
1
However, it is desired that the eigenvectors be unit vectors and so dividing this vector by its length gives
0
1
V2
1
V2

Next find the eigenvectors corresponding to the eigenvalue equal to 1. The appropriate augmented matrix
and resulting reduced row-echelon form are given by:

I-1 0 0 |0

01110
_3 1
0 1=3 20—>-~-—>OOOO
1 3
0 —1 1_5‘0 0 000
Therefore, the eigenvectors are of the form
s

0
1 1
Two of these which are orthonormal are | O |, choosing s =1 and # = 0, and V2 |, letting s = 0,
0 1
2

t = 1 and normalizing the resulting vector.

To obtain the desired orthogonal matrix, we let the orthonormal eigenvectors computed above be the
columns.

01 O
-1 o0 L
o,
WG
To verify, compute UT AU as follows:
L1
0 =% 7|1 00 01 0
UTAU=| 1 0 0 0?2 —?0#5
0 7 |22 N
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1 00
=010
0 0 2

=D

the desired diagonal matrix. Notice that the eigenvectors, which construct the columns of U, are in the
same order as the eigenvalues in D. '

We conclude this section with a Theorem that generalizes earlier results.

Theorem 7.64: Triangulation of a Matrix

Let A be an n X n matrix. If A has n real eigenvalues, then an orthogonal matrix U can be found to
result in the upper triangular matrix UT AU .

This Theorem provides a useful Corollary.

Corollary 7.65: Determinant and Trace

Let A be an n X n matrix with eigenvalues Ay, ---,A,. Then it follows that det(A) is equal to the
product of the A;’s, while trace(A) is equal to the sum of the A;’s.

Proof. By Theorem 7.64, there exists an orthogonal matrix U such that UT AU = P, where P is an upper
triangular matrix. Since P is similar to A, the eigenvalues of P are A1, A,,...,A,. Furthermore, since P is
(upper) triangular, the entries on the main diagonal of P are its eigenvalues, so det(P) = AjA,--- 4, and
trace(P) = A1+ A2+ -+ A,. Since P and A are similar, det(A) = det(P) and trace(A) = trace(P), and
therefore the results follow. '

The Singular Value Decomposition

Singular Value Decomposition (SVD) can be thought of as a generalization of orthogonal diagonalization
of a symmetric matrix to an arbitrary m x n matrix. This decomposition is the focus of this section.

Suppose that A is an m x n matrix. We will be interested in the eigenvalues and eigenvectors of the
n x n matrix AT A, and our first result concerns those eigenvalues.

Proposition 7.66: Eigenvalues of A” A

For any real m x n matrix A, the eigenvalues of AT A are real and nonnegative.

Proof. As AT A is real and symmetric, Theorem 7.52 tells us that the eigenvalues of AT A are real. We must
merely show that any such eigenvalue is nonnegative.

Suppose A is a non-zero eigenvalue of A”A and let X be a corresponding eigenvector. We must show
that A is greater than zero. We will do this by examining the angle between X and /fx, which is either O or
7. Notice that ¥ and Ax point in the same direction if and only if A is greater than O if and only if the dot
product Ax-Xis greater than 0.
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But we see that .
Ax-¥=ATAX ¥ = AX-AX >0,
as AX # 0. Thus we conclude that A ¥ and ¥ point in the same direction, and so A > 0. '

This tells us that the eigenvalues of A A are either positive or zero. We will use the positive eigenvalues
of AT A to define the Singular Values of A:

Let A be an m x n matrix. The singular values of A are the square roots of the positive eigenvalues
of ATA.

The following is a useful result that will help when computing the SVD of matrices.

Proposition 7.68

Let A be an m x n matrix. Then AT A and AAT have the same nonzero eigenvalues.

Proof. Suppose A is an m x n matrix, and suppose that A is a nonzero eigenvalue of A A. Then there exists
a nonzero vector X € R" such that

(ATA)% = AX. (7.6)
Multiplying both sides of this equation by A yields:
AATA)X = AAR
(AAT)(AX) = A(AX).

Since A # 0 and X # 0,, AX # 0,, and thus by equation (7.6), (ATA)x # 0,,; thus A7 (A%) # 0,,, implying
that AX # 0.

Therefore AX is an eigenvector of AAT corresponding to eigenvalue 4. An analogous argument can be
used to show that every nonzero eigenvalue of AA” is an eigenvalue of AT A, thus completing the proof.

[ )

Given an m X n matrix A, we will see how to express A as a product
A=UuxvT
where

* U is an m x m orthogonal matrix whose columns are eigenvectors of AAT .
* V is an n x n orthogonal matrix whose columns are eigenvectors of ATA.

* Y is an m X n matrix whose only nonzero values lie on its main diagonal, and are the singular values
of A.
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This is called the Singular Values Decomposition of the matrix A.

How can we find such a decomposition? We are aiming to decompose A in the following form:

_ o O T
e

where o is a k x k matrix of the form
(o] 0
0 Oy
with o1 > 0, > - > oy being the singular values of A.

If we had sucha decomposition, then we would also have AT =y [

that

2
ATA:V[By 8]UTU[3 8}VT:V[G O]VT

2 2

and so ATAV =V { ¢ 0 } . Similarly, AATU =U { °

0 0 0 0
basis of eigenvectors for AA” make them the columns of a matrix so that the corresponding eigenvalues
are decreasing. This gives U. You could then do the same for ATA to get V.

} . Therefore, you would find an orthonormal

We formalize this discussion in the following theorem.

Theorem 7.69: Singular Value Decomposition

Let A be an m X n matrix. Then there exist orthogonal matrices U and 'V of the appropriate size such
that A = UXVT where X is of the form

c 0
=[5 o]
and o is of the form
(03] 0
O =
0 Oy

for the o; the singular values of A.

Proof. By Theorem 7.29 and Proposition 7.66 we know that AT A has a set of n nonnegative eigenvalues.
So there exist nonnegative numbers o; such that o1 > 02 > --- > 0, and the eigenvalues of ATA are

2 0'2, ..,062. We can assume that o; > 0 for i < k and 0; = 0 for i > k. As ATA is orthogonally
dlagonahzable there exists an orthonormal basis, {v,}l | such that ATAY; = 0' V;. Thus for i > k, AV; = 0
because

AV AV = ATAV; % =07 =0.
Fori=1,---,k, define ii; € R™ by
i = o, 1A\7i.
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Thus AV; = o;ii;. Now for any i and j that are less than or equal to k, we have

U - I/_[j = O'iilA\_/’i . 0']~71A\7j
=0, 'o; ' (AV;-AV))
= Gi_lcj_l (\7, -ATA\_;]')
= Gi_l
gj

= gj(vi'vj)

O'j_l (\71' . GJZ\_}J‘)

= l]'
Thus {#;}*_, is an orthonormal set of vectors in R”. Also,
AATi; = AAT 6,1 AV; = 0, ' AAT AV, = 6, ' AcH; = ofil;,

k. . . . .
so our set {#;};_; is an orthonormal set of eigenvectors corresponding, in order, to our eigenvalues

612, 622, e, G]g. Now extend {Ei,—}f:l to an orthonormal basis for all of R™,{#;}"" ; and let U be the matrix
while

Thus U is the matrix which has the #; as columns and V is defined as the matrix which has the V; as
columns. Then

- =7 A
Uy

UTAV = | @l | A%,

=T
Up

=T
| U

where o is given in the statement of the theorem. [ )

The singular value decomposition has as an immediate corollary which is given in the following inter-
esting result.

Corollary 7.70: Rank and Singular Values

Let A be an m x n matrix. Then the rank of A and AT equals the number of singular values.
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Let’s compute the Singular Value Decomposition of a simple matrix.

Example 7.71: Singular Value Decomposition

I -1 3

LetA:{3 11

] . Find the Singular Value Decomposition (SVD) of A.

Solution. To begin, we compute AAT and AT A.

1 3 100 2 6
ATA=1| -1 1 {; _}ﬂ: 2 2 -2
31 6 —2 10

Since AAT is 2 x 2 while ATA is 3 x 3, and AAT and ATA have the same nonzero eigenvalues (by
Proposition 7.68), we compute the characteristic polynomial c447(x) (because it’s easier to compute than

CATA()C)).

caar(x) = det(xl —AAT) = x:sll x:sll'
= (x—11)2-25
= X2 —22x+121-25
= x> —22x+96
= (x—16)(x—06)

Therefore, the eigenvalues of AAT are A; = 16 and A, = 6.

The eigenvalues of ATA are A; = 16, A, = 6, and A3 = 0, and the singular values of A are 6] = V16 =4
and 0, = /6. By convention, we list the eigenvalues (and corresponding singular values) in non increasing
order (i.e., from largest to smallest).

To find the matrix V:

To construct the matrix V we need to find eigenvectors for ATA. Since the eigenvalues of AAT are
distinct, the corresponding eigenvectors are orthogonal, and we need only normalize them.

A1 = 16: solve (16 —ATA)Y = 0.

6 -2 —6|0 1 0 -1(0 t 1
-2 14 20 =101 O0]0|,s0Y=|0]=¢t|0],2eR
-6 2 6|0 00 00 t 1

A2 = 6: solve (6] —ATA)Y = 0.
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-4 -2 —-610 1 10 —s —1
-2 4 210l =10 1 1]0|,s0Y=]| —s | =s| —-1],seR
-6 2 —410 0 0|0 s 1
A3 = 0: solve (~ATA)Y =0.
-10 -2 —-610 1 0 110 —r —1
-2 =2 210l =101 2|0 |,s0Y=| 2r | =r 2 |, relR.
-6 2 —-1010 00 01}0 r 1
Let
V ! ; V; ! _i V. ! 5
1= —= WMy=—F= | — V3= —F=
V2| V3l Ve |
Then
V3 V2 -1
1
V=—"ro| 0 —V2 2
lvi vz 1
Also,
s _ 4 00 ’
0 V6 0

and we use A, VT, and X to find U.

Since V is orthogonal and A = U YVT it follows that AV = UY. Let V = [ Vi Vo V3 }, and let
U=][U U, |,whereU and U, are the two columns of U.

Then we have

Alvi V, 3] = [U Uy ]X
[AVI AV, AV3] = [61U1+0U2 0U, + ox U 0U1+0U2}
= [G]U] o U, O}

which implies that AV; = 61U = 4U; and AV, = 6,U; = V6Us.

Thus,
1
1 1{1 -1 3 1 1 4 1 1
o=g=zl5 1] 0 willmwl )
and
—1
1 1 1 -1 3 1 1 3 1 1
Uy=—=AV, = — — | -1 | =—= =—
Sk B b Il R B B
Therefore,
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and

Here is another example.

Example 7.72: Finding the SVD

—1
Find an SVD for A = 2
2

Solution. Since A is 3 x 1, ATA is a 1 x 1 matrix whose eigenvalues are easier to find than the eigenvalues
of the 3 x 3 matrix AAT.

ATA=]-1 2 2] _; =[9].
2

Thus AT A has eigenvalue A; = 9, and the eigenvalues of AA” are A; =9, A, = 0, and A3 = 0. Further-
more, A has only one singular value, o7 = 3.

To find the matrix V: To do so we find an eigenvector for A”A and normalize it. In this case, finding
a unit eigenvector is trivial: V; = [ 1 |, and

v=[1].
3
Also,X= | 0 |,and weuse A, VT, and X to find U.
0

Now AV =UZ, withV =[ Vi |,andU = [ U; U, Us |, where U, Uy, and Us are the columns of
U. Thus

A[Vl} = [Ul U, U3}Z
[AV1 | = [ 61U 40U, +0U3 |
= [ali]

This gives us AV, = o1U; = 3Uj, so

~1 ~1

1 1 1
U=zAVi=3| 2 [1}:g 2
2 2
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The vectors U, and Uz are eigenvectors of AAT corresponding to the eigenvalue A, = A3 = 0. Instead
of solving the system (0 — AAT)X = 0 and then using the Gram-Schmidt process on the resulting set of
two basic eigenvectors, the following approach may be used.

Find vectors U, and U by first extending {U } to a basis of R?, then using the Gram-Schmidt algorithm
to orthogonalize the basis, and finally normalizing the vectors.

Starting with {3U, } instead of {U; } makes the arithmetic a bit easier. It is easy to verify that

-1 1 0
21,101, 1
2 0 0
is a basis of R3. Set
-1 1 0
E| = 2 =0, 43=1|1/[,
2 0 0
and apply the Gram-Schmidt algorithm to {E},X,X3}.
This gives us
4
E2: 1 andE3: 1
1 _
Therefore,
1 1
U =—= Uy = — ,
2 s | 3 NG O
and
1 4
TE )
v=| 19
3Vs8 V2
Finally,
1 _4
—1 -3 \/—1_8 10 3
2 1
el I B A O A
3VIs V2

Consider another example.
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Example 7.73: Find the SVD

Find a singular value decomposition for the matrix

L[ 2V2V5 4vaV5 o
= 3v2v3 #vavs o

First consider ATA

16 32
=z = 0
D g
2 64
5 5 0
0 0 O
What are some eigenvalues and eigenvectors? Some computing shows the eigenvalues are 16 and 0 with
5
$V5
0
being the unit eigenvector for A = 16 and
0 —3V5
0. | I3
1 0
being the two orthonormal eigenvectors for A = 0.
Thus the matrix V is given by
V5 —3/5 0
v=| s 55 o
0 0 1
Next consider
8 8
T _
=[5 3]
| | | o NG
which has 16 as its only nonzero eigenvalue, with eigenvector | 1 Nk
2
: - [ —3v2 .
For the eigenvalue 0 you can compute the unit eigenvector is 2 5 | and so we can let U be given
2

by
1 1

V2 —35V2

V2 3V2
To check this we compute U AV .

12 1

UTav = | 2 2

[—% 2 V2

|
N

LN —
OSS
W] WD
=
OS
NG
- O O

VI1[ 325 $V3V5 0
[ 335 2% o

400
1000
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This illustrates that if you have a good way to find the eigenvectors and eigenvalues for a symmetric
matrix which has nonnegative eigenvalues, then you also have a good way to find the singular value
decomposition of an arbitrary matrix.
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)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.
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Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

Positive Definite Matrices

Positive definite matrices are often encountered in applications such mechanics and statistics.

We begin with a definition.

Let A be an n X n symmetric matrix. Then A is positive definite if all of its eigenvalues are positive.

The relationship between a negative definite matrix and positive definite matrix is as follows.

An n X n matrix A is negative definite if and only if —A is positive definite.

Consider the following lemma.

Lemma 7.76: Positive Definite Matrix and Invertibility

If A is positive definite, then it is invertible.
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Proof. If A¥ = 0, then 0 is an eigenvalue if V is nonzero, which does not happen for a positive definite
matrix. Hence v = 0 and so A is one to one. This is sufficient to conclude that it is invertible. [ )
Notice that this lemma implies that if a matrix A is positive definite, then det(A) > 0.

The following theorem provides another characterization of positive definite matrices. It gives a useful
test for verifying if a matrix is positive definite.

Theorem 7.77: Positive Definite Matrix

Let A be a symmetric matrix. Then A is positive definite if and only if X! A% is positive for all
nonzero X € R".

Proof. Since A is symmetric, there exists an orthogonal matrix U so that

UTAU = diag(A1,22,...,Ay) = D,
where A1,A,...,A, are the (not necessarily distinct) eigenvalues of A. Let X € R”, X # 0, and define
y=UT%. Then
X Aax=x"(ubuhx= 'U)D(UT?) =5 Dy.

Writing 7" = [ y1 y2 -+ ya |,
Y1
T . Y2
X A_x e |: yYi Y2 - Vn ] dlag(l],AZV"’A‘YZ) .
Yn

= My A3+ Ay

(=) First we will assume that A is positive definite and prove that ¥/ AX is positive.

Suppose A is positive definite, and X € R”, X # 0. Since U7 is invertible, y=UTx+# 0, and thus y;j #0
for some j, implying y? > 0 for some j. Furthermore, since all eigenvalues of A are positive, 7L,-yl~2 > 0 for
all i and A jy? > 0. Therefore, X AX > 0.

(<=) Now we will assume x” A¥ is positive and show that A is positive definite.

If T AX¥ > 0 whenever X #* 6, choose X = Ué;, where €; is the jth column of ,,. Since U is invertible,
X# 6, and thus
y=U"¥=UT(U&;) =¢,.

Thus y; =1 and y; = 0 when i # j, so
Myt +2ay3 + - Aayp = A
ie, A= %I A¥ > 0. Thus every eigenvalue of A is positive, and so A is a positive definite matrix. [

There are some other very interesting consequences which result from a matrix being positive defi-
nite. First one can note that the property of being positive definite is transferred to each of the principal
submatrices which we will now define.
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Let A be an n X n matrix. Denote by Ay, the k x k matrix obtained by deleting the k+1,- - - ,n columns
and the k+1,--- ,n rows from A. Thus A,, = A and Ay, is the k X k submatrix of A which occupies
the upper left corner of A.

Lemma 7.79: Positive Definite and Submatrices

Let A be an n X n positive definite matrix. Then each submatrix Ay is also positive definite.

Proof. This follows right away from the above definition. Let ¥ € R* be nonzero. Then

—

X

A= O}A{O

} >0
by the assumption that A is positive definite. [

There is yet another way to recognize whether a matrix is positive definite which is described in terms
of these submatrices. We state the result, the proof of which can be found in more advanced texts.

Theorem 7.80: Positive Matrix and Determinant of A,

Let A be a symmetric matrix. Then A is positive definite if and only if det (Ay) is greater than O for
every submatrix Ay, k=1,--- ,n.

Proof. We prove the < direction of the theorem by induction on n. It is clearly true if n = 1. Suppose
then that it is true for n — 1 where n > 2. Since det(A) = det(A,) > 0, it follows that all the eigenvalues
are nonzero. We need to show that they are all positive. Suppose not. Then there is some even number
of them which are negative, even because the product of all the eigenvalues is known to be positive,
equaling det (A). Pick two, A; and A, and let Ai; = A;ui; where i; # 0 fori=1,2 and i - i, = 0. Now if
7 = o] + iy is an element of span{ii1,i}, then since these are eigenvalues and i) - iy = 0, a short
computation shows

ZTAZ: ((Xlﬁl + Otzﬁz)TA ((Xlﬁl + Otzﬁz)
= [ou|* My >+ |0 | Ao
< 0.

Also notice that if we let ¥ be any vector in R”~!, we can use the induction hypothesis to write

(7 0]A [ 0 } = A, 17> 0.
Now the dimension of {Z € R" : z, =0} is n — 1 and the dimension of span{i}, 4, } = 2 and so there must
be some nonzero 7 € R” which is in both of these subspaces of R"”. However, the first computation above
would require that 77 AZ < 0 (as z € funcspan {iiy,ii>} ) while the second computation would require that
¥T A% > 0. This contradiction shows that all the eigenvalues must be positive and A is a positive definite
matrix. This proves the if part of the theorem.
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The = direction of the theorem can also be shown to be correct, but it is the direction which was just
shown which is of most interest, so we omit the proof. ' Y

Corollary 7.81: Symmetric and Negative Definite Matrix

Let A be symmetric. Then A is negative definite if and only if
(—1)*det (A;) > 0

foreveryk=1,---,n.

Proof. This is immediate from the above theorem when we notice, that A is negative definite if and only
if —A is positive definite. Therefore, if det(—Ay) > 0 for all k = 1,---,n, it follows that A is negative

definite. However, det (—A;) = (—1)*det (A). [ )
The Cholesky Factorization

Another important theorem is the existence of a specific factorization of positive definite matrices. It is
called the Cholesky Factorization and factors the matrix into the product of an upper triangular matrix and
its transpose.

Theorem 7.82: Cholesky Factorization

Let A be a positive definite matrix. Then there exists an upper triangular matrix U whose main
diagonal entries are positive, such that A can be written

A=UTU

This factorization is unique.

The process for finding such a matrix U relies on simple row operations.

Let A be a positive definite matrix. The matrix U that creates the Cholesky Factorization can be
found through two steps.

1. Using only type 3 elementary row operations (multiples of rows added to other rows) put A in
upper triangular form. Call this matrix U. Then U has positive entries on the main diagonal.

2. Divide each row of U by the square root of the diagonal entry in that row. The result is the
matrix U.

Of course you can always verify that your factorization is correct by multiplying U and U to ensure
the result is the original matrix A.

Consider the following example.
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Example 7.84: Cholesky Factorization

9 -6 3
is positive definite, and find the Cholesky factorization of A.

Show thatA= | -6 5 -3
3 -3 6

Solution. First we show that A is positive definite. By Theorem 7.80 it suffices to show that the determinant

9 —6}

of each submatrix is positive.
A1:[9}andA2:{_6 5

sodet(A;) =9 and det(A;) = 9. Since det(A) = 36, it follows that A is positive definite.
Now we use Procedure 7.83 to find the Cholesky Factorization. Row reduce (using only type 3 row

operations) until an upper triangular matrix is obtained.

9 -6 3 9 -6 3 9 -6 3
-6 5 3|—=+0 1 -1|—=]0 1 -1
3 -3 6 0 -1 5 0O 0 4

Now divide the entries in each row by the square root of the diagonal entry in that row, to give

3 =2 1
U=10 1 -1
0 0O

You can verify that UTU = A. )

Example 7.85: Cholesky Factorization

Let A be a positive definite matrix given by

—_— D
N~ =
[V NS

Determine its Cholesky factorization.

Solution. You can verify that A is in fact positive definite.
To find the Cholesky factorization we first row reduce to an upper triangular matrix.

1

p—

—_

—
—
—_—

1
)
3| —

|& v —

3
0
4 0

3
0
0 5

S W
—
=

311
1 42| —
1 25

Wl m|
p—
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Now divide the entries in each row by the square root of the diagonal entry in that row and simplify.
Vi W3 L
v—| 0 WAVIT SVaVIT
0 0 pVI1V43
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Finding Eigenvalues: QR Factorization and Power Methods

We know a method for finding the eigenvalues of a given matrix A: compute the characteristic polynomial
of A and find all of its roots. Sadly, if A is large, then we have the problem of finding the roots of a
polynomial of degree 420. This is not easily done algebraically, so we will resort to numerical methods to
approximate the eigenvalues. This section describes one such approach, introducing QR factorization and
power methods along the way, both of which have independent interest.

In this section we begin by describing a reliable way to factor a matrix. Called the QR factorization,
it is guaranteed to always exist. While much can be said about the QR factorization, this section will be
limited to real matrices. Therefore we assume the dot product used below is the usual dot product. We
begin with a definition.

Let A be a real m X n matrix. Then a QR factorization of A consists of an m X n matrix Q with
orthonormal columns and an invertible n X n upper triangular matrix R such that A = QR.


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/

7.4. Orthogonality = 411

The following theorem claims that such a factorization exists.

Theorem 7.87: Existence of OR Factorization

Let A be any real m x n matrix with linearly independent columns. Then there exists an m X n matrix
Q with orthonormal columns and an inverstible upper triangular matrix n X n R having positive
entries on the main diagonal such that

A=0R.

The procedure for obtaining the QR factorization for any matrix A is as follows.

Let A be anm x n matrix given by A= [ A; Ay --- A, | where the A; are the linearly indepen-
dent columns of A.

1. Apply the Gram-Schmidt Process 4.139 to the columns of A, writing B; for the resulting
columns.

2. Normalize the B;, to find C; = l, B;.

3. Construct the orthogonal matrix Q as Q = [ i G - G, }

4. Construct the upper triangular matrix R as

|Bill A2-C1 A3-Cp -+ A,-Cy

0 ||B2f] A3-Cy -+ Ay-C

R = 0 0 IB3|| -+ An-G3
| 0 0 0 - |Ball |

5. Finally, write A = QR where Q is the orthogonal matrix and R is the upper triangular matrix
obtained above.

Notice that the columns C;’s of Q form an orthonormal set. Since ||B;|| > 0 for all i (since the length
of a vector is always positive), it follows that R is an upper triangular matrix with positive entries on the
main diagonal, hence invertible.

Consider the following example.

Example 7.89: Finding a OR Factorization

Find a OR factorization of A. That is find a matrix Q with orthonormal columns and upper triangular
matrix R with positive entries on the main diagonal such that A = QR.
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Solution. First, observe that A, A», the columns of A, are linearly independent. Therefore we can use the
Gram-Schmidt Process to create a corresponding orthogonal set {B},B;} as follows:

1
Bl = A= 0
1
As - By
B, = Ay———=B
|B1I?
[ 2 1
2
K 1
!
= 1
_—1

Normalize each vector to create the set {C;,C>} as follows:

[ 1
1 1
¢ = —Bi=——710
B0~ V2 1]
6 - La |
2 = Twpoaibe= 2
B2 | V31
Now construct the matrix Q as
0 = [C G
- LA
V2 V3
1
1 1
V2 V3

Finally, construct the upper triangular matrix R as
[ IBi[| Az-C, ]
0 Bl

[ V]

R =

It is left to the reader to verify that A = QR. [
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The OR Factorization and Eigenvalues

The QR factorization of a matrix has a very useful application. It turns out that it can be used repeatedly to
estimate the eigenvalues of a matrix. Consider the following procedure, which we present without proof.

Let A be an invertible matrix. Define the matrices A,A»,--- as follows:
1. Aj = A factored as A1 = Q1R
2. Ay = R1Q factored as A» = OQ2R»
3. A3 = Ry, factored as A5 = Q3R3

Continue in this manner, where in general Ay = QRy and A1 = R;Ox.

Then it follows that this sequence of A; converges to an upper triangular matrix which is similar to
A. Therefore the eigenvalues of A can be approximated by the entries on the main diagonal of this
upper triangular matrix.
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Power Methods for Finding Eigenvalues

While the QR algorithm can be used to approximate all of the eigenvalues of a given matrix A, there are
a couple of useful and fairly elementary techniques for finding both the largest eigenvalue of a matrix
and the eigenvector and associated eigenvalue of A nearest to a given complex number. These are called
power methods, as they work (not surprisingly) with powers of a matrix. Combining these power methods
with the QR factorization will provide us a way to both improve the approximations to the values of
the eigenvectors of A that are provided by Procedure 7.90 and to find eigenvectors associated with each
eigenvalue.

First, we will discuss the Power Method, which finds the largest eigenvalue of A.

Suppose the n x n matrix A has a basis of eigenvectors {X1,---,x,} such that AX, = A4,,X,,. Also assume
that |A;]| < |Az| < --- < |A,|. Now let ii; be some nonzero vector. Since {X1,---,X,} is a basis, there exists
unique scalars, ¢; such that

n
1/71 = Z Ckfk
k=1

Assume you have not been so unlucky as to pick #; in such a way that ¢,, = 0. Then recursively define the
sequence of vectors iy,i,u3 - -+ by i1 = Alig. Then, for any m we have

n—1
Uy = A" = Ck)L]T)_C)k + A,Z"cn)_c’n (7.7)
k=1
For large m the last term, A"c,X,, determines quite well the direction of the vector on the right. This is
because |A,| is larger than || for k < n and so for a large m, the sum, Y/~ | cxA/"%;, on the right is fairly

insignificant. Therefore, for large m, i, is essentially a multiple of the eigenvector X,,, the one which goes
with A,,.

The only problem is that there is no control of the size of the vectors i,,, which means that calculations
can become impossible. But we can fix this by scaling. Let S> denote the entry of Ai; which is largest
in absolute value. We call this a scaling factor. Then i, will not be just Aii; but Aii;/S,. Next let S3
denote the entry of A, which has largest absolute value and define ii3 = Aii, /S3. Continue this way. The
scaling just described does not destroy the relative insignificance of the term involving a sum in Equation
7.7. Indeed it amounts to nothing more than changing the units of length. Also note that from this scaling
procedure, the absolute value of the largest element of iy is always equal to 1. Therefore, for large m,

y = m + (relatively insignificant term).

Therefore, the entry of Aii,, which has the largest absolute value is essentially equal to the entry having

largest absolute value of
AlenXn \ Antle, X,
$283---8Sm ) S$283---Sp

and so for large m, it must be the case that A,, ~ S, 1. This suggests the following procedure.
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1. Start with a vector u; which you hope has a component in the direction of X,. The vector
(L,---, 1)T is usually a pretty good choice.

2. Ifuy is known, let
. Aty
U] = o
Sk+1

where Sy is the entry of Auy which has largest absolute value.

3. When the scaling factors, Sy are not changing much, Sy will be close to the eigenvalue and
tix11 will be close to an eigenvector.

4. Check your answer to see if it worked well.

Now we turn to the shifted inverse power method, which finds the eigenvalue of A that is closest to a
given complex (or real) number, along with the associated eigenvector. It tends to work extremely well,
provided that you start with something which is fairly close to an eigenvalue.

Given an n X n matrix A, if i is a complex number and you want to find the eigenvalue A of A which is
closest to i, you could consider the eigenvalues and eigenvectors of the matrix (A — p/ )_1. Then AX = AX
if and only if

(A—pul)x=A—-p)x
If and only if
1
A—p

X=(A—u)'%

Thus, if A is the closest eigenvalue of A to u then out of all eigenvalues of (A — u/ )_l , the eigenvalue given

by 7 1 m would be the largest, since if A — u is small, then ﬁ is large. But we just finished describing a

procedure that produces the eigenvalue of a matrix with the largest absolute value!

So all we have to do is apply the power method to the matrix (A — u/) ~! The eigenvector i that is you
get from the power method will be the eigenvector which corresponds to the eigenvalue A of A such that
A is the closest to u of all eigenvalues of A. And once we have i in hand, we can find this closest value A
simply by computing Aii and comparing the result to u.

Example 7.92: Finding Eigenvalue and Eigenvector

Find the eigenvalue and eigenvector for

3 2
A=| -2 0 -1
-2 -2 0

which is closest to u = .9+ .9i.
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Solution. Form

32 1 100
(A—ul)™t = 2 0 -1 |—=(9+.9)|0 10
-2 -2 0 001

[ —0.61919—10.545i —5.5249—4.9724i —0.37057 —5.8213i
= 5.5249+4.9724i  5.2762+0.24862i  2.7624+2.4862i
| 0.74114+11.643;  5.5249+4.9724i  0.49252+6.9189i

Then pick an initial guess and multiply by (A — ul)~! raised to a large power:

15

s [ —0.61919—10.545i —5.5249 —4.9724i —0.37057 —5.8213i 1
((A,ul)_l) 1| = 5.5249+4.9724i  5.2762+0.24862i  2.7624+2.4862i 1
1 0.74114+11.643i  5.5249+4.9724i  0.49252+6.9189i 1

1.5629 x 1013 —3.8993 x 10!2;
= | —5.8645x10'2+9.7642 x 10'%;
| —1.5629 x 103 +3.8999 x 10'2%i

Now divide by an entry (try to pick the entry with largest absolute value) to make the vector have reason-
able size. This yields
—0.99999 —3.6140 x 1072;
0.49999 —0.49999i

1.0
which is close to
—-1.0
u= 1| 0.5-0.5{
1.0
Then
3 2 1 —-1.0 —-1.0—-1.0¢
Aii=| =2 0 -1 0.5-0.50 | = 1.0
-2 =2 0 1.0 1.0+ 1.0¢

Now to determine the eigenvalue, you could just take the ratio of corresponding entries from # and Aii.
Pick the two corresponding entries which have the largest absolute values. In this case, you would get

the eigenvalue to be A = %__5'0" = 1+i. Luckily, this happens to be the exact eigenvalue. Thus the
eigenvalue closest to 4 = 0.9+ 0.9i is A = 1+, and an eigenvector corresponding to this value of A is
-1.0
i=105-0.5i]. ®
1.0

Usually it won’t work out quite this well but you can still find what is desired. Thus, once you have
obtained approximate eigenvalues using the QR algorithm, you can approximate each eigenvalue more
exactly, and produce eigenvectors associated with each eigenvalue, by using the shifted inverse power
method.
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Quadratic Forms

One of the applications of orthogonal diagonalization is that of quadratic forms and graphs of level curves
of a quadratic form. This section has to do with rotation of axes so that with respect to the new axes,
the graph of the level curve of a quadratic form is oriented parallel to the coordinate axes. This makes
it much easier to understand. For example, we all know that x% —l—x% = 1 represents the equation in two
variables whose graph in R? is a circle of radius 1. But even if you remember that the graph of the equation
SX% +4x1x + 3x% =1 is an ellipse, can you find the semi-major and semi-minor axes of that ellipse? We
will use quadratic forms to simplify this problem.

We first formally define what is meant by a quadratic form. In this section we will work with only real
quadratic forms, which means that the coefficients will all be real numbers.

A quadratic form is a polynomial of degree two in n variables x1,xp,- - ,X,, written as a linear
combination of xl-2 terms and x;x; terms.

X1

. . . X2
Consider the quadratic form g = allx% + agzx% +--+ a,mx% +apxixy+---. We can write ¥ =

Xn
as the vector whose entries are the variables contained in the quadratic form.
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apy app - daip
o ay axp -+ A . . . 2
Similarly, let A = . . be a matrix whose entries are the coefficients of x; and x;x;
anl dp2 - Qpp

from g. It turns out that the matrix A is not unique, and we will discuss how to choose a unique such A in
the example below. Using this matrix A, the quadratic form can be written as ¢ = X! AX.

g = XAX
aip arpp - daip X1
ay azp - A X2
= [ xl xz oo xn j|
i apl 4ap2 - dpp Xn
apx) +axixa+---+aux,
apxy +anxy+ -+ apx;
=[x x  x] :
A1pX1 + agpXy + -+ - + AunXp

= anx% +a22x% +--- +annx% +appxixy+---

Let’s explore how to find our unique such matrix A. Consider the following example.

Example 7.94: Matrix of a Quadratic Form

Let a quadratic form g be given by

q = 6x7 + 43 + 323

Write g in the form X! AX.

Solution. First, let X = 1 and A = an 92 .
X2 ay axn

Then, writing g = ¥7 AX gives
ail ap X1
g = [x x]
azy ay X2
2 2
= apX] taxxixy +apxixy+ axpx;

Notice that we have an x1x, term as well as an xpx; term. Since multiplication is commutative, these
terms can be combined. This means that g can be written

q= allx% + (0121 +a12)x1xz + azzx%
Equating this to g as given in the example, we have

allx% + (0121 + alz)xle + azzx% = 6x% +4dx1x0 + 3x%
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Therefore,
ai
ap = 3
a1 t+ap =
This demonstrates that the matrix A is not unique, as there are several correct solutions to ax; +ajy =4.
However, we will always choose the coefficients such that a;; = ajp = %(cm +ajz). This results in

az1 = ayp = 2. This choice is key, as it will ensure that A turns out to be a symmetric matrix, and there is
a unique symmetric matrix A such that g = ¥/ AX.

A— an ap | _ |6 2
S lay an | |23

You can verify that g = ¥T AX holds for this choice of A. '

Hence for our example,

The above procedure for choosing A to be symmetric applies for any quadratic form g. We will always
choose coefficients such that a;; = a;;.

We now turn our attention to the focus of this section. Our goal is to start with a quadratic form ¢
as given above and find a way to rewrite it to eliminate the x;x; terms. This is done through a change of
variables. In other words, we wish to find y; such that

q=diy] +dny;+-- +duy?

)l

. Yy . AT . . .
Letting y = .| and D = [d,- j} , we can write ¢ = ¥/ Dy where D is the matrix of coefficients from g.

Yn
There is something special about this matrix D that is crucial. Since no y;y; terms exist in g, it follows

that d;; = O for all i # j. Therefore, D is a diagonal matrix. Through this change of variables, we find the
principal axes y{,y;,---,y, of the quadratic form.

This discussion sets the stage for the following essential theorem.
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Theorem 7.95: Diagonalizing a Quadratic Form

Let g be a quadratic form in the variables x1,--- ,x,. It follows that g can be written in the form
g = X! AX where
X1
S X2
X =
Xn

and A = |ajj| is the symmetric matrix of coefficients of q.
New variables y1,y»,- - - ,y, can be found such that g = y Dy where

Y1
2
Yn

and D = [di j} is a diagonal matrix. The matrix D contains the eigenvalues of A and is found by
orthogonally diagonalizing A.

While not a formal proof, the following discussion should convince you that the above theorem holds.
Let g be a quadratic form in the variables x1,---,x,. Then, ¢ can be written in the form ¢ = X’ A¥ for a
symmetric matrix A. By Theorem 7.56 we can orthogonally diagonalize the matrix A such that UTAU = D
for an orthogonal matrix U and diagonal matrix D.

)1
S Y2 . - . . . o o S
Then, the vector y = ~ | is found by ¥ = UTX. To see that this works, rewrite y = UT ¥ as X = Uy.
Yn
Since we know that ¢ = X! A%, proceed as follows:
g = X AX
= (Uy)'A(UY)
= Y (U'av)y
' Dy

The following procedure details the steps for the change of variables given in the above theorem.
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Procedure 7.96: Diagonalizing a Quadratic Form

Let g be a quadratic form in the variables x1,- - - ,x, given by
_ 2 2 2
q=anxyt+axpx;+ - +awmx, +apxixy+---
Then, g can be written as g = dlly% 4 -l-dnny% as follows:

1. Find the symmetric matrix A such that ¢ = X! A%.

2. Orthogonally diagonalize A. So find an orthogonal matrix U such that UTAU = D for a

diagonal matrix D.
Y1
— T= . = y2
3. Lety=U"Xand writey = | ",
Yn

4. The quadratic form q will now be given by
g=duyi+---+dumys =y Dy

where D = [d,- j] is the diagonal matrix found by orthogonally diagonalizing A.

Consider the following example.

Example 7.97: Choosing New Axes to Simplify a Quadratic Form

Consider the following level curve
6x7 +4x1x2 4 3x3 =7

shown in the following graph.

X2

X1

Use a change of variables to choose new axes such that the ellipse is oriented parallel to the new
coordinate axes. In other words, use a change of variables to rewrite g to eliminate the x;x; term.

Solution. Notice that the level curve is given by g =7 for g = 6x% +4x1x + 3x§. This is the same quadratic
form that we examined earlier in Example 7.94. Therefore we know that we can write ¢ = X! AX for the

matrix
6 2
A=53]
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Now we want to orthogonally diagonalize A to write UTAU = D for an orthogonal matrix U and
diagonal matrix D. The details are left to the reader, and you can verify that the resulting matrices are

St s
S s

o= [31

Now we change variables. Let the new variables y be defined by

y=U"%
T2 L
| _ \f \f {xl}
| Y2 | 5 s X2
T 2.
w]_| T
L Y2 | —%xl-i—\%XQ

We can now express the quadratic form ¢ in terms of y, using the entries from D as coefficients as
follows:

q = duyt+dny
= Ti+23.

Hence the level curve can be written 7y% + Zy% = 7. The graph of this equation is given by:

2
Y

V1

The change of variables results in new axes such that with respect to the new axes, the ellipse is
oriented parallel to the coordinate axes. These are called the principal axes of the quadratic form.

We can, of course, use simple algebra to check that our change of variables worked in the way that it
was supposed to. Recall that we changed variables so that y; = %xl + %xz and y, = —%xl + %xz. So
we have
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q="Ty}+2y3

7(2 —I—l )2+2( 1 —|—2 )2
—=X1 + —=x ——=x1+—=x
V5V V5V

4 4 1 1 4 4
:7(§x1—|—§x1x2—|—§x5)+2(§x%—§x1x2+§x%>
= 6x7 — 4x1x2 + 3x3

=q

which is comforting.

To answer the question suggested at the beginning of this subsection, notice that the point ¥ =
0, \/;) in the graph above is a point on the ellipse that is farthest from the origin, the center of the
ellipse. If we let

be the position vector of Y, then

is the position vector of the point on the original level curve in the third quadrant that is furthest from the

origin. Thus the semi-major axis of the original ellipse is simply ||X|| = 4/ %. Finding the semi-minor axis
is left as an exercise for you to complete. [

The following is another example of diagonalizing a quadratic form.

Example 7.98: Choosing New Axes to Simplify a Quadratic Form

Consider the level curve
Sx% —6x1x2 + SX% =38

shown in the following graph.
X2

X1

Use a change of variables to choose new axes such that the ellipse is oriented parallel to the new
coordinate axes. In other words, use a change of variables to rewrite g to eliminate the x;x, term.

app ap
a a |

X1
X2

Solution. First, express the level curve as X’ AX where X = { } and A is symmetric. Let A =
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Then g = X' AX is given by
an a2 X1
= | X X
o = Lm0
= allx% + (6112 +6121)x1)€2 +6122x%
Equating this to the given description for g, we have

SX% —6x1x0 + SX% = allx% + (a12 +an )xl)Q —l—azzx%

This implies that aj; = 5,a2; = 5 and in order for A to be symmetric, ajp = ax; = %(alg +ap;) = —3. The
resultis A = [ _g _2 } . We can write ¢ = X! AX as

[ 3 2][1]

Next, orthogonally diagonalize the matrix A to write U7 AU = D. The details are left to the reader and
the necessary matrices are given by

(V2 V2
U = 1 1

V2 —3V2

(2 0
P="1os

Write y = { i ! } , such that X = Uy. Then it follows that ¢ is given by
2

q = dnyt+dny
= 2y1+8)3

Therefore the level curve can be written as 2y + 8y3 = 8.

This is an ellipse which is parallel to the coordinate axes. Its graph is of the form

2

N
Nl
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Thus this change of variables chooses new axes such that with respect to these new axes, the ellipse is
oriented parallel to the coordinate axes. ®

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!
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Chapter 8

Some Curvilinear Coordinate Systems

8.1 Polar Coordinates and Polar Graphs

A. Understand polar coordinates.

B. Convert points between Cartesian and polar coordinates.

You have likely encountered the Cartesian coordinate system in many aspects of mathematics. There
is an alternative way to represent points in space, called polar coordinates. The idea is suggested in the
following picture.

(x.y)
(r,8)

Consider the point above, which would be specified as (x,y) in Cartesian coordinates. We can also
specify this point using polar coordinates, which we write as (r,0). The number r is the distance from
the origin(0,0) to the point, while 6 is the angle shown between the positive x axis and the line from the
origin to the point. In this way, the point can be specified in polar coordinates as (r, 0).

Now suppose we are given an ordered pair (r, 6) where r and 6 are real numbers. We want to determine
the point specified by this ordered pair. We can use 0 to identify a ray from the origin as follows. Let the
ray pass from (0,0) through the point (cos 0,sin ) as shown.

(cos(0),sin(0))

The ray is identified on the graph as the line from the origin, through the point (cos(68),sin(6)). Now
if r > 0, go a distance equal to r in the direction of the displayed arrow starting at (0,0). If » < 0, move in
the opposite direction a distance of |r|. This is the point determined by (r,0).

427
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It is common to assume that 6 is in the interval [0,27) and r > 0. In this case, there is a very simple
relationship between the Cartesian and polar coordinates, given by

x=rcos(0), y=rsin(0) (8.1)

These equations demonstrate how to find the Cartesian coordinates when we are given the polar coor-
dinates of a point. They can also be used to find the polar coordinates when we know (x,y). A simpler
way to do this is the following equations:

(8.2)

In the next example, we look at how to find the Cartesian coordinates of a point specified by polar
coordinates.

Example 8.1: Finding Cartesian Coordinates

The polar coordinates of a point in the plane are (5,7/6). Find the Cartesian coordinates of this
point.

Solution. The point is specified by the polar coordinates (5,7/6). Therefore r =5 and 6 = /6. From 8.1

5
x=rcos(0)=5cos (%) = 5\6

y=rsin(0) = 5sin (%) = %

Thus the Cartesian coordinates are (%\/5, %) The point is shown in the below graph.

Consider the following example of the case where r < 0.

Example 8.2: Finding Cartesian Coordinates

The polar coordinates of a point in the plane are (—5,7/6) . Find the Cartesian coordinates.
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Solution. For the point specified by the polar coordinates (—5,7/6), r = —5, and x6 = /6. From 8.1

5
x=rcos(6)=—5cos (%) = —5\/5

y=rsin(0) = —5sin (%) = —g

Thus the Cartesian coordinates are (—%\/i — %) The point is shown in the following graph.

Recall from the previous example that for the point specified by (5,7/6), the Cartesian coordinates
are (%\@, %) Notice that in this example, by multiplying r by —1, the resulting Cartesian coordinates are
also multiplied by —1. [

The following picture exhibits both points in the above two examples to emphasize how they are just
on opposite sides of (0,0) but at the same distance from (0,0).

In the next two examples, we look at how to convert Cartesian coordinates to polar coordinates.

Example 8.3: Finding Polar Coordinates

Suppose the Cartesian coordinates of a point are (3,4). Find a pair of polar coordinates which
correspond to this point.

Solution. Using equation 8.2, we can find r and 6. Hence r = v/3%2+42 = 5. It remains to identify the
angle 0 between the positive x axis and the line from the origin to the point. Since both the x and y values
are positive, the point is in the first quadrant. Therefore, 6 is between 0 and /2 . Using this and 8.2, we

have to solve: 4
tan(0) = —
an(0) 3
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Conversely, we can use equation 8.1 as follows:

3 =>5cos(0)
4 =5sin(0)
Solving these equations, we find that, approximately, 0 = 0.927295 radians. [

Consider the following example.

Example 8.4: Finding Polar Coordinates

Suppose the Cartesian coordinates of a point are (—\/§, 1) . Find the polar coordinates which
correspond to this point.

Solution. Given the point (—v/3,1),

ro= 124 (=V3)?
~ VIt3

[\9}

In this case, the point is in the second quadrant since the x value is negative and the y value is positive.
Therefore, 6 will be between /2 and 7. Solving the equations

—V/3=2cos(0)
1 =2sin(0)
we find that & = 57/6. Hence the polar coordinates for this point are (2,57 /6). [

Consider this example. Suppose we used r = —2 and 0 = 27w — (n/6) = 117/6. These coordinates
specify the same point as above. Observe that there are infinitely many ways to identify this particular
point with polar coordinates. In fact, every point can be represented with polar coordinates in infinitely
many ways. Because of this, it will usually be the case that 0 is confined to lie in some interval of length
27 and r > 0, for real numbers r and 0.

Just as with Cartesian coordinates, it is possible to use relations between the polar coordinates to
specify points in the plane. The process of sketching the graphs of these relations is very similar to that
used to sketch graphs of functions in Cartesian coordinates. Consider a relation between polar coordinates
of the form, r = f(0). To graph such a relation, first make a table of the form

0 |r
61 | f(61)
6 | f(6)

Graph the resulting points and connect them with a curve. The following picture illustrates how to begin
this process.
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To find the point in the plane corresponding to the ordered pair (f(0),0), we follow the same process
as when finding the point corresponding to (7, 0).

Consider the following example of this procedure, incorporating computer software.

Example 8.5: Graphing a Polar Equation

Graph the polar equation r = 1 +cos 6.

Solution. We will use the computer software Maple to complete this example. The command which
produces the polar graph of the above equation is: > plot(1+cos(t),t= 0..2*Pi,coords=polar). Here we use
t to represent the variable 6 for convenience. The command tells Maple that r is given by 1 + cos () and
thatz € [0,27].

A
O

The above graph makes sense when considered in terms of trigonometric functions. Suppose 6 =
0,r =2 and let 0 increase to /2. As 6 increases, cos 6 decreases to 0. Thus the line from the origin to the
point on the curve should get shorter as 8 goes from 0 to /2. As 6 goes from 7 /2 to 7, cos 6 decreases,
eventually equaling —1 at 8 = m. Thus r = 0 at this point. This scenario is depicted in the above graph,
which shows a function called a cardioid.

The following picture illustrates the above procedure for obtaining the polar graph of » = 1 4 cos(0).
In this picture, the concentric circles correspond to values of r while the rays from the origin correspond
to the angles which are shown on the picture. The dot on the ray corresponding to the angle 7 /6 is located
at a distance of r = 1 4+ cos(7/6) from the origin. The dot on the ray corresponding to the angle 7 /3 is
located at a distance of r = 1 + cos(7/3) from the origin and so forth. The polar graph is obtained by
connecting such points with a smooth curve, with the result being the figure shown above.



432 = Some Curvilinear Coordinate Systems

N|=]

r
3

5xn
3w 3
2

Consider another example of constructing a polar graph.

Example 8.6: A Polar Graph

Graphr = 1+2cos0 for 6 € [0,27].

Solution. The graph of the polar equation r = 1 +2cos 0 for 6 € [0,27] is given as follows.
5.y

-2/

To see the way this is graphed, consider the following picture. First the indicated points were graphed
and then the curve was drawn to connect the points. When done by a computer, many more points are
used to create a more accurate picture.

Consider first the following table of points.

0| /6 n/3 | n/2|5x/6 |m |4m/3|Tx/6 |57/3
rlV3+1 |2 1 1—vV3 | —1]0 1—vV3 |2

Note how some entries in the table have r < 0. To graph these points, simply move in the opposite
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direction. These types of points are responsible for the small loop on the inside of the larger loop in the
graph.

~|g

)

The process of constructing these graphs can be greatly facilitated by computer software. However,
the use of such software should not replace understanding the steps involved.

760
The next example shows the graph for the equation r = 3 +sin (F) . For complicated polar graphs,

computer software is used to facilitate the process.

Example 8.7: A Polar Graph

Solution.

The next example shows another situation in which r can be negative.
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Example 8.8: A Polar Graph: Negative r
Graph r = 3sin(40) for 6 € [0,27].

Solution.

We conclude this section with an interesting graph of a simple polar equation.

Example 8.9: The Graph of a Spiral
Graph r = 6 for 6 € [0,27].

Solution. The graph of this polar equation is a spiral. This is the case because as 0 increases, so does r.

y

)

In the next section, we will look at two ways of generalizing polar coordinates to three dimensions.



8.2. Spherical and Cylindrical Coordinates = 435

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
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comprehension.
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8.2 Spherical and Cylindrical Coordinates

A. Understand cylindrical and spherical coordinates.

B. Convert points between Cartesian, cylindrical, and spherical coordinates.

Spherical and cylindrical coordinates are two generalizations of polar coordinates to three dimensions.
We will first look at cylindrical coordinates .

When moving from polar coordinates in two dimensions to cylindrical coordinates in three dimensions,
we use the polar coordinates in the xy plane and add a z coordinate. For this reason, we use the notation
(r,0,z) to express cylindrical coordinates. The relationship between Cartesian coordinates (x,y,z) and
cylindrical coordinates (r,0,z) is given by

x=rcos(0)
y=rsin(0)
7=z

where r > 0, 6 € [0,27), and z is simply the Cartesian coordinate. Notice that x and y are defined as the
usual polar coordinates in the xy-plane. Recall that r is defined as the length of the ray from the origin to
the point (x,y,0), while 0 is the angle between the positive x-axis and this same ray.

To illustrate this coordinate system, consider the following two pictures. In the first of these, both r
and z are known. The cylinder corresponds to a given value for r. A useful way to think of r is as the
distance between a point in three dimensions and the z-axis. Every point on the cylinder shown is at the
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same distance from the z-axis. Giving a value for z results in a horizontal circle, or cross section of the
cylinder at the given height on the z axis (shown below as a black line on the cylinder). In the second
picture, the point is specified completely by also knowing 6 as shown.

r and z are known r, 0 and z are known

Every point of three dimensional space other than the z axis has unique cylindrical coordinates. Of
course there are infinitely many cylindrical coordinates for the origin and for the z-axis. Any 6 will work
if r =0 and z is given.

Consider now spherical coordinates, the second generalization of polar form in three dimensions. For
a point (x,y,z) in three dimensional space, the spherical coordinates are defined as follows.

p : the length of the ray from the origin to the point
0 : the angle between the positive x-axis and the ray from the origin to the point (x,y,0)
¢ : the angle between the positive z-axis and the ray from the origin to the point of interest

The spherical coordinates are determined by (p, @, 6). The relation between these and the Cartesian coor-
dinates (x,y,z) for a point are as follows.

x=psin(¢)cos(0), ¢ €[0,x]
y=psin(¢)sin(6), 6 €[0,2x)
z=pcos¢,p >0.

Consider the pictures below. The first illustrates the surface when p is known, which is a sphere of
radius p. The second picture corresponds to knowing both p and ¢, which results in a circle about the
z-axis. Suppose the first picture demonstrates a graph of the Earth. Then the circle in the second picture
would correspond to a particular latitude.
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-

p is known p and ¢ are known

Giving the third coordinate, 8 completely specifies the point of interest. This is demonstrated in the
following picture. If the latitude corresponds to ¢, then we can think of 6 as the longitude.

<

-l

v/

0
x

P, ¢ and O are known

The following picture summarizes the geometric meaning of the three coordinate systems.

4
(p.9.6)
(r,0,z)
(x,,2)

0 p
)
rooo
.................... (x’y, 0)

Therefore, we can represent the same point in three ways, using Cartesian coordinates, (x,y,z), cylin-
drical coordinates, (r, 6,z), and spherical coordinates (p, ¢, ).
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Using this picture to review, call the point of interest P for convenience. The Cartesian coordinates for
P are (x,y,z). Then p is the distance between the origin and the point P. The angle between the positive
z axis and the line between the origin and P is denoted by ¢. Then 0 is the angle between the positive
x axis and the line joining the origin to the point (x,y,0) as shown. This gives the spherical coordinates,
(p,9,0). Given the line from the origin to (x,y,0), r = psin(¢) is the length of this line. Thus r and
0 determine a point in the xy-plane. In other words, r and 0 are the usual polar coordinates and r > 0
and 6 € [0,27). Letting z denote the usual z coordinate of a point in three dimensions, (r,0,z) are the
cylindrical coordinates of P.

The relation between spherical and cylindrical coordinates is that r = p sin(¢) and the 6 is the same
as the 0 of cylindrical and polar coordinates.

We will now consider some examples.

Example 8.10: Describing a Surface in Spherical Coordinates

Express the surface z = % \/x% 4+ y? in spherical coordinates.

Solution. We will use the equations from above:

x=psin(¢)cos(6),¢ € [0,7]
y=psin(¢)sin(0), 6 € [0,27)
z=pcosd,p >0

To express the surface in spherical coordinates, we substitute these expressions into the equation. This
is done as follows:

peos(9) = =/ (psin(6)cos (8))* + (psin(9)sin(6))* = 1v/3psin(9).
7 3

This reduces to

tan (¢) = V3
and so ¢ = /3. '

Example 8.11: Describing a Surface in Spherical Coordinates

Express the surface y = x in terms of spherical coordinates.

Solution. Using the same procedure as the previous example, this says p sin(¢)sin(8) = psin(¢)cos(0).
Simplifying, sin(0) = cos (0), which you could also write tan (6) = 1. [ )

We conclude this section with an example of how to describe a surface using cylindrical coordinates.

Example 8.12: Describing a Surface in Cylindrical Coordinates

Express the surface x> 4+ y? = 4 in cylindrical coordinates.
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Solution. Recall that to convert from Cartesian to cylindrical coordinates, we can use the following equa-
tions:
x=rcos(0),y=rsin(0),z=z2

Substituting these equations in for x,y, z in the equation for the surface, we have
r?cos? (0) +r?sin® (0) =4

This can be written as r2(cos” (0) 4 sin? (6)) = 4. Recall that cos? (0) +sin® (#) = 1. Thus > = 4 or
r=2. '
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Chapter 9

Vector Spaces

9.1 Algebraic Considerations

A. Develop the abstract concept of a vector space through axioms.
B. Deduce basic properties of vector spaces.

C. Use the vector space axioms to determine if a set and its operations constitute a vector space.

We have been working a lot with the set of vectors in R”. Some of the great power of linear algebra
comes from generalizing the ideas, techniques and results that we have developed so that they can be used
in other settings. So in this section we build the idea of an abstract vector space.

To this point we have had vectors and scalars, and we have been very careful to think of a vector i as an
element of R"” or C". We have also, almost without thinking about it, used real numbers, or occasionally
complex numbers, as scalars. For this chapter we will be allowing ourselves to use different objects as
vectors, but our scalars will still be either the real numbers (almost all of the time) or the complex numbers
(for an example or two). If the set of scalars is R, then we will be working with a real vector space. If the
set of scalars is C, then we will have a complex vector space. So most of the time we will be looking at
real vector spaces in this chapter. And of course we will only be able to give a brief introduction to this
rich and interesting field.

The definition of a vector space is focused on the two basic operations with which we are familiar,
vector addition and scalar multiplication, which are nothing more than functions. We will denote vector
addition by the symbol “+”, while scalar multiplication will be denoted (at least for the official definition,
but not long thereafter) by the symbol “-”. The needed properties of those functions and how we want
them to interact with each other are what we specify in the definition of a vector space. For the following
definition, remember that V x V is the set of ordered pairs (i, V), where i,V € V while R X V is the set of
ordered pairs (r,V), where r € R and V€ V.

441
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A nonempty set V, together with two functions vector addition (+ : V xV — V) and scalar multi-
plication (- : R xV — V), is called a real vector space if the following conditions hold.

e V is Closed under Addition:

Ifv,w are elements of V, then vV +w is also an element of V.
* The Commutative Law of Addition
Forany v,w e V.v+w=w+V.
* The Associative Law of Addition
For any u,v,w € V, (i +V

* The Existence of an Additive Identity

There is an element of V, called 6, such that for any v € V,\7—i—6 =

e The Existence of an Additive Inverse

For any V € V there is an element of V, called —V, such that v+ (—V) = 0.

* Closed under Scalar Multiplication

IfV is an element of V, and r is an element of R, then r -V is also an element of V.

* Distributive Law of Scalar Multiplication over Vector Addition
Foranyre R and anyv,w eV, r-(V+w)=r-V+r-w.
* Distributive Law of Scalar Multiplication over Scalar Addition
Foranyr,s € RandanyveV, (r+s)-V=r-V+s-V.
* Associative Law of Scalar Multiplication
For any r,s € R and any V,€ V,r- (s-V) = (rs) - V.
» Existence of a Multiplicative Identity
Foranyv,e V,1-v=1.

It, in the above axioms, scalars can be chosen from the set C of complex numbers, we will say that
V is a complex vector space.
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As mentioned above, for reading simplicity the symbol “-” for scalar multiplication will almost never
be used, so we will write Vv rather than the officially correct r- V.

It is important to note that we have seen much of this content before, in terms of R”. In particular,
you should look back at Theorem 4.9 and Theorem 4.12, Just to get a feel for how the arguments go, the
first thing that we will prove in this section is that R” is an example of a vector space. This means that
all discussions in this chapter will pertain to R”. While it may be useful to consider all concepts of this
chapter in terms of R”, it is also important to understand that these concepts apply to all vector spaces.

Example 9.2: R”

R”", under the usual operations of vector addition and scalar multiplication, is a vector space.

Solution. To show that R” is a vector space, we need to show that the above axioms hold. Let #,V,w be
vectors in R”. We first prove the axioms for vector addition.

¢ To show that R” is closed under addition, we must show that for two vectors in R” their sum is also
in R". The sum # + V is given by:

ui 141 up+vi

U %) Uy +vy
+ = .

Un Vn Uy + vy

The sum is a vector with n entries, showing that it is in R”. Hence R” is closed under vector addition.

* To show that addition is commutative, consider the following:

ui Vi
u+t+v = +
Un Vn
up+vi
Uy +vy
Uy + vy
V1 +up
Vo +uUp
Vi + Uy
Vi ui
V2 u
— + )
Vn Un
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Hence addition of vectors in R” is commutative.

* We will show that addition of vectors in R" is associative in a similar way.

ui Vi
u V2

i un—l—vn
[ u1+v1 +w ]
(uz-i-Vz +W2
I (un+vn)+wn |
[ w4 (vi+wi) |
uy + (va+wz)
i un+(Vn+Wn> ]
-ul i -V1+W1
u Vo +wp
— + _
| Un | _vn—f—wn
[ u ] Vi
up V2
— : +
= U+ {V+w)

Hence addition of vectors is associative.

* Next, we show the existence of an additive identity. Let 0=

<

o

ui
us 0

Uy 0

wi

)
+

Wn

o o
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u;+0
uy+0

u,+0
uj

uz

Un

Hence the zero vector 0 is an additive identity.
. e 5 —U2
» Next, we prove the existence of an additive inverse. Let —u =

ui !
u —uz

Un —Up
up—uy

U —uj

Uy — Up

Hence —ii is an additive inverse.

We now need to prove the axioms related to scalar multiplication. Let r,s be real numbers and let i,V
be vectors in R”.

* We first show that R” is closed under scalar multiplication. To do so, we show that ri is also a vector
with 7 entries.

ui ruy

. up ruy
ru =r = .

U ruy,

The vector ri is again a vector with n entries, showing that R” is closed under scalar multiplication.
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* We wish to show that r(

Sy
+
<l
N——
I
S
<
+
S
<

ui
u

Un
u+vp

Uy +vy

Uy +vy,

r(uy +vy)
r(uy +v7)

r(un+vy)

rup +rvy
rup +rvy

ru, +rvy,

ruy
ruy

_|_

ri+rv

* Next, we wish to show that (r+ )i = rii + sii.

(r+s)i

(7 -l-.s)un

ruy +suj
ruy + sup

ru, + suy,

ui
u

Un

rvi
rvo
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ruj Suq
rup Sup

riy, Sy

= ri+si
* We wish to show that r(sii) = (rs).

ui
u
r(si) = r|s
Un

Suy
SUp

Sily,

r(suy)
r(sup)

| (i)

[ (rs)uy
(rs)up

(rs.) U,

* Finally, we need to show that 14 = i.

Un

1ug
1u2

1u,
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ui
u

= i

By the above proofs, it is clear that R" satisfies the vector space axioms. Hence, R" is a vector space
under the usual operations of vector addition and scalar multiplication. [

We now consider some other examples of vector spaces.

Example 9.3: Vector Space of Polynomials

Let P, be
P, = {axx* +aix+ag | a; € R for all i} . 9.1)

So P, is the set of all polynomials of degree at most 2 as well as the zero polynomial. Define addition
to be the standard addition of polynomials, and scalar multiplication the usual multiplication of a
polynomial by a number. Then [P, is a vector space.

Although it seems unnatural to mention the zero polynomial separately in the discussion above, it is
necessary. Officially, the degree of the zero polynomial is undefined, so we cannot say that its degree is
less than or equal to 2. But we will want the zero polynomial as part of our vector space (do you see
why?), so we add it into the set P; separately.

Solution.

To show that P, is a vector space, we verify the axioms. Let p(x),¢(x),r(x) be polynomials in P, and
let 7, s be real numbers. Write p(x) = pax® + p1x+ po, q(x) = g2x> + q1x + qo, and r(x) = rx* +rix+ rp.

* We first prove that P, is closed under addition. For two polynomials in P, we need to show that
their sum is also a polynomial in P;. Notice that

p(x)+q(x) = pa?+pix+po+qx’+qix+qo
= (;2 +612)x2 +(p1+4q1)x+(po+qo)

The sum is a polynomial of the form described in Equation 9.1, and so is an element of ;. Thus P,
is closed under addition.

* We need to show that addition is commutative, that is p(x) + g(x) = g(x) + p(x).

p(X)+q(x) = pax®+pix+po+ax’ +qix+qo
= (p2+q2)x + (p1+q1)x+ (po+qo0)
= (g2+p2)X* + (g1 4 p1)x+ (q0+ po)
= @xX* +qix+qo+ pax* + p1x+po
q(x) + p(x)



9.1. Algebraic Considerations = 449

* Next, we need to show that addition is associative. That is, that (p(x) +¢(x)) +r(x) = p(x) + (g(x) +
r(x)).

(P(x) +q(x) +r(x) = (P2x2+P1X+P0+612x2+611x+610)+r2x2+r1x+r0
= (p2+ @)+ (p1+q1)x+ (po+qo) +rx* +rix+ro
= (p2+q+r2)+(pr+qi+r)x+(po+qo0+ro)
= pax? 4+ pix+po+ (g2 +r2)x*+ (g1 +r1)x+ (qo+ro)
= poxX® + pix+po+ (q2° + qix+qo + rax* + rix+ o)
= plx)+(g(x) +r(x)

 Next, we must prove that there exists an additive identity. Let 0(x) = 0x% + Ox + 0, which is an
element of P, by Equation 9.1.

p(x)+0(x) = pox®+pix+po+0x*+0x+0
= (p240) + (p1+0)x+ (po+0)
= paX+pix+po
= p(x)
Hence an additive identity exists, specifically the zero polynomial. Which explains why we needed

to make sure that the zero polynomial is an element of P;.

+ Next we must prove that there exists an additive inverse. Let —p(x) = —pax? — p1x— po and consider
the following:

p(x)+(=p(x)) = pax’®+pix+po+ (—p2x’® — p1x—po)
= (p2—p2)x*+(p1—p1)x+(po— po)
= 0*+0x+0
= 0(x)

Hence an additive inverse —p(x) exists such that p(x) + (—p(x)) = 0(x).

We now need to verify the axioms related to scalar multiplication.

* First we prove that IP; is closed under scalar multiplication. That is, we show that if p(x) € P, and
r € R, then rp(x) is also an element of P,.

rp(x) =r (sz2 + p1x+po) = rpax® +rp1x+rpo € Py,
Therefore P, is closed under scalar multiplication.
* We need to show that r(p(x) + g(x)) = rp(x) + rq(x).
r(p(x)+q(x)) = r (P2X2 + p1x+po+ X’ +q1x+ 610)

r((p2 +@2)x* + (p1 +q1)x+ (po +q0))

= r(p2+q2)x* +r(p1+q1)x+r(po+qo)

= (rp2+rq2)x” + (rp1 +rq1)x+ (rpo +rqo)

= rpax® 4 rpix+rpo + rgax’ + rqix+ rqo

= rp(x)+rq(x)
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* Next we show that (r+s)p(x) = rp(x) +sp(x).

(r+s)p(x) = (r+s)(p2x®+prx+po)
= (r4s)pax> +(r+s)pix+(r+s)po
= rpoxX* +rpix+rpo+Spax’ +spix+spo
= rp(x)+sp(x)

* The next axiom which needs to be verified is r(sp(x)) = (rs)p(x).

r(sp(x)) = r(s(p2x®+pix+po))
r (spax® +sp1x+spo)
= rsp2x2+rsp1x—|—rspo
= (rs) (px*+ p1x+po)
= (rs)p(x)

* Finally, we show that 1p(x) = p(x).

Ip(x) = 1(pax*+pix+po)
= 1p2x2+1p1x+1p0
= paxX*+ pix+po
= p(x)

Since the above axioms hold, we know that P, as described above is a vector space. 'y

In fact there is nothing particularly special about the fact that we were working with polynomials of
degree at most two in the example above. The obvious modifications show that [P, is a vector space for
any natural number 7, and in fact the set [P of all polynomials is also a vector space.

Another important example of a vector space is the set of all matrices of the same size.

Example 9.4: Vector Space of Matrices

Let Ml 3 be the set of all 2 x 3 matrices. Using the usual operations of matrix addition and scalar
multiplication, show that M 3 is a vector space.

Solution. Let A, B be 2 x 3 matrices in M 3. We first prove the axioms for addition.

* In order to prove that M) 3 is closed under matrix addition, we show that the sum A + B is in M) 3.
This means showing that A + B is a 2 x 3 matrix.

A+B — | @z a3 | | b b bis
a axp ax; by1 by Do
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ail+by aip+biy ajz+bis
a1 +by1 ax+bx» apy+bxy

You can see that the sum is a 2 X 3 matrix, so it is in M 3. It follows that M 3 is closed under matrix
addition.

* The remaining axioms regarding matrix addition follow from properties of matrix addition. There-
fore M, 3 satisfies the axioms of matrix addition.

We now turn our attention to the axioms regarding scalar multiplication. Let A, B be matrices in M 3
and let r be a real number.

* We first show that M 3 is closed under scalar multiplication. That is, we show that rA a 2 x 3 matrix.

a a a
A = | @Az an
ai ax a3

. rayy raip raipj
o razy rajpy razs

This is a 2 x 3 matrix in M 3 which proves that the set is closed under scalar multiplication.

* The remaining axioms of scalar multiplication follow from properties of scalar multiplication of
matrices. Therefore M) 3 satisfies the axioms of scalar multiplication.

In conclusion, M} 3 satisfies the required axioms and is a vector space. 'y

While here we proved that the set of all 2 x 3 matrices is a vector space, there is nothing special about
this choice of matrix size. In fact if we instead consider M, ,,, the set of all m X n matrices, then M, , is a
vector space under the operations of matrix addition and scalar multiplication.

We now examine an example of a set that does not satisfy all of the above axioms, and is therefore not
a vector space.

Example 9.5: Not a Vector Space

Let V denote the set of 2 x 3 matrices. Let addition in V be defined by A+ B = A for matrices A, B
in V. Let scalar multiplication in V be the usual scalar multiplication of matrices. Show thatV is
not a vector space.

Solution. In order to show that V is not a vector space, it suffices to find only one axiom which is not
satisfied. We will begin by examining the axioms for addition until one is found which does not hold. Let
A, B be matricesin V.

* We first want to check if addition is closed. Consider A 4+ B. By the definition of addition in the
example, we have that A+ B = A. Since A is a 2 X 3 matrix, it follows that the sum A+ B is in V,
and V is closed under addition.
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¢ We now wish to check if addition is commutative. That is, we want to check if A+ B = B+ A for
all choices of A and B in V. From the definition of addition, we have that A+B =A and B+A = B.
Therefore, we can find A, B in V such that these sums are not equal. One example is

100 000
A:[o 0 0}’32[1 0 o}

Using the operation defined by A + B = A, we have

A+B = A
(100
_{000}

B+A = B
_[0oo0 o0
_{100}

It follows that A 4+ B = B + A. Therefore addition as defined for V is not commutative and V fails
this axiom. Hence V is not a vector space.

)

Consider another example of a vector space.

Example 9.6: Vector Space of Functions

Let S be a nonempty set and define F's to be the set of real functions defined on S. In other words,
we write Fg : S +— R. Letting r be a scalar and f, g functions with domain S, the vector operations
are defined as

Show that [F'g is a vector space.

Solution. To verify that Fg is a vector space, we must prove the axioms beginning with those for addition.
Let f,g,h be functions in Fg.

* First we check that addition is closed. For functions f, g defined on the set S, their sum given by

(f+8)(x) = f(x)+g(x)
is again a function defined on S. Hence this sum is in g and Fg is closed under addition.

» Secondly, we check the commutative law of addition:

(f+8)(x) =f(x)+8(x) =g (x)+ f(x) = (g+ /) (x)
Since x is arbitrary, f+g =g+ f.
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Next we check the associative law of addition:
(f+g)+h)(x)=(f+g) (x)+h(x)=(f(x)+g(x)+h(x)
=fx)+ () +h(x)=(f(x)+(g+h)(x) = (f+(g+h)) (x)
andso (f+g)+h=f+(g+h).

Next we check for an additive identity. Let O denote the function which is given by 0 (x) = 0. Then
this is an additive identity because

(f+0)(x) =f(x) +0(x) = f(x) +0= f(x) = f(x)
andso f+0=f.

Finally, check for an additive inverse. Let —f be the function which satisfies (—f) (x) = —(f (x)).
Then

(f+=MNE) =)+ (=) ) =f(x)—(f(x)=0
Hence f+ (—f) =0.

Now, check the axioms for scalar multiplication.

We first need to check that Fy is closed under scalar multiplication. For a function f(x) in Fg and
real number r, the function (rf)(x) = r(f(x)) is again a function defined on the set S. Hence r(f(x))
is in Fg and Fg is closed under scalar multiplication.

Fix scalars r and s. To check the first distributive property,
((r+s)f)(x) = (r+s) f(x) = rf (x) +5f (x) = (rf +5f) (x)
andso (r+s)f=rf+sf.
And for the second distributive property
(r(f+8)(x)=r(f+g)(x) =r(f(x)+gx))

=rf(x)+rgx)=(rf+rg) (x)
andsor(f+g)=rf+rg.

For the penultimate axiom, again let r and s be scalars. Then

((rs) ) (x) = (rs) f (x) = r (sf (x)) = (r(sf)) (x)
so (rs) f =r(sf).
Finally (1f) (x) = 1f (x) = f(x) so Lf = f.
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It follows that V satisfies all the required axioms and is a vector space. [ )

Having defined what a vector space is, and having seen several examples of vector spaces, now we
turn our attention to describing what we can say about vector spaces in general. Several useful properties
follow logically from the axioms that define a vector space, For example, consider the following important
theorem.

In any vector space V, the following are true:
1. 0, the additive identity, is unique.
2. For any vector ui € V, the additive inverse of i, —iu, is unique.
3. 0ii = 0 for all vectors i.

4. (—1)u = —i for all vectors i.

Proof.

1. When we say that the additive identity is unique, we mean that if two vectors acts like the additive
identity, then they are equal. To prove this uniqueness, we will assume that # and Vv both act like the
additive identity, then i = V.

Since V is an additive identity, when we add it to i, we should get i. Thus,
Uu+v=i

Since i is an additive identity, when we add it to v, we should get V:
V4=V

So by the commutative property:
+u="Vv

<!

U=i+v=
and so ¥ = V, which is what was claimed.
At this point we are justified in talking about the additive identity in the vector space V, and giving

it a name, 0.

2. When we say that the additive inverse of i is unique, we mean that if ¥ and w both act like additive
inverses of #, then Vv = w. So, assume that v and w both act like additive inverses of 7. We will argue
that v =w.

Since ¥ is an additive inverse of #:

SU
_l’_
<l
I
ol

As w is also an additive inverse of i,

sy
_|_
1
I
ol
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Then the following holds:
V=0+V=(w+i

Thus if ¥V = w, as claimed.

At this point, for any vector i, we are justified in talking about the additive inverse of # and giving
it a name: —i.

3. This statement claims that for all vectors #, scalar multiplication by 0 equals the zero vector 0.
Consider the following, using the fact that we can write 0 = 0+ O:

0ii = (0+0) ii = 0ii + O

We use a small trick here: add —0i to both sides. This gives

0 + (—0u) 0 + 0 4 (—0u)
0 = 0i40
0 = Ou

This proves that scalar multiplication of any vector by 0 results in the zero vector 0.

4. Finally, we wish to show that scalar multiplication of —1 and any vector i results in the additive
inverse of that vector, —i. Recall from 2. above that the additive inverse is unique. Consider the
following:

(=Di+u = (—1)u+1u
(—1+1)u
= 0u
0
By the uniqueness of the additive inverse shown earlier, any vector which acts like the additive
inverse must be equal to the additive inverse. It follows that (—1)# = —ii.

[ )

An important use of the additive inverse is the following theorem.

Theorem 9.8

LetV be a vector space. Then v+ w = V+ w implies that w = w for all v,w,w € V

The proof follows from the vector space axioms, in particular the existence of an additive inverse (—V).
The proof is left as an exercise to the reader.
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(2 ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

9.2 Spanning Sets

A. Given a vector space V and a set of vectors S C V, determine if S is a spanning set forV .

Having defined what a vector space is in the previous section, we now want to investigate what we
can say about them. Most of what we develop in the rest of the chapter will look very familiar, since we
have been spending our time talking about R", and (since R" is a vector space) everything that we can say
about vector spaces in general must be true about the vector space R". So, for the rest of this chapter, you
should expect lots of statements that say something like “If V is a vector space, then (something),” and that
something will be a statement or definition that echos a statement or definition from earlier in the book. So
the ideas won’t be surprising, but the fact that the ideas are applicable to a wide variety of different vector
spaces is new and worthwhile.

In this section we will focus on the concept of the span of a set of vectors.

Consider the following definition.

Let X and Y be two sets. If all elements of X are also elements of Y then we say that X is a subset
of Y and we write
XCY

In particular, we often speak of subsets of a vector space, such as X C V. By this we mean that every
element in the set X is an element of the vector space V.


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/
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Definition 9.10: Linear Combination

Let V be a vector space and let {V,V,,---,V,} CV. A vector vV € V is called a linear combination
of the V; if there exist scalars r; € R such that

V=riVi+rnv+-+rv,

This definition leads to define the span of a set of vectors.

Definition 9.11: Span of Vectors

Let S = {V|,---,V,} C V. Then the span of S is defined to be

n
span(S) = span{Vy,---,V,} = {Zri‘_’"i |7 € R}

i=1

When we say that a vector Vis in span {Vy, - - -, ¥, } we mean that  can be written as a linear combination
of the ¥;. We say that a collection of vectors {V},---,V,} is a spanning set for V if V = span{¥y,---,V,}.

Consider the following example.

Example 9.12: Matrix Span

LetMlz{(l) 8}andM2:{8 ?},andconsiderAz{(l) g}andB:{(l) é}.Determine

if A and B are elements of span{M,M,}.

Solution.

First consider A. We want to see if scalars r;, 7, can be found such that A = riM; + rM>.

o 2]l a] o]

The solution to this equation is given by

and it follows that A is in span {M,M>}.

Now consider B. Again we write B = r{M| + raM> and see if a solution can be found for ry,r;.

0 1] 1 0 n 00
1o "oo|" 01
Clearly no values of r| and r, can be found such that this equation holds. Therefore B is not in span {M,M>}.

[ )
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Consider another example.

Example 9.13: Polynomial Span

Show that p(x) = 7x* +4x — 3 is in span {4x*> + x,x> —2x+3}.

Solution. To show that p(x) is in the given span, we need to show that it can be written as a linear
combination of polynomials in the span. Suppose scalars ry,r, existed such that

T +dx—3 = r (40 +x) +ra(x* — 2x+3)

If this linear combination were to hold, the following would be true:

4ri+r, = 17
rn—2rn = 4
31”2 = -3
You can verify that r| = 2,r, = —1 satisfies this system of equations. This means that we can write

p(x) as follows:
Tx? 4 4x —3 =2(4x* +x) — (x* —2x+3)

Hence p(x) is in the given span. [

Consider the following example.

Example 9.14: Spanning Set

Let S = {x2 +1,x— 2,247 —x}. Show that S is a spanning set for P, the set of all polynomials of
degree at most 2.

Solution. Let p(x) = ax?> + bx + ¢ be an arbitrary polynomial in P,. To show that S is a spanning set, it
suffices to show that p(x) can be written as a linear combination of the elements of S. In other words, we
wish to find scalars r, s, such that:

plx) = ax* +bx+c= r()c2 +1)+s(x—2) -l-t(2)c2 —X).

If a solution r,s, can be found, then this shows that any such polynomial p(x) can be written as a
linear combination of the polynomials in S and thus S spans P,.

ax’ +bx+c = r(®+1)+s(x—2)+1(2x*>—x)
= P 4rtsx—2s+2x> —tx
(r420)x* + (s —t)x+ (r —2s)
For this to be true, the following must hold:

a = r+2t
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b = s—t

= r—2s

To check that a solution exists, set up the augmented matrix and row reduce:

1 0 2a 1 0 0|3a+2b+3¢
0 1 —-1|b|—=-—=]010 la-1ic
1 =2 0]c 00 1|ia—b-1c
Clearly a solution exists for any choice of a,b,c. Hence S is a spanning set for [P;. [

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

9.3 Linear Independence

A. Determine if a set of vectors is linearly independent.

In this section, we will again explore concepts introduced earlier in terms of R"” and extend them to
apply to abstract vector spaces.


https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/
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Definition 9.15: Linear Independence

LetV be a vector space. We say that a set {V},---,V,} CV, is linearly independent if
0 —
Y aivi =0impliesa; = --- = a, =0

where the a; are real numbers.

The set of vectors is called linearly dependent if it is not linearly independent.

We have already seen, for any set of vectors {V},---,V,}, that
OV} + 0¥ +--- 40w, = 0.

If our set is linearly independent, this is just saying that the only way a linear combination of the vectors
can add up to the zero vector is if all of the coefficients are equal to 0.

Of course, we start with an example:

Example 9.16: Linear Independence

Let S C P, be

S={x*+2x—1,2x* —x+3}

Determine if S is linearly independent.

Solution. To determine if this set S is linearly independent, we assume that a linear combination of the
vectors in § is equal to 0, and prove that all of the coefficients in the sum must be equal to 0. So assume
that there are real numbers r and s such that

r(® +2x—1) 4520 —x4+3) =0=0x> +0x+0
If S is linearly independent, then r = s = 0 will be the only solution. We proceed as follows.

r(2+2x—1)+s(2x* —x+3) = 0> +0x+0
r 4 2rx —r 253> —sx+3s = 0> +0x+0
(r4+25)x* 4+ (2r—s)x—r+3s = 0x>*+0x+0

It follows that
r+2s = 0
2r—s = 0
—r+3s = 0

The augmented matrix and resulting reduced row-echelon form are given by

1 210 1 0/0
2 =110 —=---—= [0 110
-1 310 0 00
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Hence the only solution to our system of equations is r = s = 0 and thus the set S is linearly indepen-
dent. 'y

The next example shows us what it means for a set to be dependent.

Example 9.17: Dependent Set

Determine if the set S C R? given below is independent.

—1 1 1
S= 0O (,{1],
1 1 5

Solution. To determine if S is linearly independent, we look for solutions to

—1 1 1 0

ri O +si 11+t 3 (=10

1 1 5 0
Notice that this equation has nontrivial solutions, for example r = 2, s = 3 and ¢t = —1. Therefore S is
linearly dependent. ®

The following is an important result regarding linearly dependent sets.

Lemma 9.18: Dependent Sets

Let V be a vector space and suppose W = {V|,V»,---,V;} is a subset of V. Then W is linearly
dependent if and only if there is some i < k such that V; can be written as a linear combination of

{Vi, V2, Vi1, Vi1, Vi )

Revisit Example 9.17 with this in mind. Notice that we can write one of the three vectors as a combi-
nation of the others.

By Lemma 9.18 this set is dependent.

If we know that one particular set is linearly independent, we can use this information to determine if
a related set is linearly independent. Consider the following example.

Example 9.19: Related Independent Sets

Let V be a vector space and suppose S C V is a set of linearly independent vectors given by

- = —

S = {i,v,w}. Let R CV be given by R = {2ﬁ—v71,v_1’/+\7’,3\7+ %ﬁ} Show that R is also linearly
independent.
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Solution. To determine if R is linearly independent, we write

1 —
r(20i — W) + (W + V) + 1 <3\7+§ﬁ) =0

To show thatR is a linearly independent set, we must show that the only solution to this equation will be
r=s=1t=0. We proceed as follows.

1 —
r(2ﬁ—W)+s(sz+\7)+t<3\7+§ﬁ) =0
1 —

Zrﬁ—avT/+svT/+S\7+3t\7+§tﬁ =0

1 —
<2r+ Et) Ut (s+3t)W+(—r+s)w = 0

We know that the set S = {i,V,w} is linearly independent. Since our last equation is a linear combina-
tion of the vectors in S which is equal to the zero vector, all of the coefficients in that equation, (2r+ %t),
(s+3t), and (—r+s), must be equal to 0.

In other words:

1
2r+—t = 0
r—|—2
s+3t =
—r+s = 0

The augmented matrix and resulting reduced row-echelon form are given by:

20 110 1 00]0
o1 3/o0|—--—({0120|0
11 010 00 1|0
Hence the only solution is r = s =t = 0 and the set is linearly independent. [

We know that if a set of vectors U is linearly independent, then there is only one way to write Oasa
linear combination of the vectors in U: 0i| +0i + - - - +Ouzy,. This property of being uniquely representable
by the vectors in a linearly independent U extends to every vector that is in the span of U. The following
theorem in the setting of R” was seen earlier as Theorem 4.81. The proof given there generalizes quite
directly to prove this general statement:

Theorem 9.20: Unique Representation

Let V be a vector space and let U = {V},---,V} CV be an independent set. If V € span U, then V
can be written uniquely as a linear combination of the vectors in U .

Consider the span of a linearly independent set of vectors. Suppose we take a vector which is not in this
span and add it to the set. The following lemma claims that the resulting set is still linearly independent.
We will use this result to expand a linearly independent set of vectors to a larger set that is still linearly
independent.
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Lemma 9.21: Adding to a Linearly Independent Set

Suppose V ¢ span{iiy,--- i} and {iy,--- iy} is linearly independent. Then the set
Ly, -, g, v

is also linearly independent.

Proof. Suppose fo: | Cill +dV = 0. It is required to verify that each ¢; = 0 and that d = 0. But if d # 0,
then you can solve for ¥ as a linear combination of the vectors, {i1,- - - ,y},

k
= _ ZAPS
V= §i<d)u’

contrary to the assumption that v is not in the span of the #;. Therefore, d = 0. But then Zle cill; = 0 and
the linear independence of {i,-- -, i)} implies each ¢; = 0 also. [ Y

Consider the following example.

Example 9.22: Adding to a Linearly Independent Set

Let S C My, be the linearly independent set

o) 1oo]}

Show that the set R C M) > given by

e={[a [0 5][2 8]}

is also linearly independent.

Solution. Instead of writing a linear combination of the matrices which equals 0 and showing that the
coefficients must equal 0, we can instead use Lemma 9.21.

To do so, it suffices to show that

ol eetlo o] [ o))

ol = elooleloo]
- [oo)elo o]
- [50)

Write
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Clearly there are no possible a, b to make this equation true. Hence the new matrix does not lie in the
span of the matrices in S. By Lemma 9.21, R is also linearly independent. [ )

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(2 ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

9.4 Subspaces and Bases

A. Utilize the subspace test to determine if a set is a subspace of a given vector space.

B. Extend a linearly independent set and shrink a spanning set to a basis of a given vector space.

In this section we will examine the concept of subspaces introduced earlier in terms of R”. Here, we
will discuss these concepts in terms of abstract vector spaces.

Consider the definition of a subspace.

Let 'V be a vector space. A nonempty subset W C 'V is said to be a subspace of V if rii+sv € W
wheneverr,s € R and i,y €¢ W.

Take a moment to compare the definition above with Definition 4.84. Although not stated in the same
terms, it is easy to see that the definition of a subspace of R" is equivalent to the definition of a subspace
of a vector space V given above. So everything you thought was a subspace is still a subspace, but our
definition works in a more general setting, too. That is a pattern that will continue as we work through this
chapter.
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The span of a set of vectors as described in Definition 9.11 is an example of a subspace. The following
fundamental result says that subspaces are subsets of a vector space which are themselves vector spaces.

Theorem 9.24: Subspaces are Vector Spaces

Let W be a nonempty collection of vectors in a vector space V. Then W is a subspace if and only if
W satisfies the vector space axioms, using the same operations as those defined on'V .

Proof. Suppose first that W is a subspace. It is obvious that all the algebraic laws hold on W because W is
a subset of V and the algebraic laws hold on V. Thus # + v = V+ i along with the other axioms. Does W
contain 0? Yes because it contains 0ii = 0. See Theorem 9.7.

Is W closed under the operations of vector addition and scalar multiplication? That is, when you add
vectors of W do you get a vector in W? When you multiply a vector in W by a scalar, do you get a vector
in W? Yes. This is contained in the definition of what it means for W to be a subspace. Does every vector
in W have an additive inverse that is an element of W? Yes by Theorem 9.7 because —vV = (—1)V which is
given to be an element of W provided v € W.

Next suppose W is a vector space. Then by definition, it is closed with respect to linear combinations.
Hence it is a subspace. )

Consider the following useful Corollary.

Corollary 9.25: Span is a Subspace

LetV be a vector space S = {V},---,V,} CV. IfW = span(S) then W is a subspace of V.

When determining spanning sets the following theorem proves useful.

Theorem 9.26: Spanning Set

Let V be a vector space, let U be a subspace of V, and let S = {V,---,V,} CV. If S C U, then
span(S) CU.

In other words, this theorem claims that any subspace that contains a set of vectors must also contain
the span of these vectors.

The following example will show that two spans, described differently, can in fact be equal.

Example 9.27: Equal Span

Let S = {p(x),q(x)} C P, be polynomials and suppose U = span{2p(x) — q(x), p(x) +3¢(x)} and
W = span(S). Show thatU = W.

Solution. We will use Theorem 9.26 to show that U C W and W C U. It will then follow that U = W.

I.UCW

Notice that 2p(x) — g(x) and p(x) + 3¢g(x) are both elements of W = span(S). Since span(S) is a
subspace of P,,, by Theorem 9.26 W is a superset of the span of these polynomials and so U C W.
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2. WCU
Notice that
P = 2 (2p(x) ~g(x)) + 5 (plo) +34(x)
ax) = 5 (20() ~ () + 2 (p(x) +3q()
Hence p(x),q(x) are elements of span {2p(x) — g(x), p(x) +3¢(x)}. By Theorem 9.26, U must con-

tain the span of these polynomials and so W C U.

[ )

To prove that a set is a vector space, one must verify each of the axioms given in Definition 9.1. This
may be a cumbersome task, and so here is a shorter procedure to verify a set of vectors is a subspace of a
vector space V:

Suppose W is a subset of a vector space V. To determine if W is a subspace of V, it is sufficient to
determine if the following three conditions hold, using the operations of V :

1. The additive identity() of V is an element of W.
2. For any vectors wi,wy € W, the vector wi + wy is also an element of W.

3. For any vector w € W and any scalar r, the product rw is also an element of W.

If a set W C V satisfies these three conditions, then W is nonempty by (1) and conditions (2) and (3)
guarantee that W satisfies the requirements of Definition 9.23. Similarly, if W is a subspace and satisfies
Definition 9.23, then W immediately satisfies conditions (2) and (3) above. The fact that 0 € W follows
from the fact that W is nonempty. If w € W, then by (3) 0w € W and by Theorem 9.7 0w =0 € W, so W
satisfies (1). Therefore to check if some W C V is a subspace of the vector space V, it suffices to check
these three conditions.

Consider the following example.

Example 9.29: Improper Subspaces

LetV be an arbitrary vector space. ThenV is a subspace of itself. Similarly, the set {6} containing
only the zero vector is also a subspace.

These two subspaces described above are called improper subspaces. of V. Any subspace of a
vector space V which is not equal to'V or {6} is called a proper subspace.

The subspace {6} is called the zero subspace.

Solution. Using the subspace test in Procedure 9.28 we can show that V and {6} are subspaces of V.
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Since V satisfies the vector space axioms it also satisfies the three steps of the subspace test. Therefore
V is a subspace.

Let us consider the set {6}

1. The vector 0 is clearly an element of {6}, so the first condition is satisfied.
2. Let wq,w, be elements of {6} Then #; = 0 and #, = 0 and so
Wwi+wr=0+0=0
It follows that the sum is an element of {6} and the second condition is satisfied.
3. Let w; bean element of {6} and let r be an arbitrary scalar. Then
ry =r0=0
Hence the product is an element of {6} and the third condition is satisfied.

It follows that {6} is a subspace of V. [

Consider another example.

Example 9.30: Subspace of Polynomials

Let P, be the vector space of polynomials of degree two or less. Let W C P, be the set of all
polynomials of degree two or less which have 1 as a root. Show that W is a subspace of IP;.

Solution. First, express W as follows:

W = {p(x) = ax’> +bx+c,a,b,c,c R| p(1) = ()}
We need to show that W satisfies the three conditions of Procedure 9.28.

1. The zero polynomial of P, is given by 0(x) = Ox*> +0x+ 0 = 0. Clearly 0(1) = 0 so 0(x) is an
element of W.

2. Let p(x),q(x) be polynomials in W. It follows that p(1) = 0 and ¢(1) = 0. Now consider r(x) =
p(x) 4 ¢(x). Notice that

r(1) = p(1)+q(1)
= 0+0
0

Therefore the sum p(x) 4 g(x)is also an element of W and the second condition is satisfied.
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3. Let p(x) be a polynomial in W and let r be a scalar. It follows that p(1) = 0. Consider the product
rp(x).

rp(1) = r(0)
0

Therefore the product is an element of W and the third condition is satisfied.

It follows that W is a subspace of P;. 'y

Recall the definition of basis of a subspace of R”, Definition 4.89. Now we consider this concept in
the context of general vector spaces.

LetV be a vector space. Then a set of vectors B= {V},--- ,V, } is called a basis forV if span(B) =V,
and B is a linearly independent set of vectors.

The plural of basis is bases, which is pronounced base-ees. (If we pronounced it like “bases” we’d
never be able to tell if we were talking about one basis or many bases.)

Consider the following example.

Example 9.32: Polynomials of Degree at Most Two

Let P, be the set polynomials of degree no more than 2. Is {xz,x, 1} a basis for [P, ?

Solution. We know that IP; is a vector space defined under the usual addition and scalar multiplication of
polynomials.

Now, since clearly P, = span {x?,x, 1}, the set {x?,x,1} is a basis for P if it is a linearly independent
set. Suppose then that
ax® +bx—+c = 0x> +0x+0

where a,b, ¢ are real numbers. This means that ax? + bx + ¢ = 0 for all real numbers x. But as a nonzero
quadratic polynomial has no more than two roots, It is clear that this can only occur if a = b = c = 0.
Hence the set {xz,x, 1} is linearly independent and forms a basis of PP. 'y

We have seen, in some sense, that a linearly independent set of vectors is large enough to get the job
done, but no larger. For example, if L = {uy,---,u,} is linearly independent and v € span(L), then we
can write V as a linear combination of the #;’s, and we can do it in only one way. The next theorem, the
Exchange Theorem, says that a linearly independent spanning set is a minimal spanning set. No set with
fewer vectors than the linearly independent set can span the same subspace. This is an essential result and
a key to understanding the structure of finite dimensional vector spaces. The proof is rather technical, so
either give it a pass on a first reading, or grab a cup of coffee and some paper and prepare to work through
the details. But really, everything just hinges on the fact that scalar addition is commutative.
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Theorem 9.33: Exchange Theorem

Let L = {iiy,--- ,u,} be a linearly independent set of vectors and let S = {V},---,V,}, with both L
and S being subsets of a vector space V. If L C span(S), then r < s.

In particular, if span(L) = span(S), then r < s. So for a given subspace, a linearly independent
spanning set is going to be of the smallest possible size.

Proof. The proof of this theorem is exactly the same as the proof of the Exchange Theorem in R", Theorem
4.91. We reproduce it, with a couple of additional comments, here.

Assume that L and S are as described in the statement of the theorem, and assume that L C span(S).
We must show that r, the number of vectors in the linearly independent set L, is less than or equal to s, the
number of vectors in the spanning set S.

Suppose, by way of contradiction, that s < r.

Since each vector u j € L1is an element of span {V1,--+,V,}, there exist scalars a; j such that
)
l/t] = Za,—j\_z’i, j: 1,2,...,1’
i=1

As we have assumed that s < r, the matrix A = [a, ]] has fewer rows, s, than columns, ». Then the
homogeneous system of linear equatlons AX = 0 has, , as we saw back in Chapter 1, a non trivial solution
d. So there is a vector d € R” with d # 0 such that Ad = 0. In other words,

-
Y aijd;=0,i=12,-s
j=1

Now we use these scalars d; to construct a linear combination of the vectors in L:

r s
Zdjﬁj = Zdjzaij\_fi

j=1 j=1 i=1

But this contradicts the assumption that L = {i1,- - ,#,} is linearly independent, because not all the d jare
Zero.

Our assumption that s < r led to a contradiction, so we conclude that r < s, as needed.

The following corollary follows from the Exchange Theorem.

Corollary 9.34: All Finite Bases of V are of the Same Size

Let By, B> be two bases of a vector space V. Suppose B contains m vectors and B contains n
vectors. Then m = n.
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Proof. Notice that span(B;) = span(B;). Since By is linearly independent and has the same span as B,
by Theorem 9.33, m < n. As By is linearly independent and has the same span as By, n < m. Therefore
m=n. 'y

Given the result of the previous corollary, we know that if a vector space V has a finite basis, then
every basis of V has exactly the same number of vectors. Thus we get to define the dimension of such a
vector space.

Definition 9.35: Dimension

A vector space V is of dimension n if it has a basis consisting of n vectors. Such a vector space is
said to be finite dimensional.

Not every vector space is finite dimensional; [P, the collection of all polynomials, is an example of an
infinite dimensional vector space. But our discussion for now will concentrate on finite dimensional vector
spaces.

Example 9.36: Dimension of a Vector Space

Let P, be the set of all polynomials of degree at most 2. Find the dimension of ;.

Solution. If we can find a basis of [P, then the number of vectors in the basis will give the dimension.
Recall from Example 9.32 that a basis of P; is given by

S= {xz,x, 1}
There are three polynomials in § and hence the dimension of [P, is three. [

It is important to note that a basis for a vector space is not unique. A vector space can have many
bases. Consider the following example.

Example 9.37: A Different Basis for Polynomials of Degree Two

Let P, be the polynomials of degree no more than 2. Is {x2 +x4+1,2x+1,3x% + 1} a basis for P, ?

Solution. Suppose these vectors are linearly independent but do not form a spanning set for ;. Then by
Lemma 9.21, we could find a fourth polynomial in P, to create a new linearly independent set containing
four polynomials. However this would imply that we could find a basis of P, of more than three polyno-
mials. This contradicts the result of Example 9.36 in which we determined the dimension of [P, is three.
Therefore if these vectors are linearly independent they must also form a spanning set and thus a basis for
P;.

Suppose then that

r(x2+x+1) +s(2x-|—1)+t(3x2+1)
(r4+30) x> +(r+29)x+(r+s+1) = 0
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We know that {x?,x,1} is linearly independent, and so it follows that

r+3 = 0

r+2s = 0

r+s+t = 0
and there is only one solution to this system of equations, r = s =t = 0. Therefore, these vectors are
linearly independent and form a basis for P,. [

Consider the following theorem.

Theorem 9.38: Every Subspace has a Basis

Let W be a nonzero subspace of a finite dimensional vector space V. Suppose V has dimension n.
Then W has a basis with no more than n vectors.

Proof. Let v, € V where V| # 0. If span{V| } =V, then it follows that {V,} is a basis for V. Otherwise,
there exists ¥, € V which is not an element of span {V; } . By Lemma 9.21 {V},V, } is a linearly independent
set of vectors. Then {V},V,} is a basis for V and we are done. If span{V|,V,} # V, then there exists
V3 ¢ span{V|,Vo} and {V|,V,,V3} is a larger linearly independent set of vectors. Continuing this way,
the process must stop before n + 1 steps because if not, it would be possible to obtain n + 1 linearly
independent vectors contrary to the Exchange Theorem, Theorem 9.33. [

If in fact W is an n-dimensional subspace of an n-dimensional vector space V, then W = V.

Theorem 9.39: Subspace of Same Dimension

Let V be a vector space of dimension n and let W be a subspace. Then W =V if and only if the
dimension of W is also n.

Proof. First suppose W = V. Then obviously the dimension of W = n.

Now suppose that the dimension of W is n. Let a basis for W be {wy,---,w,}. If W is not equal to V',
then let ¥ be a vector of V which is not an element of W. Thus ¥ is not an element of span {wy,---,w,} and
by Lemma 9.73, {wy,---,wp,,V} is linearly independent which contradicts Theorem 9.33 because it would
be an independent set of n+ 1 vectors even though each of these vectors is in a spanning set of n vectors,
abasis of V. 'y

Consider the following example.

Example 9.40: Basis of a Subspace

LetU = <A e€Mp ‘ A [ } _(1) ] = [ b1 }A} Then U is a subspace of My,. Find a basis
of U, and hence dim(U).

Solution. Let A = [ Z z } € M,. Then
A 1 0| |a b I 0| |a+b —b
1 -1| |c d 1 -1 | | c+d —d
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and

o aa)a=lo )% )

a+b —b}_{a—i—c b+d}

at+c b+d
—c —d |

c+d —d —c —d
Equating entries leads to a system of four equations in the four variables a,b,c and d.

If A € U, then [

a+b = a+tc -

b = b+d b=c =0
d — 2b—d = 0.
Sy 2e+d = 0

The solution to this systemisa =s, b = —%t, c= —%t, d =t for any s,7 € R, and thus

s L 10 0 —1
— 2 | = 2
=1 H=lo o) 1)

ool [ 5]}

Then span(B) = U, and it is routine to verify that B is an independent subset of My,. Therefore B is a
basis of U, and dim(U ) = 2. [ )

Let

— D[

The following theorem claims that a spanning set of a vector space V can be shrunk down to a basis of
V. Similarly, a linearly independent set within V can be enlarged to create a basis of V.

Theorem 9.41: Basis of V

IfV = span{iiy,--- ,i,} is a vector space, then some subset of {i,--- ,iy,} is a basis for V. Also,
if {uy,--- ,u;} CV is linearly independent and the vector space is finite dimensional, then the set
{uy,--- ,uy} can be enlarged to obtain a basis of V.

Proof. Let

S={E C{ij,--,ly}|span{E} =V}.
For E € S, let |E| denote the number of elements of E. Let

m = min{|E| such that E € S}.

Thus there exist vectors
{\‘;’1,... ,Vm} - {17[1,... ,ﬁn}
such that
span{Vy, -,V } =V

and m is as small as possible for this to happen. If this set is linearly independent, it follows it is a basis
for V and the theorem is proved. On the other hand, if the set is not linearly independent, then there exist
scalars, cy,- - ,c,, such that

—

CiVi

6:

on

Il
—

1
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and not all the ¢; are equal to zero. Suppose c; # 0. Then solve for the vector v in terms of the other
vectors, say Vg = Y., rivi. Then we can show that

V= Span{‘_;la”' ’vk—l,‘jk+19"' ’vm}

For if v € V, then there exist scalars s; such that
n
V= Z siv; = ZS,'\_;,' + 5KV = Z siVi + Sk Z rivi | .
i=1 ik ik ik

This contradicts the definition of m as the size of the smallest spanning set and proves the first part of the
theorem.

To obtain the second part, begin with {iy, - - -, i} and suppose a basis for V is
{‘71 s T Vm}

If
span{iu,- - g} =V,

then k = m. If not, there exists a vector
liyy1 & span{iy, -+, i}

Then from Lemma 9.21, {u,- -, Uy, li+1} is also linearly independent. Continue adding vectors in this
way until m linearly independent vectors have been obtained. Then

span{iy,- - ,lip} =V

because if it did not do so, there would exist i, as just described and {ii}, - - ,lp+1 } would be a linearly
independent set of vectors having m -+ 1 elements. This contradicts the fact that {V},---,V,,} is a basis. In
turn this would contradict Theorem 9.33. Therefore, this list is a basis. 'y

Recall Example 9.22 in which we added a matrix to a linearly independent set to create a larger linearly
independent set. By Theorem 9.41 we can extend a linearly independent set to a basis.

Example 9.42: Adding to a Linearly Independent Set

Let S C My, be the linearly independent set given by

o) 1oo]}

Enlarge S to a basis of Mlp,.

Solution. Recall from the solution of Example 9.22 that the set R C M, given by

e={[o o[58 [0 8]}
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is also linearly independent. However this set is still not a basis for My, as it is not a spanning set. In
8 (1) is not an element of span(R). Therefore, this matrix can be added to R by Lemma
9.21 to obtain a new linearly independent set given by

T — 10 0 1 00 00

- O0’fOO]||1T O|’]0 1
This set is linearly independent and now spans M. Hence T is a basis, called the standard basis of
Mys,. 'y

particular,

Next we consider the case where you have a spanning set and you want a subset which is a basis. The
above discussion involved adding vectors to a set. The next example involves removing vectors.

Example 9.43: Basis from a Spanning Set

Let V = IP3, the vector space of polynomials of degree no more than 3. Consider the following
vectors inV':

V=2 +x+1
12) =X +4x* +2x+2
V3 =20 + 20 +2x+ 1
Vi=x +4x* —3x+2
Vs =x 433 +2x+1
As {x3,x2,x, 1} is a basis for P3, we know that V has dimension 4, so the set of vectors displayed

above is not linearly independent. Determine a linearly independent subset of these vectors that has
the same span. Determine whether this subset is a basis forV .

Solution.

We will build a maximal linearly independent subset of {V},V,,V3,Vs,Vs} by repeatedly using Lemma
9.21. We will start with the linearly independent set of vectors {V;} and just check, one by one, whether
we can add subsequent vectors to our linearly independent set and maintain our linear independence.

e Is {V},V,} linearly independent? By Lemma 9.21, the answer to this question is “yes” if and only if
¥, is not an element of span{¥; }. Since ¥, is not a multiple of ¥ (look at the x> term), we know that
Vo & span{V; }, and so {V},,} is linearly independent.

* Is {V],V,V3} linearly independent? We must check whether Vs is an element of span{V},V,}. Sup-
pose it is, so suppose V3 can be written as a linear combination of ¥; and v,. This means that there
are scalars a and b such that 3 = a¥| + bv,. But then b must equal 2 (from the x> term) and a = —3
(from the x? term, given that b = 2). But these choices of a and b don’t work (look at the x term).
Thus V3 ¢ span{Vi,V>}, and so {V,V,V3} is linearly independent.

o Is {V|,V2,V3,Vs} linearly independent? So we want to see if V4 is an element of span{Vi,V,,V3}. This
means that we seek scalars a,b, and ¢ such that V4 = av| + bV, + ¢v3. By equating the coefficients
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on each term, that means that we are looking for a solution to this set of equations:

b+2c=1
2a+4b+2c =4
a+2b+2c=-3"
a+2b+ c=2

Looking at the augmented matrix

—_ =N O
[ S S

we find its reduced row-echelon form is

S o o=
oo = O

0
0
1
0

and so V4 = —15V| 4+ 11V, — 5V3. Since we can write V4 as a linear combination of the previous three
vectors, adding it to our set would ruin its linear independence and not increase the span, so we will

have to leave V4 out.

o Is {V],V,,V3,Vs} linearly independent? Now we have to see if Vs is an element of span{V},V,,V3}.
Using the same procedure as in the previous step, we set up the linear equations to write Vs as a
linear combination of vy, ¥, and V3. The augmented matrix we obtain is

0

NI NSRRI

2
1
1
which reduces to

1
0
0

o - O

0 0

— N NN

—_ O O

0

—_ N W =

0
0
0

1

so there is no solution to our system of equations and thus Vs is not a linear combination of the
vectors up to this point. So we can add Vs to our linearly independent set, yielding a maximal
linearly independent subset: {V},V,,V3,Vs}, and the span of this subset is the same as the span of the

collection of five vectors with which we began.

Since our set of four linearly independent vectors spans a four-dimensional subspace of the four-
dimensional vector space P53, we must have span{V},V,,V3,Vs} = P3 by Theorem 9.39, and so we have

built a basis for V.

[ )
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Consider the following example.

Example 9.44: Shrinking a Spanning Set

Consider the set S C [P, given by
S= {l,x,xz,x2 + 1}

Show that S spans P, then remove vectors from S until a basis is created.

Solution. First we need to show that S spans IP,. Let ax? + bx + ¢ be an arbitrary polynomial in P>. Write

ax? +bx+c=r(1)+s(x)+1(x?) +u(x®+1)

Then,
ax* +bx+c = r(1)+s(x)+1(F) Fulx*+1)
= (t+u)x2+s(x)+(r+u)
It follows that
a = t+u
b = s
¢c = r+u

Clearly a solution exists for all a,b,c and so S is a spanning set for P,. By Theorem 9.41, some subset
of S is a basis for P,.

Recall that a basis must be both a spanning set and a linearly independent set. Therefore we must
remove a vector from S keeping this in mind. Suppose we remove x from S. The resulting set would be
{l,xz,x2 + 1}. This set is clearly linearly dependent (and also does not span [P;) and so is not a basis.

Suppose we remove x>+ 1 from S. The resulting set is {l,x,xz} which is both linearly independent
and spans P,. Hence this is a basis for ;. Note that removing any one of 1,x2, or x> + 1 will result in a
basis. 'y

Now the following is a fundamental result about subspaces.

Theorem 9.45: Basis from a Linearly Independent Set

Let V be a finite dimensional vector space and let W be a non-zero subspace of V. Suppose that
L= {wy,---,Ws} is a linearly independent subset of W. Then L can be extended to a basis of W.

Proof. Since L is a linearly independent subset of W and W is finite dimensional, this is an immediate
corollary of Theorem 9.41. 'y

This also proves the following corollary. Let V play the role of W in the above theorem and begin with
a basis for W, enlarging it to form a basis for V as discussed above.
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Corollary 9.46: Basis Extension

Let W be any non-zero subspace of a finite dimensional vector space V. Then every basis of W can
be extended to a basis forV .

Consider the following example.

Example 9.47: Basis Extension

LetV =R* and let

W = span

—_ e OO =
—_— O = O

Extend this basis of W to a basis of V.

Solution. An easy way to do this is to take the reduced row-echelon form of the matrix

1 01 00O
010100
1 00010 ©-2)
110001

Note how the given vectors were placed as the first two columns in the matrix and then the matrix was
extended by adding the standard basis vectors of R*. So it is clear that the span of the columns of this
matrix yield all of R*. Now determine the pivot columns. The reduced row-echelon form is

1 000 1 0
0100 -1 1
001 0 -1 0 ©-3)
00 01 1 -1
The pivot columns are

1 0 1 0

0 1 0 1

1 (O]’ 0]|°[O

1 1 0 0

and now this is an extension of the given basis for W to a basis for R*.

Why does this work? The columns of 9.2 obviously span R?, so the column space of the matrix is

equal to R*. And the first four columns of the matrix are a basis for the column space, and hence they span
R4 )
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
’(2 ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

9.5 Sums and Intersections

A. Show that the sum of two subspaces is a subspace.

B. Show that the intersection of two subspaces is a subspace.

We begin this section with a definition.

LetV be a vector space, and let U and W be subspaces of V. Then
1. U+W ={ii+w|ieUandw e W} and is called the sum of U and W .

22.UNW ={V|vVeU andv € W} and is called the intersection of U and W .

Therefore the intersection of two subspaces is all the vectors shared by both. If there are no nonzero

vectors shared by both subspaces, meaning that U "W = {6}, the sum U + W takes on a special name.

LetV be a vector space and suppose U and W are subspaces of V such thatU "W = {6} Then the
sum of U and W is called the direct sum and is denoted U &W.
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An interesting result is that both the sum U 4+ W and the intersection U NW are subspaces of V.

Proposition 9.50: Intersection is a Subspace

Let V be a vector space and suppose U and W are subspaces. Then both U +W and U "W are
subspaces of V.

Proof. We will show that U NW is a subspace of V. The proof that U + W is also a subspace of V is similar
and is left as an exercise.
To establish that U NW is a subspace of V using the subspace test, we must show three things:

1.0eunw
2. For vectors v,V c UNW, V1 +V, e UNW

3. For scalar a and vectorv e UNW,av e UNW
We proceed to show each of these three conditions hold.

1. Since U and W are subspaces of V, they each contain 0. By definition of the intersection, 0cUNW.

2. Let v,V € UNW. Then in particular, v{,V, € U. Since U is a subspace, it follows that V; +V, € U.
The same argument holds for W. Therefore V| + v, is in both U and W and by definition is also in
Unw.

3. Let a be a scalar and v € U "W. Then in particular, Vv € U. Since U is a subspace, it follows that
av € U. The same argument holds for W so aV is in both U and W. By definition, it is in U NW.

Therefore U NW 1is a subspace of V. ' Y

The following theorem relates the dimensions of the various subspaces that we have been discussing.

Theorem 9.51: Dimension of Sum

LetV be a vector space with subspaces U and W. Suppose U and W each have finite dimension.
Then U +W also has finite dimension which is given by

dim(U +W) = dim(U ) + dim(W) — dim(U NW)

Notice that when U NW = {6}, the sum becomes the direct sum and the above equation becomes

dim(U @ W) = dim(U ) + dim(W)
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9.6 Linear Transformations

‘ A. Understand the definition of a linear transformation in the context of vector spaces. \

Recall that a function is simply a transformation of a vector to result in a new vector. Consider the
following definition.

Definition 9.52: Linear Transformation

LetV and W be vector spaces. Suppose T : V — W is a function, where for each v € V,T (V) € W.
Then T is a linear transformation if whenever r,s are scalars and v and v, are vectors in V

T (r\_ﬁ -+ S\72) =rT (\71) +sT (\72)

Several important examples of linear transformations include the zero transformation, the identity
transformation, and the scalar transformation.

Example 9.53: Linear Transformations

LetV and W be vector spaces.

1. The zero transformation
0:V — W is defined by 0(¥) = 0 forall ¥ € V.

2. The identity transformation
ly : V — V is defined by 1y (V) =V forall v € V.

3. The scalar transformation Let r € R.
sy 1V — V is defined by s,(V) = rv forall v € V.

Solution. We will show that the scalar transformation s, is linear, the rest are left as an exercise.

By Definition 9.52 we must show that for all scalars k, p and vectors V| and v in V, s, (kV| + pvh) =
ksy (V1) + ps, (%2).

sp(kVi +pa) = r(kvy+pin)
= rkvy+rpV,
= k(rv))+p(rh)
= ks, (V1) +psr(2)

Therefore s, is a linear transformation. [

Consider the following important theorem.
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Theorem 9.54: Properties of Linear Transformations

LetV and W be vector spaces, and T : V — W a linear transformation. Then

1. T preserves the zero vector.
T(0)=0

2. T preserves additive inverses. For all v € V,
T(=v)=-T(")

3. T preserves linear combinations. For all V{,Va,...,V,, € V and all ki ,kp,. .. .k, € R,

T(k1\71 +koVy 4+ -+ +km\7m) — le(\—ﬁ) -l-sz(\—fz) SFooo -I-ka(\—fm).

Proof.
1. Let Oy denote the zero vector of V and let Oy denote the zero vector of W. We want to prove that
T(Ov) =Ow. Let v € V. Then OV = Oy and

T (0y) = T(0%) = 0T (V) = Oy.

2. Let ¥ € V; then —v € V is the additive inverse of ¥, so ¥+ (—¥) = Oy. Thus

T+ (=) = T(0v)
TW)+T(=V) = Ow
T(—V) = Ow—T®F) =-T®H).
3. This result follows from preservation of addition and preservation of scalar multiplication. A formal

proof would be by induction on m.

)

Consider the following example using the above theorem.

Example 9.55: Linear Combination

Let T : P, — R be a linear transformation such that

T(x*+x)=—1;T(x*—x)=1;T(x**+1) =3.

Find T (4x? 4 5x — 3).

Solution. We provide two solutions to this problem.
Solution 1: Suppose a(x> 4 x) +b(x> —x) +c¢(x*> + 1) = 4x?> +5x — 3. Then

(a+b+c)x*+(a—b)x+c=4x>+5x—3.
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Solving for a, b, and c results in the unique solutiona =6,b =1, ¢ = —3.
Thus

T(4x*+5x—3) = T(( +x) 4+ (F* —x) — (x2+1))

= 6T(X2+x)+T (x> —x)—3T(¥*+1)
= 6(—1)+1-3(3)=—14.

Solution 2: Notice that § = {x? 4+ x,x> —x,x> + 1} is a basis of P, and thus x?, x, and 1 can each be
written as a linear combination of elements of S. In fact we have

2 = T2 +x) + 1 (3% —x)
x %(xz—l—x)—%(xz—x)
1 = (xz—l—l)—%(xz—i—x)—%(xz—x)
Then

T(x*) = T(%(xz—l—x)—l—%(xz—x)):%T(xz—i—x)—i— T(x*> —x)
3(=D+3(1)=0

T (x) T(%(xz—l—x)—é(xz—x)):%T(xz—f—x) %T(xz—x)
M -3m=-1

T(1) T ((x®+1)—3(x2+x) — 3(x* —x))
T(x2+1)—%T(xz—f—x)—%T(xz—x)

= 34D b)=3
Therefore,

4T (x*) + 5T (x) — 3T (1)
4(0)+5(—1)—3(3) = —14.

T (4x> +5x—3)

The advantage of Solution 2 over Solution 1 is that if you were now asked to find T'(—6x> — 13x+9), it
is easy touse T(x?) =0, T(x) = —1 and T(1) = 3:

T(—6x> —13x+9) = —6T(x*)— 13T (x)+97(1)
= —6(0)—13(=1)+9(3) = 13427 = 40.

More generally,

T(ax*+bx+c) = aT(x*)+bT(x)+cT(1)
a(0)+b(—1)+c¢(3) = —b+3c.
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Suppose two linear transformations act in the same way on v for all vectors. Then we say that these
transformations are equal.

Let S and T be linear transformations from V to W. Then we say that S and T are equal, and write
S =T, when forevery VeV,

The definition above requires that two transformations have the same action on every vector in or-
der for them to be equal. The next theorem argues that it is only necessary to check the action of the
transformations on basis vectors, or even just any spanning set of vectors.

Theorem 9.57: Transformation of a Spanning Set

LetV and W be vector spaces and suppose that S and T are linear transformations from V to W.
Then in order for S and T to be equal, it suffices that S(V;) = T (V;) where V = span{V},V,...,V,}.

This theorem tells us that a linear transformation is completely determined by its actions on a spanning
set. We can also examine the effect of a linear transformation on a basis.

Theorem 9.58: Transformation of a Basis

SupposeV and W are vector spaces withV being n-dimensional. Let {w,w», ..., W, } be any vectors
in W that may or may not be distinct. Then for any basis {V{,V,...,V,} of V there is a unique linear
transformation T : V — W with T (V;) = w;.
Furthermore, if

V=kVi +kaVo+ -+ kyVy

is a vector of V, then
T (V) =kiwi +kawa + - - - + knWy,.
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9.7 Isomorphisms

A. Apply the concepts of one to one and onto to transformations of vector spaces.
B. Determine if a linear transformation of vector spaces is an isomorphism.

C. Determine if two vector spaces are isomorphic.

One to One and Onto Transformations

Recall the following definitions, given here in terms of vector spaces.

Let V and W be vector spaces. Then a linear transformation T : V — W is called one to one if
whenever Vi € V and v, € V and V| # V,, then

T (V1) # T (V)
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LetV and W be vector spaces. Then a linear transformation T : V — W is called onto if for all
w € W there exists V € V such that T (V) = w.

Recall that every linear transformation 7" has the property that T(a) = 0. This will be necessary to
prove the following useful lemma.

Lemma 9.61: One to One

The assertion that a linear transformation T is one to one is equivalent to saying that if T (V) = 0,
then v = 0.

Proof. Suppose first that 7' is one to one. We already know that 7(0) = 0. If T'(¥) = 0, then the fact that
T is one to one lets us conclude that V = 0, as needed.

To prove the converse, suppose that if T'(V) = 0, then ¥ = 0. We must show that T is one to one. So
assume that 7 (V) = T (i). Then T (V) — T (i) = T (¥ — ii) = 0 which shows that ¥ — & = 0 or in other words,
V=1. [

Consider the following example.

Example 9.62: One to One Transformation

Let S : Py — My, be a linear transformation defined by

a+b a-+c

2 —
S(ax~+bx+c) = { b Boie

} for all ax*> +bx+c € P,.

Prove that S is one to one but not onto.

Solution.
Suppose p(x) = ax> +bx+c and S(p(x)) = [ ath atc _| 00 This leads to a homogeneous
| b—c b+c 0 0}

system of four equations in three variables. Putting the augmented matrix in reduced row-echelon form:
11 0 1 0 0|0
10 0 ERUTN 0100
01 —1/0 0 0 1]0
0 1 0 0 0 0[O0

The solution is @ = b = ¢ = 0. This tells us that if S(p(x)) =0, then p(x) = ax?> +bx+c = 0x*> +0x+0 =
0. Therefore it is one to one.

To show that S is not onto, we must show that there is a matrix A € M, » such that for every p(x) € P»,
S(p(x)) # A. The easiest way to show that such a matrix exists is to exhibit one, so consider

01
=[02]
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and suppose p(x) = ax> +bx+c € P, is such that S(p(x)) = A. Then

at+b=0 a+c=1
b—c=0 b+c=2

Solving this system

11 010 1 1 o0]o
10 1|1 0 -1 1|1
01 —1]/0| "o ~110
01 1|2 0 12

Since the system is inconsistent, there is no p(x) € IP; so that S(p(x)) = A, and therefore S is not onto.

)

Example 9.63: An Onto Transformation

LetT : Mp, — R? be a linear transformation defined by

a b| |a+d a b
T[C d]_[b—l—c}foraﬂlc d:|€M2,2.

Prove that T is onto but not one to one.

Solution. To show that T is onto, we will show that any vector in R? is the image of some 2 x 2 matrix

under the transformation 7. To that end, let i ] be an arbitrary vector in R2. Notice that T { EC) g } =

y
By Lemma 9.61 T is one to one if and only if 7(A) = 0 implies that A = 0 the zero matrix. Observe

that T(H _01D={10++_01]:{8}

There exists a nonzero matrix A such that T(A) = 0. It follows that T is not one to one. o

X x| . . ) . .
[ } , SO [ y } is the image of some matrix under the transforemation 7', and hence T is onto.

The following theorem demonstrates that a one to one transformation preserves linear independence.

Theorem 9.64: One to One and Independence

LetV and W be vector spaces and let T : V — W be a linear transformation. If T is one to one
and {V|,V,,...,V} is a linearly independent subset of V, then {T (v}),T (v2),...,T (Vx)} is a linearly
independent subset of W .

Proof. Let Oy and Oy denote the zero vectors of V and W, respectively. Suppose that

alT(\_ﬁ) —|—a2T(\72) + - —|—akT(\7k) = 6W
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for some ay,ay,...,a; € R. We seek to prove that a; = a; = --- = g = 0. Since linear transformations
preserve linear combinations (addition and scalar multiplication), our assumption tells us that
T(a1Vy +axvp+ -+ apvy) = Ow.

Now, since T is one to one, the only vector that 7 can map to 6W is 6V, and thus

aVy +axvo + - +agvy = Oy.

However, {V|,V,,...,V;} is independent so a; = ay = --+ = a; = 0, as needed. Thus by the definition of
linear independence, {7 (V}),T (V2),...,T (Vk)} is linearly independent. [ )

A similar claim can be made regarding onto transformations. In this case, an onto transformation
preserves a spanning set.

Theorem 9.65: Onto and Spanning

Let V and W be vector spaces and let T : V. — W be a linear transformation. If T is onto and
V = span{V|,Vs,...,V}, then

W = span{T (v),T (V2),...,T (Vk)}.

Proof. Suppose that T is onto and let w € W. Then there exists ¥ € V such that 7(V) = w. Since V =
span{Vy,V,, ...,V }, there exist aj,ay, ...a; € R such that V = a; V| +apV, + - - - + a; V. Using the fact that
T is a linear transformation,

VT/:T(V) = T(a1\71—|—a2\72—|—~-~—|—ak\7k)
= aiT (V1) +axT (Vo) +---+a T (V),
ie., we span{T(Vy),T(V2),...,T(V)}, and thus

W Cspan{T (V}),T(V2),...,T (V) }-

Since T (V1),T (V2),...,T (Vx) € W, it follows from that span{T (v;),T (V»),...,T (V) } C W, and there-
fore W = span{T (V{),T (V2),...,T(Vx)}. [ )



488 = Vector Spaces

Isomorphisms

The focus of this section is on linear transformations which are both one to one and onto. When this is the
case, we call the transformation an isomorphism.

Definition 9.66: Isomorphism

LetV and W be two vector spaces and let T : V — W be a linear transformation. Then T is called
an isomorphism if T is both one to one and onto.

Definition 9.67: Isomorphic

LetV and W be two vector spaces. We say thatV and W are isomorphic. if there is an isomorphism
T:V—=W.

Consider the following example of an isomorphism.

Example 9.68: Isomorphism

Let T : My, — R* be defined by

T{ZZ]:

Show that T is an isomorphism.

a b
for all [ . d} € Mpp.

QLo &

Solution. Notice that if we can prove 7 is an isomorphism, it will mean that M > and R* are isomorphic.
It remains to prove that

1. T is a linear transformation;
2. T is one-to-one;

3. T is onto.

T is linear: Let &, p be scalars.

al bl a) b2 . ka1 kbl pa pb2
r(e[a alels &) - ([ e
T kai +pa>  kby+ pb;
kci+pcy  kdy + pda
kay + paz
kby + pb>
kci+ pea
kdy + pd>



kay pay
kb b
_ L | Pb
kCl pc2
kd, pd>
aj ap
. by b,
= k . +p &
d; d>
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S(a e[z k)

T is one-to-one: By Lemma 9.61 we need to show that if 7(A) = 0 then A = 0 for some matrix

Therefore T is linear.

A€ Mz,z.

a b
Tcd}_

QUL &
oS O OO

This clearly only occurs when @ = b = ¢ = d = 0 which means that
a b 00
e[ 2] [ 8]

Hence T is one-to-one.

T is onto: Let
X1
X2
X3
X4

A:{xl xz}.
X3 X4

Then 7' (A) = X, and therefore T is onto.

and define matrix A € M), as follows:

Since T is a linear transformation which is one-to-one and onto, 7 is an isomorphism. Hence M) > and

R* are isomorphic.

[ )

An important property of isomorphisms is that the inverse of an isomorphism is itself an isomorphism
and the composition of isomorphisms is an isomorphism. We begin with inverses.

If T : V — W is an isomorphism, then we can define the inverse function T as follows:
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Suppose that T : V — W is an isomorphism from the vector space V to the vector space W. Then
we define the inverse of T, denoted T, as the function

Tl w—ov

w — the unique vector v € V such that T (V) = w.

Noice that if 7 : V — W is an isomorphism, for any w € W, the ¥ € V required by the definition of 7!
exists because 7 is onto and is unique as 7 is one to one.

Proposition 9.70: The Inverse of an Isomorphism is an Isomorphism

Suppose T : V — W is an isomorphism. Then T~ : W — V is also an isomorphism.

Proof. We are given that T is an isomorphism, and we must show that 7! is an isomorphism. So we must
show that 7! is a linear transformation that is one to one and onto. We discuss each in turn:

o« T-1:W = Visalinear transformation: Let w and W, be vectors in W, and let @ and b be scalars.
We must show that 7~ (aw + b)) = aT ! (W1) +bT ().

Since w; and w, are each elements of W and the linear transformation 7 is onto, we know that there
are vectors V| and V,, each elements of V, such that 7'(V}) = wy and T'(V,) = w,. This means that
T~!(w) =vi and T~ (W) = ¥,. Substituting, we now will be finished if we can show

T_l(aT(\_ﬁ) +bT(\72>) = avy + bv,.

This isn’t hard to see. All we need to do is show that when we apply the function T to the stuff on
the right of the equals sign, we get the stuff inside the parentheses on the left of the equals sign. So
we must show

T(a\71 +b\72) = aT(\71) —l—bT(\_fz).

But since we know that T is a linear transformation, this equation is known to be true, and we are
finished. So we know that 7! is a linear transformation.

« T~! is one to one: Suppose that T~ (W) = T~ (W,) = ¥. We must show that w; = . By the
definition of 7~ !, we know that T (¥) = w and T (V) = #,. But as T is a function, we can conclude
that w; = w», as needed

« T~ ! is onto: Fix ¥ € V. We must show there is some w € W such that T-!(#) = ¥. Consider
w = T (V). Then
T-'w)=T"1(T¥) =7,

and we have found the needed vector w, so we can conclude that 7! is onto.
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A quick aside: Give yourself extra points if you noticed that we only used the fact that 7 is a linear
transformation in the first part of the above proof. In fact, the inverse of any one to one and onto function
is a one to one and onto function, whether the function in question is a linear transformation or not.

Now a reminder of how we define the composition of functions:

LetV,W, and Z be vector spaces and suppose T :V — W and S : W — Z are linear transformations.
Then the composition of S and T is the function

SoT:V—=>Z
defined by
(SoT)(V) =S(T(V)) forallv eV

We start with linear transformations 7 : V. — W and S : W — Z. Then we define a new function
SoT :V — Z. There is no a priori reason to think that this new function is nice in any way, but it turns
out that it is not only nice, it very nice. An isomorphism, in fact:

Proposition 9.72: The Composition of Isomorphisms is an Isomorphism

If T :V — W is an isomorphism and S : W — Z is an isomorphism for the vector spaces V,W, and
Z, then SoT defined by (SoT) (v) =S (T (v)) is also an isomorphism.

Proof.
Suppose that 7 and S are as described.

* SoT is a linear transformation: Let a and b be scalars, and consider

So T(a\_/'l -|-b\72) = S(T (a\71 +b\72)) = S(aT(\_ﬁ) -l-bT(Vz))
= aS(T(V))+bS(T(2)) =a(SoT) (V1) +b(SoT) (i)

Hence SoT is a linear map.

« SoT is one to one: If (SoT) (¥) =0, then S(T (¥)) = 0 and since S is a one to one linear transfor-
mation, it follows from Lemma 9.61 that 7'(V) = 0 and hence by the lemma again, this time using
the fact that T is one to one, Vv = 0. Thus So T is one to one, once again using Lemma 9.61.

e SoT isonto: To show that So T is onto, let Z € Z. Then since S is onto, there exists w € W such that
S(w) =Z. Also, since T is onto, there exists V € V such that T'(V) = w. It follows that S(7 (V)) =7
and so So T is also onto.

Having shown that the function So7 is a one to one, onto, linear transformation, we can conclude that
SoT is an isomorphism, as claimed. Y

Suppose we say that two vector spaces V and W are related if there exists an isomorphism of one to
the other, written as V ~ W. Then the above propositions suggest that ~ is an equivalence relation. That
is: ~ satisfies the following conditions:
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e VAV
e IfV ~ W, it follows that W ~ V
e lfV~WandW ~Z,thenV ~Z

We leave the proof of these to the reader.
The following fundamental lemma describes the relation between bases and isomorphisms.

Lemma 9.73: Bases and Isomorphisms

LetV and W be finite dimensional vector spaces and letT : V — W be a linear transformation.
T is an isomorphism if and only if whenever B = {V},---,V,} is a basis for V, it follows that
T(B)={T(V),--,T(V,)} is a basis for W.

Proof.

First, assume that 7 is an isomorphism and that B = {V},---,V,} is a basis for V. We must show that
T(B)={T(Vy),---,T(V,)} is a basis for W.

Since T is one-to-one and B is linearly independent, Theorem 9.64 tell us that 7'(B) is linearly inde-
pendent. And as T is onto and B spans V, Theorem 9.65 guarantees that 7 (B) spans W. So by definition,
T (B) is a basis for W and the transformation 7' preserves bases, as claimed.

For the converse, suppose that 7 : V. — W preserves bases. We must show that 7" is an isomorphism.
Since V is finite dimensional, there is a basis B = {V|,V,...,V,} for V. As T preserves bases, we know
that T(B) = {T (v1),T(V2),...,T(V,)} is a basis for W, and hence the dimension of W is no more than .

To show that 7T is onto, fix w € W. We must find some vV € V such that 7 (V) = w. As T(B) is a basis
for W, we know that there are scalars r; such that

rlT(Vl) +r2T(\72) + - +rnT(\7n) =w.

But then, as 7 is linear,
T(r1\71 + v+ + rn\_/’n) =Ww.

and so w is the image of some vector in V, as needed.

We show that T is one to one with an argument by contradiction. Suppose that 7" is not one to one.
Then there is a non-zero vector ¥ € V such that 7'(¥) = 0. Extend the linearly independent set {7} to a basis
B for V. By assumption, the image of B under the transformation 7 is a basis for W. But T'(B) includes
the vector T'(¥) = 0, and no set that includes the zero vector can be linearly independent. So T'(B) is not a
basis for W, which is a contradiction. So we conclude that 7 must be an injection, as claimed.

[ )

The next theorem characterizes exactly when two finite-dimensional vector spaces are isomorphic.
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Theorem 9.74: Isomorphic Vector Spaces

Suppose V and W are two finite dimensional vector spaces. Then the
phic if and only if they have the same dimension.

following are equivalent.

1. T is one to one.
2. T is onto.

3. T is an isomorphism.

In the case that V and W have the same dimension, then for a linear transformationT : V — W, the

two vector spaces are isomor-

Proof. Suppose first these two vector spaces have the same dimension.

and let a basis for W be {Wy,---,w,}. Now define T as follows.
TWV)=w

for Y | ¢;V; an arbitrary vector of V,

n n n
T ZC,’\_},‘ = ZC,’T(\_/",') = ZC,’VT/,'.
i=1 i=1 i=1
It is necessary to verify that this is well defined. Suppose then that
Then

and since {Vy,---,V,} is a basis, ¢; = & for each i. Hence

and so the mapping is well defined. Also if a,b are scalars,

T< vl—l-chlvl) = T<i(ac,+bc, )
i=1
= aZCiVT/i—l—bi@iWi

= <l;clv,> +bT (

1M=

N
I
—

||M=
N

Thus T is a linear map.

Let a basis for V be {V,---,V,}

n
Z aci +bé;))w
i=1

Ci Vi)
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Now if
n n 5
T (Z Ciﬁ') = Z ciwi =0,
i=1 i=1

then since the {w,---,w,} are independent, each ¢; =0 and so )./, ¢;V; = 0 also. Hence T is one to one.
If Y | ciw; is a vector in W, then it equals

iciT‘_}i =T <i Ci\_/",'>
i=1 i=1

showing that 7 is also onto. Hence T is an isomorphism and so V and W are isomorphic.

Next suppose these two vector spaces are isomorphic. Let 7 be the name of the isomorphism. Then
for {V{,---,V,} a basis for V, it follows that a basis for W is {TVy,---,TV,} showing that the two vector
spaces have the same dimension.

Now suppose the two vector spaces have the same dimension.

First consider the claim that 1. = 2. If T is one to one, then if {V,---,V,} is a basis for V, then
{T(Vy),---,T(V,)} is linearly independent. If it is not a basis, then it must fail to span W. But then
there would exist w ¢ span{7(V}),---,T(V,)} and it follows that {T'(V}),---,T(V,),w} would be linearly
independent which is impossible because there exists a basis for W of n vectors. Hence

span{T (Vy),---,T(V,)} =W

and so {T'(V}),---,T(V,)} is a basis. Hence, if w € W, there exist scalars ¢; such that

CiT(\_/» =T <Z cﬁl)
i=1

showing that T is onto. This shows that 1. = 2.

w=

-

1

1

Next consider the claim that 2. =- 3. Since 2. holds, it follows that T is onto. It remains to verify that
T is one to one, since then T will be both onto and one to one, i.e., an isomorphism. Since 7 is onto,
there exists a basis of the form {7 (V;),---,T(V,)}. If {V},---,V,} is linearly independent, then this set of

vectors must also be a basis for V because if not, there would exist i ¢ span{vy,---,V,} so {V, -+, V,, i}
would be a linearly independent set which is impossible because by assumption, there exists a basis which
has n vectors. So why is{Vy,---,V,} linearly independent? Suppose
n —
Z Ci‘_;i =0
i=1
Then
n —
Z C,'T\_;i =0
i=1

Hence each ¢; = 0 and so, as just discussed, {V,---,V,} is a basis for V. Now it follows that a typical
vector in V is of the form Y | ¢;V;. If T (X7, ¢;v;) = 0, it follows that
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and so, since {T'(¥),---,T(¥,)} is independent, it follows each ¢; = 0 and hence ¥, ¢;¥; = 0. Thus T is
one to one as well as onto and so it is an isomorphism.

If T is an isomorphism, it is both one to one and onto by definition so 3. implies both 1. and 2. [

Note the interesting way of defining a linear transformation in the first part of the argument by describ-
ing what it does to a basis and then “extending it linearly”.

Consider the following example.

Example 9.75

Show that R? is isomorphic to P».

Solution. First, observe that a basis for P, is {l,x,xz} and a basis for R? is {€1,€,¢3}. Since these two
vector spaces have the same dimension, they are isomorphic. An example of an isomorphism is this:

T(El) = 1, T(Ez) = X,T(Eg,) = x2
and extend 7 linearly as in the above proof. Thus
a

T | |b| | =T(a&, +b&;+ce3) = aT (&) + bT (&) +cT(3) = a+ bx+cx’.
c

Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
(e ng Q g € intosmall blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!



https://lyryx.com/lyryx-engage
https://lyryx.com/lyryx-engage
https://lyryx.com/subjects/the-lyryx-model/educational-software
https://lyryx.com/subjects/the-lyryx-model/educational-software/

496 = Vector Spaces

9.8 The Kernel And Image Of A Linear Map

A. Describe the kernel and image of a linear transformation.

B. Use the kernel and image to determine if a linear transformation is one to one or onto.

Here we consider the case where the linear map is not necessarily an isomorphism. First here is a
definition of what is meant by the image and kernel of a linear transformation.

LetV and W be vector spaces and let T : V — W be a linear transformation. Then the image of T
denoted as im (T') is defined to be the set

im(T) = {T(¥) |veV}.

In words, it consists of all vectors in W which equal T (V) for some V€ V.
The kernel, ker (T'), consists of all V € V such that T (V) = 0. That is,

ker (T) = {\76 VT :6}.

Then in fact, both im (7') and ker (7') are subspaces of W and V respectively:

Proposition 9.77: Kernel and Image as Subspaces

LetV,W be vector spaces and let T : V — W be a linear transformation. Then ker (T') is a subspace
of V and im (T) is a subspace of W.

Proof. Notice that ker (7)) CV and im(7') C W by definition. To show that ker (7') is a subspace of V, It is
necessary to show that if V|, V, are vectors in ker (T') and if r, s are scalars, then rV; + sV is also in ker (7).
But

T (7‘\71 +S\72) = I’T(\_/‘]) —l—ST(Vz) =r0+s0=0
Thus ker (7') is a subspace of V.

Next suppose T (V1),T (V) are two vectors in im (7). Again to show that im(7) is a subspace of W,
we must show that r7 (V) + sT (V) is an element of im (7). But

rT (Vp) +sT(V2) =T (rv) + sV)

as T is a linear transformation, and this last vector is in im(7") by definition, showing that im(7) is a
subspace of W. [

Consider the following example.
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Example 9.78: Kernel and Image of a Transformation

Let T : Py — R be the linear transformation defined by
T(p(x)) = p(1) for all p(x) € P;.

Find the kernel and image of T .

Solution. We will first find the kernel of T'. It consists of all polynomials in IP; that have 1 for a root.

ker(T) = {p(x)€P;|p(1)=0}
= {ax+b|a,beRanda+b=0}
= {ax—al|aeR}

Therefore a basis for ker(7) is
{x—1}
Notice that ker(7') is a subspace of P;.

Now consider the image. It consists of all numbers which can be obtained by evaluating all polynomi-
als in Py at 1.

im(T) = {p(1) | p(x) € P1}
= {a+blax+becP}

{a+b]|abeR}
R
Therefore a basis for im(7) is
{1}
Notice that im(7') is a subspace of R, and in fact is the space R itself. '

Example 9.79: Kernel and Image of a Linear Transformation

LetT : My, — R? be defined by

{EhEE

Then T is a linear transformation. Find a basis for ker(T) and im(T).

Solution. You can verify that T represents a linear transformation.
Now we want to find a way to describe all matrices A such that T(A) = 0, that is the matrices in ker(T).

J } is such a matrix. Then

rlea]=l5a]=[o]

Suppose A = { Lcl
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The values of a,b, c,d that make this true are given by solutions to the system

a—b = 0
c+d = 0
The solution is a = s,b = 5,c = t,d = —t where s, are scalars. We can describe ker(7) as follows.

ker<T>:{[i ft]}ﬂpan{[é (1)H(1) —01“

It is clear that this set is linearly independent and therefore forms a basis for ker(7').

We now wish to find a basis for im(7"). We can write the image of T as

m(r)={ 40 ]}
Span{[(l)H_olH?H(l)H

However this is clearly not linearly independent. By removing vectors from the set to create an inde-

pendent set gives a basis of im(7).
1 0
0|1

Notice that these vectors have the same span as the set above but are now linearly independent and
span im(7T'), which is equal to R?.

Notice that this can be written as

A quicker path to the question of finding a basis for im(7") would be to notice that T < [ 1 0 } ) =

00
{ (1) } and T ({ (1) 8 }) = [ (1) } This means that both { (1) } and { (1) } are elements of im(7'). Since
these two linearly independent vectors span R?, they show that im(7) = R? and form a basis for im(7).
)

A major result is the relation between the dimension of the kernel and dimension of the image of a
linear transformation. A special case was done earlier in the context of matrices. Recall that for an m x n
matrix A, it was the case that the dimension of the kernel of A added to the rank of A equals n.

Theorem 9.80: Dimension of Kernel + Image

LetT :V — W be a linear transformation where V,W are vector spaces. Suppose the dimension of
V isn. Then n = dim (ker (7)) 4+ dim (im (7).

Proof. From Proposition 9.77, im(7T) is a subspace of W. By Theorem 9.45, there exists a basis for
im(T),{T(V1),---,T(V,)}. Similarly, there is a basis for ker (T'),{iy,---,is}. Then if V € V, there exist
scalars ¢; such that

T(\_;) = i‘iCiT(Vi)
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Hence T (V—Y._, ¢;iV;) = 0. It follows that V— Y/, ¢;V; is in ker (T'). Hence there are scalars g; such that
r S
V— Zci‘_;i = Z ajiij
i=1 j=1
Hence V=Y, ,cVi+ Z‘;Zl ajii;. Since V is arbitrary, it follows that

V =span{iy,---,ls, Vi, .V }

If the vectors {i, - - ,is, V1, - ,V,} are linearly independent, then it will follow that this set is a basis.
Suppose then that

r N
Zci\_/"i-i- Z ajﬁj =0
i=1 j=1
Apply T to both sides to obtain
r N r 5
Z CiT(\_;i) + Z ajT(ﬁj) = Z CiT(Vi> =0

Since {T (¥1),---,T(V,)} is linearly independent, it follows that each c¢; = 0. Hence }¥}_, a;ii; = 0 and
so, since the {i,---,is} are linearly independent, it follows that each a i = 0 also. It follows that
{uy,- - U, V1, -,V } is a basis for V and so

n=s+r=dim(ker(7))+dim(im(7))
Consider the following definition.

LetT :V — W be a linear transformation and suppose V,W are finite dimensional vector spaces.
Then the rank of T denoted as rank (T') is defined as the dimension of im (T'). The nullity of T is
the dimension of ker (T'). Thus the above theorem says that rank (T') + dim (ker (7)) = dim (V).

Recall the following important result.

Theorem 9.82: Subspace of Same Dimension

Let V be a vector space of dimension n and let W be a subspace. Then W =V if and only if the
dimension of W is also n.

From this theorem follows the next corollary.

Corollary 9.83: One to One and Onto Characterization

LetT :V — W be a linear map where the dimension of V is n and the dimension of W is m. Then
T is one to one if and only if ker (T) = {6} and T is onto if and only if rank (T) = m.
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Proof. The statement ker (7') = {6} is equivalent to saying if 7 (¥) = 0, it follows that ¥ = 0 . Thus

by Lemma 9.61 T is one to one. If T is onto, then im (7)) = W and so rank (7') which is defined as the

dimension of im(7') is m. If rank(7) = m, then by Theorem 9.39, since im(7') is a subspace of W, it
follows that im (7)) = W. [ )

Example 9.84: One to One Transformation

Let S : Py — My, be a linear transformation defined by

a+b a-+c

2 —
S(ax™+bx+c) = { bec bic

] forall ax* + bx+c € P,.

Prove that S is one to one but not onto.

Solution. You may recall this example from earlier—it is Example 9.62. Here we will determine that S is
one to one, but not onto, using the method provided in Corollary 9.83.

By definition,
ker(S) = {ax2+bx+c ePla+b=0,a+c=0,b—c=0,b+c=0}.

Suppose p(x) = ax® + bx+c € ker(S). This leads to a homogeneous system of four equations in three
variables. Putting the augmented matrix in reduced row-echelon form:

11 0 100/0
10 of . |o1ofo
01 —1]0 00 10
0 1 0 00 00

Since the unique solution is @ = b = ¢ = 0, ker(S) = {0}, and thus S is one-to-one by Corollary 9.83.
Similarly, by Corollary 9.83, if S is onto it will have rank(S) = dim(M, ) = 4. The image of S is given

by
m = {572 gc ]} mm{[4 4] 11 0] 01])

These matrices are linearly independent which means this set forms a basis for im(S). Therefore the
dimension of im(S§), also called rank(S), is equal to 3. It follows that S is not onto. o
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Engage Active Learning App!
Lyryx Engage is an active learning app designed to increase student
engagement in reading linear algebra material. The content is "chunked"
)<€ ng Q g € into small blocks, each with an interactive assessment activity to promote
comprehension.

Visit us at to register and access Lyryx Engage!

Lyryx Online and Text Exercises!

Lyryx offers formative online exercises! The educational software
captures instructors’ experience using algorithms to analyze and evaluate
students’ work, identifying common errors and providing personalized
feedback. Students are encouraged to try these randomized problems
repeatedly, learning from their mistakes until mastery.

Lyryx also offers end-of-chapter exercises for Lyryx users.

Visit us at to register and access Lyryx exercises!

9.9 The Matrix of a Linear Transformation

A. Find the matrix of a linear transformation with respect to general bases in vector spaces.

You may recall from R” that the matrix of a linear transformation depends on the bases chosen. This
concept is explored in this section, where the linear transformation now maps from one arbitrary vector
space to another.

Let T : V — W be an isomorphism where V and W are vector spaces. Recall from Lemma 9.73 that T
maps a basis in V to a basis in W. When discussing this Lemma, we were not specific on what these bases
looked like. In this section we will make such a distinction.

Consider now an important definition.
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Definition 9.85: Coordinate Isomorphism

Let V be a vector space with dim(V) = n, and let B = {51,52,...,5,,} be an ordered basis of V
(meaning that the order that the vectors are listed is taken into account). Let {€},é3,...,é,} denote
the standard basis of R". We define a function Cg : V — R" by

ai

CB(a1b1 +arby+--- +anbn) =ajey1 t+arey+---+aye, =

ap

—

Then Cp is a linear transformation such that Cg(b;) = ¢€;, 1 <i <n.
Cp is an isomorphism, called the coordinate isomorphism corresponding to B.

We continue with another related definition.

Definition 9.86: Coordinate Vector

Let V be a finite dimensional vector space with dim(V) = n, and let B = {51,52,...,Bn} be an
ordered basis of V. The coordinate vector of Vv with respect to B is Cg(V), which will also be
denoted [V]p

We have defined a function mapping vectors in V' (at the bottom of the diagram below) to vectors in
R”™. The goal is to identify a random vector V in this random vector space with its coordinates, which is a
familiar looking vector in R”, i.e. just an n-tuple of numbers. The notation is supposed to be reminiscent
of the notation of Section 5.10, where we were discussing different bases for R”

Cp

Vv

This example should make it clear both how this function works, and its crucial dependence on the
basis B that is chosen for the vector space V:



9.9. The Matrix of a Linear Transformation = 503

Example 9.87: Coordinate Vector

LetV =P, and v = —x?> — 2x +4. Find [V]p for the following bases of IP;:
1. B = {l,x,xz}
2. B = {xz,x,l}

3. B3 = {x+x2,x,4}

Solution.

1. First, note the order of the vectors in each basis is important. Now we need to find ay,a»,a3 such
that ¥ = a1 (1) 4 a2 (x) + az(x?), that is:

—x? —2x+4=a;(1)+ax(x) +az(x?)

Clearly the solution is

ay = 4
ay = -2
a3 = —1
Therefore the coordinate vector is
4
[‘7]3 1= -2,
-1
4
and we have identified the polynomial ¥ = —x? — 2x + 4 with the coordinate vector | —2
—1

2. Again remember that the order of the vectors in the basis is important. We proceed as above. We
need to find ay,ay,a3 such that ¥ = a1 (x?) + az(x) + a3 (1), that is:

—x* —2x+4=a;(x*) +ar(x) +az(1)

Here the solution is

ay = —1
ay = -2
asz = 4
Therefore the coordinate vector is
-1
[‘7]32 =| -2
4
This time, because the order of the vectors in B, is not the same as the order of the vectors in By, we
—1
have identified the polynomial ¥ = —x? — 2x 44 with the coordinate vector | —2

4
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3. Now we need to find ay,az,a3 such that ¥ = ay (x +x%) + az(x) 4+ a3(4), that is:

—x?—2x4+4 = aj(x+x})+ar(x)+a3(4)
ai () + (a1 +az) (x) +a3(4)

The solution is

a = — 1
ap = —1
az = 1
and the coordinate vector is
-1
[‘7]33 =1 -1,
1

identifying the same polynomial with an entirely different coordinate vector. Again, everything
depends on the basis B with which you are working.

[ )

Given that the coordinate transformation Cp : V — R" is an isomorphism, its inverse exists.

Theorem 9.88: Inverse of the Coordinate Isomorphism

LetV be a finite dimensional vector space with dimension n and ordered basis B = {51,52, e ,Bn}
Then Cp : V — R" is an isomorphism whose inverse,
71 .
Cy :R"=V
is given by
ai
—1/= 7 7 7 = az n
Cy (V) =arbi+asby+---+ayb, forall v=| = | eR"
dap

This inverse of the coordinate isomorphism is actually easier to work with than the coordinate isomor-
phism itself. The picture looks like this, where again we have placed V at the bottom of the picture and
R" at the top, to match the diagram from a couple of pages back:
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<l

—1
CB

Suppose we are given, for the vector space V, the ordered basis B = {7)1 , 52,773 }. Then if Vis an element

2 2
of R3and ¥ = |5/, the value of Cgl 5 is simply 231 + 532 + 333.
3 3

We now ready to discuss the main result of this section, which is how to represent a linear transforma-
tion from one arbitrary vector space to another with respect to different bases of the vector spaces.

Let V and W be finite dimensional vector spaces, and suppose
e dim(V)=nand B| = {51,752, ... ,Z)n} is an ordered basis of V;
e dim(W)=mand B, = {Bl,ﬁz, ... ,Bm} is an ordered basis of W.

If T : V — W be a linear transformation, we have this picture:

7
V w

The problem is that, given v, it may be difficult to compute 7' (V). But we can work around this by using
the identification of T with R" and the identification of W with R through their respective coordinate
isomorphisms to find a linear transformation from R” to R that represents the linear transformation 7'.
And we are experts at computing linear transformations from R” to R™; we just use multiplication by a
particular matrix A.

Here is the way to picture what is going on:
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[‘7]3 1 T4

~

R"
Cp l/l\ J/C 1;21
(=)
14
\% w

We know that an m X n matrix A can be used to define a linear transformation 7, : R" — R™ by
Ty (V) = AV. Our goal now is to find the special matrix A such that ngl oTyoCp, =T.

To find the matrix A, notice that

Rm
\

ngl oTyoCp, =T implies that Ty oCp, = Cp, 0T,

and thus for any v € V,
Cg, (T (V) = Ta(Cs, (V)) = ACg, (V).

In other words,
[T(V)]B, =A[V]s,

Since [l;,] B, = ¢&; for each b; € By, A[Ei] B, = Aé;, which is simply the i’ column of A. Therefore, the i""
column of A is equal to [T'(b;)]p,, the coordinate vector (relative to By) of the image of the ' basis vector
from B;.

So our needed matrix A corresponding to the ordered bases B; and B,, which we denote by Ag, g, ('),
is given by

App (T) = [ [T(B1)]s, [T(B2)ls, -+ [T(bw)ls, |-

This result is given in the following theorem.

Theorem 9.89

Let V and W be vector spaces of dimension n and m respectively, with B| = {BI,EZ, . ,Z;n} an

ordered basis of V and B, = {BI,BZ, e ,Bm} an ordered basis of W. Suppose T : V — W is a linear
transformation. Then the unique matrix Ap,p,(T) of T corresponding to By and B, is given by

App (T) = [ [T(b1)lg, [T(B2)]s, -+ [T(Ba)ls, |-

This matrix satisfies [T (V)|p, = Ap,p,(T)[V]p, forallv € V.
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Please take a moment and see how closely this theorem parallels both Theorem 5.7 from Section 5.2
and Theorem 5.73 from Section 5.10. In each case, to find the ith column of the matrix that represents
a linear transformation, all you do is apply the transformation to the ith basis vector and write down the
coordinates of the resulting vector. We really aren’t doing anything particularly new or surprising here,
we are just doing the same old thing in a setting where the bases involved are different. The fact that our
vector spaces have bases consisting of a finite number of vectors is all we need to get this to work.

We demonstrate this content in the following examples.

Example 9.90: Matrix of a Linear Transformation

Let T : P3 — R* be an isomorphism defined by
a+b
T(ad +bx +extd) = | 27¢
ax” +bx” +cx =1 cqd
d+a
Suppose By = {x,x*,x,1} is an ordered basis of P3 and
1 0 0 0
0 1 0 0
B, = 1o | =1]]o0
0 0 0 1
be an ordered basis of R*. Find the matrix Ag,p, (T).

Solution. To find Ag,, (T'), we use the following definition.

A, (T)=[ [T()]s, [T(H)]s, [T(X)]s, [T(x*)]s, ]

First we find the result of applying T to the basis Bj.

1 1 0 0
0 1 —1 0
)= o[ 1=, T0=] 7 [.T)=|]
1 0 0 1

Next we apply the coordinate isomorphism Cg, to each of these vectors. We will show the first in
detail.

1 I 0 0 0
0 0 I 0
ol lo||=a (1 |[t®2]o|T®] 1| T%|0
I 0 0 0 I
This implies that
al 1

a2:0
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ar—az = 0
ag = 1
which has a solution given by
a = 1
a = 0
a; = 1
ag = 1
1
3 0
Therefore [T (x°)]p, = 1
1

You can verify that the following are true.

1 0 0
T = | | | T@n=| ") [ TOs=|
0 0 1

Using these vectors as the columns of Ag,p,(T) we have

11 0 0
01 -1 0
Apm(T)=1 1 |
10 0 1

[ )

The next example demonstrates that this method can be used to solve different types of problems. We
will examine the above example and see if we can work backwards to determine the action of 7" from the
matrix Ap,p, (T).
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Example 9.91: Finding the Action of a Linear Transformation

Let T : P3 — R* be an isomorphism with
11 0 O
Ap,p,(T) = (1) i :i _(1) ,
10 0 1
where B| = {x3 it 1} is an ordered basis of Pz and
1 0 0 0
SO ARINE
0 0 0 1
is an ordered basis of R*. If p(x) = ax® +bx> + cx +d, find T (p(x)).

Solution. Recall that [T (p(x))]s, = Ag,5,(T)[p(x)]p,. Then we have

Co,(T(p(x))) = Apyp, (T)Cp, (p(x))
I 1 0

0 a
_ 01 —1 0 b
o 1 1 -1 —1 c
i 0 1 d
[ a—I—b
- a-l—b—c—
i a+d
Therefore
a+b
—1 b—c
TeW) = Gl | yrp oy
a+d
1 0 0 0
0 1 0 0
= (a+b) 1 +(b—c) 0 +(a+b—c—d) 1 +(a+d) 0
0 0 1
a+b
- b—c
o c+d
a+d

You can verify that this was the definition of 7'(p(x)) given in the previous example. o
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We can also find the matrix of the composition of multiple transformations.

Theorem 9.92: Matrix of Composition

LetV,W and U be finite dimensional vector spaces, and suppose T :V — W, S: W — U are linear
transformations. Suppose V,W and U have ordered bases of By, B, and B3 respectively. Then the

matrix of the transformation SoT : V — U is given by

Ap;B, (SoT) = Ap;B, (S)ABzB1 (T).

The next important theorem gives a condition on when 7 is an isomorphism.

Theorem 9.93: Isomorphism

Let V and W be vector spaces such that both have dimension n and let T : V — W be a linear
transformation. Suppose B is an ordered basis of V and B is an ordered basis of W.

Then the conditions that Ap,p, (T) is invertible for all By and By, and that A, (T) is invertible for
some B and B, are equivalent. In fact, these occur if and only if T is an isomorphism.

If T is an isomorphism, the matrix Ag,p, (T) is invertible and its inverse is given by [Ap,p, (T)] ™ =

Aps,(T7").

Consider the following example.
Example 9.94
Suppose T : P3 — M, is a linear transformation defined by

a+d b—c}

3 2 —
T(ax’ +bx"+cx+d) = { btc a—d

for all ax® + bx* +cx+d € P3. Let By = {x*,x*,x,1} and

B, — 1 0 0 1 00 00
271lo o loo |1 o001
be ordered bases of P3 and My;, respectively.
1. FindABzBl(T).

2. Verify that T is an isomorphism by proving that Ag,p, (T) is invertible.

3. Find Ap,p,(T~"), and verify that Ag ,(T") = [Ap,s, (T)] "

4. Use Ap,p,(T~ ") to find T~ .

Solution.
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1.
A, (T) = [_[T(x3)]Bz [T(*)]s, [T(x)s, [T(1)]s, ]
= _[[é (1)}]32 [[? (1)}]32 [[? _01}]32 [[(1) _01}]32}
(1 0 0 1
_ 01 —1 0
01 1 0
i 10 0 —1

2. det(Ap,p,(T)) =4, so the matrix is invertible, and hence 7 is an isomorphism.

3. We know that

a1 o] 5.0 1] 5. [0 =17 a1 07
T [01 =x, T 1 0 =x,T 1 0 =x,and T 0 —1 =1,
SO
110 14 1] 01 X —x
oo 2 ° 0 2
7100 :”xz,rl 00]_x-1
10 2 0 1 2
Therefore,
1 00 1
1o 11 0
-1 _ 1
Meo(T™) =510 -1 1 o0
1 00 -1

[rt] -],
By
(1 00 17[p
_ ol 1t o0flg
Bil2]0 =11 0]]r
1 00 —1][s
s
|1 +r
IR 5 U
L P—S
;1 , 1 1
= S+ (@t +o(r—g)x+-(p—s)
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Appendix A

Some Prerequisite Topics

The topics presented in this section are important concepts in mathematics and therefore should be exam-
ined.

A.1 Sets and Set Notation

A set is a collection of things called elements. For example {1,2,3,8} would be a set consisting of the
elements 1,2,3, and 8. To indicate that 3 is an element of {1,2,3,8}, it is customary to write 3 € {1,2,3,8}.
We can also indicate when an element is not in a set, by writing 9 ¢ {1,2,3,8} which says that 9 is not an
element of {1,2,3,8}. Sometimes a rule specifies a set. For example you could specify a set as all integers
larger than 2. This would be written as S = {x € Z : x > 2} . This notation says: S is the set of all integers,
x, such that x > 2.

Suppose A and B are sets with the property that every element of A is an element of B. Then we
say that A is a subset of B. For example, {1,2,3,8} is a subset of {1,2,3,4,5,8}. In symbols, we write
{1,2,3,8} € {1,2,3,4,5,8}. It is sometimes said that “A is contained in B" or even “B contains A". The
same statement about the two sets may also be written as {1,2,3,4,5,8} O {1,2,3,8}.

We can also talk about the union of two sets, which we write as AUB. This is the set consisting of
everything which is an element of at least one of the sets, A or B. As an example of the union of two sets,
consider {1,2,3,8} U{3,4,7,8} = {1,2,3,4,7,8}. This set is made up of the numbers which are in at least
one of the two sets.

In general
AUB={x:x€AorxeB}
Notice that an element which is in both A and B is also in the union, as well as elements which are in only
one of A or B.

Another important set is the intersection of two sets A and B, written AN B. This set consists of
everything which is in both of the sets. Thus {1,2,3,8} N {3,4,7,8} = {3,8} because 3 and 8 are those
elements the two sets have in common. In general,

ANB={x:x€Aandx € B}

If A and B are two sets, A \ B denotes the set of things which are in A but not in B. Thus
A\B={x€A:x¢B}

For example, if A = {1,2,3,8} and B = {3,4,7,8},then A\ B={1,2,3,8} \ {3,4,7,8} = {1,2}.

A special set which is very important in mathematics is the empty set denoted by (. The empty set, 0,
is defined as the set which has no elements in it. It follows that the empty set is a subset of every set. This
is true because if it were not so, there would have to exist a set A, such that @ has something in it which is
not in A. However, @ has nothing in it and so it must be that § C A.

We can also use brackets to denote sets which are intervals of numbers. Let a and b be real numbers.
Then

513
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* [a,b)={xeR:a<x<b}
* [ab)={xeR:a<x<b}

* (a,b)={xeR:a<x<b}

(
* (a,b]={xeR:a<x<b}
[a,00) ={xeR:x>a}

¢ (—oa]={xeR:x<a}

These sorts of sets of real numbers are called intervals. The two points a and b are called endpoints,
or bounds, of the interval. In particular, a is the lower bound while b is the upper bound of the above
intervals, where applicable. Other intervals such as (—eo,b) are defined by analogy to what was just
explained. In general, the curved parenthesis, (, indicates the end point is not included in the interval,
while the square parenthesis, [, indicates this end point is included. The reason that there will always be
a curved parenthesis next to c or —oo is that these are not real numbers and cannot be included in the
interval in the way a real number can.

To illustrate the use of this notation relative to intervals consider three examples of inequalities. Their
solutions will be written in the interval notation just described.

Example A.1: Solving an Inequality

Solve the inequality 2x+4 < x — 8.

Solution. We need to find x such that 2x +4 < x — 8. Solving for x, we see that x < —12 is the answer.
This is written in terms of an interval as (—oo, —12]. '

Consider the following example.

Example A.2: Solving an Inequality

Solve the inequality (x+ 1) (2x—3) > 0.

Solution. We need to find x such that (x4 1) (2x—3) > 0. The solution is given by x < —1 or x > %
Therefore, x which fit into either of these intervals gives a solution. In terms of set notation this is denoted

by (oo, ~1]U[3.c0). &

Consider one last example.

Example A.3: Solving an Inequality

Solve the inequality x (x+2) > —4.

Solution. This inequality is true for any value of x where x is a real number. We can write the solution as
R or (—oo,00). [ )

In the next section, we examine another important mathematical concept.
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A.2 Well Ordering and Induction

We begin this section with some important notation. Summation notation, written lezl i, represents a sum.
Here, i is called the index of the sum, and we add iterations until i = j. For example,

1

j
i= 1424t
=1

Another example:

3
ap +app+apz= Zali
i=1

The following notation is a specific use of summation notation.

Let a;; be real numbers, and suppose 1 <i < r while 1 < j <s. These numbers can be listed in a
rectangular array as given by

aip a2 - digg
a); azp -+ Ayg
arl a4y o Qpg

Then 23:1 Yi_ a;j means to first sum the numbers in each column (using i as the index) and then to
add the sums which result (using j as the index). Similarly, };_, Z“}:l a;j means to sum the vectors
in each row (using j as the index) and then to add the sums which result (using i as the index).

Notice that since addition is commutative, }5_ ¥ aij = Y ¥ aij.

We now consider the main concept of this section. Mathematical induction and well ordering are two
extremely important principles in math. They are often used to prove significant things which would be
hard to prove otherwise.

A set is well ordered if every nonempty subset S, contains a smallest element z having the property
that z < x forall x € §S.

In particular, the set of natural numbers defined as
N={1,2,--}

is well ordered.
Consider the following proposition.

Proposition A.6: Well Ordered Sets

Any set of integers larger than a given number is well ordered.
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This proposition claims that if a set has a lower bound which is a real number, then this set is well
ordered.

Further, this proposition implies the principle of mathematical induction. The symbol Z denotes the
set of all integers. Note that if a is an integer, then there are no integers between a and a + 1.

Theorem A.7: Mathematical Induction

A set S C Z, having the property thata € S andn+ 1 € § whenever n € S, contains all integers x € Z,
such that x > a.

Proof. Let T consist of all integers larger than or equal to a which are not in S. The theorem will be proved
if T = 0. If T # 0 then by the well ordering principle, there would have to exist a smallest element of T,
denoted as b. It must be the case that b > a since by definition, a ¢ T. Thus b > a+1, and so b—1 > a and
b—1¢ Sbecauseif b—1 € S, thenb— 1+ 1 = b € S by the assumed property of S. Therefore, b—1€ T
which contradicts the choice of b as the smallest element of 7. (b — 1 is smaller.) Since a contradiction is
obtained by assuming T = (), it must be the case that 7 = () and this says that every integer at least as large
as a is alsoin S. 'y

Mathematical induction is a very useful device for proving theorems about the integers. The procedure
is as follows.

Suppose S,, is a statement which is a function of the number n, forn =1,2,---, and we wish to show
that S, is true for all n > 1. To do so using mathematical induction, use the following steps.

1. Base Case: Show S is true.

2. Assume S, is true for some n, which is the induction hypothesis. Then, using this assump-
tion, show that S, is true.

Proving these two steps shows that S,, is true for alln = 1,2,---.

We can use this procedure to solve the following examples.

Example A.9: Proving by Induction

1) (2n+1
Prove by induction that ¥, k* = nint )6< ntl)

Solution. By Procedure A.8, we first need to show that this statement is true for n = 1. When n =1, the
statement says that

Lo, 11+ D)) +1)
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=1

The sum on the left hand side also equals 1, so this equation is true for n = 1.

Now suppose this formula is valid for some n > 1 where n is an integer. Hence, the following equation
is true.
6

(1.1

We want to show that this is true for n + 1.

Suppose we add (n+ 1)? to both sides of equation 1.1.
n+1
Y = Z K+ (n+1)°
k=1

(n+1)(2n+ 1)
6

The step going from the first to the second line is based on the assumption that the formula is true for n.
Now simplify the expression in the second line,

nn+1)(2n+1)

+(n+1)°

6 +(n+1)°
This equals
2n+1
(n+1) (”(”67)+(n+1))
and )
n(2n+1) 1) = 6(n+1)+2n°+n _ (n+2)(2n+3)
6 6 6
Therefore,

"ilkz (n+1)(n+2)(2n+3)  (n+1)((n+1)+1)(2(n+1)+1)
6 - 6
showing the formula holds for n + 1 whenever it holds for n. This proves the formula by mathematical

induction. In other words, this formula is true foralln =1,2,---. 'y

Consider another example.

Example A.10: Proving an Inequality by Induction

1 3 2n-—1 1
Show that foralln e N, —-—--. < .
TS T S sl

Solution. Again we will use the procedure given in Procedure A.8 to prove that this statement is true for
all n. Suppose n = 1. Then the statement says

which is true.
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Suppose then that the inequality holds for n. In other words,

13 2n—1< 1
2 4 2n V2n+1

18 true.

Now multiply both sides of this inequality by %Zié This yields

3 2n—1 2n+1 1 2n+1_\/2n+1

1
24 2n '2n+2<\/2n+12n+2_ 2n+2

The theorem will be proved if this last expression is less than . This happens if and only if

1
V2n+3

( 1 )2 _1 o

V2n+3 2n4+3 " (2n+2)?

which occurs if and only if (22+2)? > (2n+3) (22+ 1) and this is clearly true which may be seen from
expanding both sides. This proves the inequality. [ )

Let’s review the process just used. If S is the set of integers at least as large as 1 for which the formula
holds, the first step was to show 1 € S and then that whenever n € S, it follows n+ 1 € §S. Therefore, by
the principle of mathematical induction, S contains [1,e) NZ, all positive integers. In doing an inductive
proof of this sort, the set S is normally not mentioned. One just verifies the steps above.
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trigonometry

sum of two angles, 279

union, 513

union U, 513

unit vector, 160

upper triangular matrix, 97

Vandermonde matrix, 143
variable
basic, 28
free, 28
vector
addition, 154
addition, geometric mean-
ing, 152
coordinate vector, 308
corresponding unit vector,

160
length, 160
orthogonal, 167
orthogonal projection,
169

perpendicular, 167
points and vectors, 150
projection, 169
scalar multiplication, 152
subtraction, 156
vector space, 442
dimension, 470
vectors, 56
basis, 209
linear dependent, 199
linear independent, 199
orthogonal, 228
orthonormal, 228
span, 196
velocity, 256

well ordered, 515
work, 259

zero matrix, 50

zero subspace, 207, 466

zero transformation,
480

zero vector, 152

265,
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