MAT1575 Module 7 — Alternating series.

Objectives: Approximate the value of 7 using an alternating series.

1. State the Alternating Series Test.

2. Consider the alternating series
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where the a,’s are positive, DECREASING, and lim a, = 0. We can write the alternating
n—oo

sum as
00 2k
E (-1)"a, = E (—=1)"an — agk+1 + a2k+2 — Q2k+3 + A2kya — Q2kys + - -
n=0 n=0

where 2k is an even number. This means that

[e’e) 2k
E (—1)"a, — E (—=1)"an = —agk41 + Q242 — A2k+3 + A2kt — Q2kt5 + - - -
n=>0 n=0

We will show that

—2k41 < —A2k41 + A2k42 — A2k4+3 + A2kq4 — A2pq5 + -+ <0

by grouping the terms in the sum in two different ways.

First,
—A2k41 + A2k42 — A2k43 + A2ktd — Q2kt5 + - -+ = —Qop41 + (242 — A2k43) + (A2k4a — A2p4s) + - -
> —agp+1 +0+0+--- (Why?)
= —a2k41-
Second,
—Qk+1 + A2kt2 — A2k43 + Q2kya — -+ = (—Qoky1 + A2p+2) + (—Q2k43 + A2pta) + - -
<040+

=0.



This shows that

00 2k
> (=D)"an =Y (—1)"an > —agki1.
n=0 n=0

Taking absolute values of both sides is like multiplying by —1 since all of the quantities are
negative, so

] 2k
> (=1)"an =Y (—1)"an| < agp1.

. Repeat the above argument with the finite sum from n = 0 to n = 2k — 1 (instead of 2k)
to show that the partial sum of the alternating series from n = 0 to n = 2k — 1 differs (in
absolute value) from the true value of the alternating series by at most agy.

. The answers to questions 2 and 3 show that, for any M > 1,

00 M—1
d (=D — > (1) an| <
n=0 n=0

In other words, the error is at most the size of the next term in the sum (in absolute value).

NOTE: The work from questions 2 and 3 does not give a rigorous proof of 4, it simply
outlines one way of explaining the error term for alternating series.

. Use your answer to question 4 together with the known identity:
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to approximate 7 with an error < 1075 using Desmos.

. What is the smallest number of terms you need to sum to approximate 7w with an error
< 10~"? DO NOT GUESS, use the work above to guarantee that your answer is right!

. What is the smallest number of terms you need to sum to approximate 7 with an error < 1072
using the following known identity?
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Compare your answer to the previous question.



