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Section 1: Finding Limits Graphically and Numerically

Finding Limits Graphically and Numerically

Definition of limits:

Let f(x) be a function defined at all values in an open interval containing a, with the possible exception
of a itself, and let L be a real number. If all values of the function f(x) approach the real number L as
the values of x (except for x = a) approach the number a, then we say that the limit of f(x) as x
approaches a is L.

lim f(x) =L

Remark about limit:
1. The function f(x) does not need to be defined at a. The emphasis is on the word “approach.”
2. Another key point is that “all” values of the function f(x) must approach the same number L.
This means f(x) must approach L whether x is approaching a from the left or from the right.
3. Ifafunction f(x) is continuous at a, then the limit of f(x) ata is f(a).

Example 1: Find
limx? +x+1
x—1

A graphical method shows the limit of f(x) = x% + x + 1 as x approaches 1 is 3.
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A numerical method shows the same result.

x Approaches 1 from the left x Approaches 1 from the right
X .75 9 .99 .999 1 1.001 1.01 1.1 1.25
f(x) 2.313 2.170 2.970 2.997 3 3.003 3.030 3.310 3.813
f(x) Approaches 3 f(x) Approaches 3

Furthermore, because f(x) is continuous at 1, we can simply substitute 1 into the function to
determine that the limitis f(1) = 3.

Example 2: Find
x3—1

x~1x—1

The graphical method shows the same graph. However, f(x) is not defined at 1, so we must assume
the graph at the point 1 does not exist, or there is a “hole”. We use an open circle to represent that the
function is not defined at a particular point.
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The numerical method shows the values of f(x) approaches 3 as x approaches 1, with the value at
exactly 1 being undefined. In other words, f(1) is undefined, but

limE o3
xl—I}}x—l B

x Approaches 1 from the left x Approaches 1 from the right

x .75 9 .99 .999 1 1.001 1.01 1.1 1.25
J () 2.313 2.170 2.970 2.997 Error 3.003 3.030 3.310 3.813

f(x) Approaches 3 f(x) Approaches 3
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This explains why the limit in example 1 is equal to the”jmit in example 2. Or

N jadederminate ‘Pom

Furthermore, if we factor and reduce the expression algebraically

Cox3=1
lim
x-1 X —

= limx?4+x+1=3
x-1

D there |J o ho’{’ R x=|

We say f(x) has a “removable discontinuity” at 1.

3_
Keep in mind, although the two limits are equal, the two functions );Tll and x? + x + 1 are not the

same and don’t have the same domain. The two functions behave and graph “almost” the same, except
at the point x = 1.
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Exercise 1: Find

a) Use the graph to estimate the limit.

| L —_—__—_—_—_—_——

b) Create a table with values on both sides as x approaches 5.

x Approaches 5 from the left

x Approaches 5 from the right

N luak Q ‘F(;() u)\eq x'&r

4.9

4.99

4.999

5

5.001

5.01

e | 2
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)¢

Error

Vid

NVEY

123

f(x) Approaches ?

125

< f(x) Approaches ?

7

c) Use algebraic method to factor and reduce the expression, then find the limit.
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Exercise 2: Find

I x—5
23 %2 — 2x — 15
a) Use the graph to estimate the limit. lt‘F"’ |iﬂ'.+:#r)'61+ ’l'ﬂi‘}
le x-S _ I x-S
Mam wozedsT T L eaie=#® 5 led DNE
‘Fww ’!‘-F‘! S)Je

fron ‘H" r SLT

b) Create a table with values on both sides as x approache

x Approaches -3 from the left

x Approaches -3 from the right

X -3.1 -3.01 —3.001 -3 —2.999 —-2.99 -2.9
@ =)0 |=log |=/lo0b | Brror | 1OD | 100 | /0
f(x) Approaches ? > < f(x) Approaches - nn
llMl+
¢) What about using the algebraic method to find the limit? e [ '
. x=£  _-% e XL le o 0o
>le"-; -3 X% O left05 - X-2x-C " x3-3 x+43
libe X i =
v 5“1' x9 -3+ x1-2x-IC T 3 -3 X+3 00
d) What is your interpretation of l_{mg#xsm : \ o
: - LlMl‘J‘ D/\/ E
- )
Y— % y %= &horizoafe] tranckdp,
In summary, the function f(x) = PRy is not continuous at x = 5 and x = —3. From Exercise 1
and 2, we see that the limit exists at x = 5 but does not exist at x = —3. We say f(x) has a “removable

discontinuity” at x = 5 and an “infinite discontinuity” at x = —3.
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Limits That Fail to Exist

Behavior that differs from the right and left

The graph of the function f(x) = {;} i z g has a value of Y

4 when x approaches 2 from the right and a value of 2
when x approaches 2 from the left.

Hence, lirr21 f(x) does not exist
xX— ~2—1
_;‘_
-6
6_
Unbounded behavior
The graph of the function f(x) = ﬁ exhibits i a
unbounded behavior at x = 1. T4
.1 .
Hence, }Cl_r)r}; does not exist = - i ] T 1

|
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Oscillating behavior:

The graph of the function f(x) = sini exhibits
oscillating behavior at x = 0.

-
'

=

in

.1 .
Hence, lim sin= does not exist
x—0 X
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Infinite Limits

Infinite limits are technically limits that do not exist. However, sometimes we say the limit is oo if the

limit of f(x) as x approaches a is co from the right and the left; or the limit is —oo if the limit of f(x) as
x approaches a is —oo from the right and the left.
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One-Sided Limits

Sometimes we may be interested in knowing about the limit behavior from either the left or the right,
even if the limit does not exist.

One-Sided Limits

Left-hand limit: lim f(x)isthe limitof f(x) as xapproachesqfrom the left
Right-hand limit: ~ lim_f'(x) is the limit of f(x) asxapproachesafrom the right

6

Example: The left hand limit at x = 3:
lim f(x) =3 N
x—3~

The right hand limitat x = 3:

ARSI =1

ngia(f\ DNE becarse 3'*]

The lim f(x) =L ifand only if lim f(x) = lim f(x) = L.
x-a x-a~ x—at

Explain:

The ,(.Mi’!" eXl'bb l'{: wJ am,\/ I"F /?’P‘l"’ll’h:‘?"
Cqbu\c.l; J‘isU”limi{’

Continuity at a Point

A function £ is continuous at cif the following three conditions are met.
1. f(c)is defined.

2. Im f(x) exists.
3. im 7(x) = f(c)
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Exercise 3: Find the limits and values.
f@ =Y
lim, £(x)

i 1G9

Jing £G0) /
f-n =2 | K/

Jim £@)
lim f(x)

x—>=1"

Jim £(0) T

-3 =75 g

Jim £G)
lim f(x)

x—>=3"

lim f(x)

x—-3

F) an Jfﬂcl'll ( J
Jim 76
Jim 00

Ji 760
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Exercise 4: Find the limits and values.
f-n = —|
lim £

lim f(x)

x—>=7"

lim f(x)

x—>=7

o) nadefined

101

Jim ()

lim f(x)

xX—>—=6"

lim f(x)

X—-—6
-3 = 4

Jm fCo
lim f(x)

x—>=3"

Jim f(x)
e =6
lim, £

Jim. )

Jiy £
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Exercise 5: Find

B \fofl
lim—M =~ _—

quE\J X C)
_3110/e @ =0

a) Use the graph method to estimate the limit.

(6,£())

nNo

b) Use the numerical method to find the limit.

X -0.1 -0.01 —0.001 0 0.001 0.01 0.1

7 |.24() 28%8 | 2%349.] — |9pR4S.| .18BY| -284%

We ICMLJ limi‘} €)<l'$-1'!, )DW” hot— euohjl\-

c) Inthe next section, we discuss how to evaluate the limits analytically and algebraically. We will

Vx+3—/3
x

demonstrate how to simplify the function f(x) = to a form in which we can compute the

limit algebraically.
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SECTION 1 SUPPLEMENTARY EXERCISES

sinx

1) Determine the limit by either the graph nzethod or the numerical method.

a) lim - l (M
x—>0 X xg D
b) lim —
x— —4 x+4
c) lim >
x-2 (x=2)
2) Find the limits and values.
f@ im, (o)
A, f () im_ f(x)
Jim £ lim £(o)
Aim f () Q1)
f=1) lim £(x)
A f () Jim £(x)
Am_f () Jlim £(x)
Jim £
f(=3)
3) Find the limits and values.
f() f)
Jim, £ o) Jim 7o)
Jip ) Jim £G0)
lim £ o) lim £ (2)
f(5) f(=4)
Jim, f (x) im f (x)
i £ Jim_ 1)

lig 709 Jlim /)

cosG)—1 _

X

10+
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Section 2: Evaluating Limits Analytically

Properties of Limits

Suppose c is a constant and the limits im f(x)and lim g(x)exists.
xX—>a X—>d

Limit Properties Example:
Let f(x)=2x" and g(x)=x

1.  Sum £iir}1[f(x)+g(x)]:]3£f(x)+£i£nmg(x)
2. Difference  lim[/(x) ~ g(x)]=lm /(x) - lim g(x)

3. Scalar lim[cf (x)]=clim f(x)
multiple e o

4. Product lm[f(x)g(x)]=lm f(x)elim g(x)

5. Quotient fim
uotien . f() _ o f(x) if lim g(x) =0
x—a g(x) }clr_l;}zg(x) X—>a

6. Power 111_¥1a[f(x)]" :[11{_2]”()6)]”

where n is a positive integer

7. lim c=c
X—>a

8. Im x=a
X—>a

9. lim x" =a” where nis a positive integer
xX—a

10. lim ’(/; = ’(/Z where n is a positive integer

X—>a

If n is even, we assume thata >0
N fim 3/ £ (x) =4/lim 7 (x)
xX—a xX—>a

where n is a positive integer
If n is even, we assume that lim f(x) >0
X—>a
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Strategies for Finding Limits

If the function f is continuous at a, we can substitute directly, and the limit is f(a).
If the function f is not continuous at a, we can perform algebraic manipulations to derive an equivalent
function g where lim f(x) = lim g(x) .
X—>a x—a
Method 1: Direct Substitution — when f is continuous at a

Exercise 1: Find the limit.

x=5 _ (=) = $ -'._.:_é._-——é
- x?=3x T ZT,TF.:?[-—() Yy - 2
(4
o) lim3nx — 14 (’i) - ,_l—- — _%,_
x-Z X - — - -
z s % T
2

Method 2: Dividing Out Technique — Factor and divide out any common factors

Helpful Factoring Formulas:

Difference of Two Squares

Square of a Binomial

Sum of Two Cubes
Difference of Two Cubes

a’? — b*> = (a+ b)(a—b)

a’? + 2ab + b* = (a + b)?
a’ — 2ab + b* = (a — b)?

a3 + b3 = (a + b)(a® — ab + b?)
a3 — b3 = (a— b)(a® + ab + b?)
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Exercise 2: Find the limit.

’ ) 1
a) JE&% b) lim_ > T = "-g—
- lu« ()(—Z) (x—PS’) - !\n (X*S!
x-S X+ T xS e
2 _ lim
= 25 (x-2) = po_e (x+8)
C5)-2= -7 - (-9+S =0
fll‘[‘ C) - x—=7 d) hmx3_8

X2 F —C>-1%>—-49 fim, ~——
I VS (-3) 7- -4
Ty okt o

in he=?) =R

x>=% (¢=F) (x+7F) ;t

—_—
x~F X+7F L x4z
= Checkk both sides
Left 2'51\"‘
M _l-— (c ._l-—— =0
gc-a-?—’ x+¢3 - 7% X~ X+7
llm D NE

X ~-7 X*?’
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Method 3: Rationalizing Technique —

If the function has a radical expression in the numerator,

rationalize the numerator by multiplying in the numerator and denominator by the “conjugate of the

numerator.”

Exercise 3: Find the limit.

. Vx+3-V3
a) lim

x—0 X

\/x+3—\/§ VX+3-=v3 V343

X ) m1\x+3+\)3
X ({rr3 +R)
x DY =%
X ({xes+k)
X
e +R])

|
s+

b) lim

x— 4 x—4

(Mulhply by ¢on 193 cteof nuwral‘ol‘)

o'-b" = (ath otb) (a- b)

Canjhja‘}"l O'P

— lin ecch ofher
x20 \Ix-l») ‘I'J_
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Method 4: The LCD Technique - Combining fractions in the numerator using the Least Common
Denominator (LCD)

Exercise 4: Find the limit. m
|

1

it o e T ( Sx+6)
x—0 gcr %20 < S[;('f'g)

. _L.
S — (x+5) oY= Lf)o ~

LCD: 5(x+S) z
= 30 S % (x+5)

|
l e = 7 s(ta+5)

= %0 5% (x5 ) = -1

+5)




