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In Memory of our beloved friend and colleague 

Professor Janet Liou-Mark 

Whose devotion and contribution to the education of City Tech students will be remembered 
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This workbook is created to provide students with a review and an introduction to Calculus I 
before the actual Calculus course. Studies have shown that students who attend a preparatory 
workshop for the course tend to perform better in the course. The Calculus workshop bears no 
college credits nor contributes towards graduation requirement. It may not be used to 
substitute for nor exempt from the Calculus requirement. 

The Calculus workshop meets four days, three hours a day, for a total of 12 hours during the 
week before the start of the semester. The workshop is facilitated by instructors and/or peer 
leaders. 
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Section 1: Finding Limits Graphically and Numerically 

Finding Limits Graphically and Numerically 

Definition of limits: 

Let ݂(ݔ) be a function defined at all values in an open interval containing ܽ, with the possible exception 
of ܽ itself, and let ܮ be a real number. If all values of the function ݂(ݔ) approach the real number L as 
the values of ݔ (except for ݔ = ܽ) approach the number ܽ, then we say that the limit of ݂(ݔ) as ݔ 
approaches ܽ is ܮ. 

lim ݂(ݔ)  ܮ =
௫՜௔ 

Remark about limit: 
1. The function ݂(ݔ) does not need to be defined at ܽ. The emphasis is on the word “approach.” 
2. Another key point is that “all” values of the function ݂(ݔ) must approach the same number ܮ.  

This means ݂(ݔ) must approach ܮ whether ݔ is approaching ܽ from the left or from the right. 
3. If a function ݂(ݔ) is continuous at ܽ, then the limit of ݂(ݔ) at ܽ is ݂(ܽ). 

Example 1: Find 
lim ݔଶ + ݔ + 1 
௫՜ଵ 

A graphical method shows the limit of ݂(ݔ) 2ݔ = + ݔ + 1 as ݔ approaches 1 is 3. 
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A numerical method shows the same result. 

Approaches 1 from the right Approaches 1 from the left 

x .75 .9 .99 .999 1 1.001 1.01 1.1 1.25 
f (x) 2.313 2.170 2.970 2.997 3 3.003 3.030 3.310 3.813 

Approaches 3 Approaches 3 

Furthermore, because ݂(ݔ) is continuous at 1, we can simply substitute 1 into the function to 
determine that the limit is ݂(1) = 3. 

Example 2: Find 
 ଷ െ 1ݔ

lim 
௫՜ଵ ݔ െ 1 

The graphical method shows the same graph.  However, ݂(ݔ) is not defined at 1, so we must assume 
the graph at the point 1 does not exist, or there is a “hole”. We use an open circle to represent that the 
function is not defined at a particular point. 
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The numerical method shows the values of ݂(ݔ) approaches 3 as ݔ approaches 1, with the value at 
exactly 1 being undefined.  In other words, ݂(1) is undefined, but 

 ଷ െ 1ݔ
lim = 3 
௫՜ଵ ݔ െ 1 

Approaches 1 from the right Approaches 1 from the left 

x .75 .9 .99 .999 1 1.001 1.01 1.1 1.25 
f (x) 2.313 2.170 2.970 2.997 Error 3.003 3.030 3.310 3.813 

Approaches 3 Approaches 3 

Furthermore, if we factor and reduce the expression algebraically 

ଷ െ 1ݔ  (1 + ݔ + ଶݔ)(െ 1 ݔ)
= + ݔ + ଶݔ = 1 

 െ 1 ݔ െ 1 ݔ

This explains why the limit in example 1 is equal to the limit in example 2.  Or 

 ଷ െ 1ݔ
lim = lim ݔଶ + ݔ + 1 = 3 
௫՜ଵ ݔ െ 1 ௫՜ଵ 

We say ݂(ݔ) has a “removable discontinuity” at 1. 

Keep in mind, although the two limits are equal, the two functions ௫
యିଵ and ݔଶ + ݔ + 1 are not the 
௫ିଵ 

same and don’t have the same domain.  The two functions behave and graph “almost” the same, except 
at the point ݔ = 1. 
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Exercise 1: Find 
 െ 5 ݔ

lim 
௫՜ହ ݔଶ െ 2ݔ െ 15 

a)  Use the graph to estimate the limit. 

b) Create a table with values on both sides as ݔ approaches 5.  

Approaches 5 from the right Approaches 5 from the left 

x 4.9 4.99 4.999 5 5.001 5.01 5.1 

f (x) 

Approaches ? Approaches ? 

c)  Use algebraic method to factor and reduce the expression, then find the limit. 
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Exercise 2: Find 
 െ 5 ݔ

lim 
௫՜ ିଷ ݔଶ െ 2ݔ െ 15 

a)  Use the graph to estimate the limit. 

b)  Create a table with values on both sides as ݔ approaches െ3.  

Approaches -3 from the right Approaches -3 from the left 

x – 3.1 – 3.01 – 3.001 – 3 – 2.999 – 2.99 – 2.9 

f (x) 

Approaches ? Approaches ? 

c)  What about using the algebraic method to find the limit? 

௫ିହ d)  What is your interpretation of lim ? 
௫՜ ିଷ ௫మିଶ௫ିଵହ 

௫ିହ 
In summary, the function ݂(ݔ) = is not continuous at ݔ = 5 and ݔ = െ3.  From Exercise 1 

௫మିଶ௫ିଵହ 
and 2, we see that the limit exists at ݔ = 5 but does not exist at ݔ = െ3.  We say ݂(ݔ) has a “removable 
discontinuity” at ݔ = 5 and an “infinite discontinuity” at ݔ = െ3. 
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Limits That Fail to Exist 

Behavior that differs from the right and left 

< ݔ 2 The graph of the function ݂(ݔ) = ቄ4 has a value of 2 ݔ ൑ 2 
4 when ݔ approaches 2 from the right and a value of 2 
when ݔ approaches 2 from the left. 

Hence, lim ݂(ݔ) does not exist 
௫՜ଶ 

Unbounded behavior 

The graph of the function ݂(ݔ) = 1 exhibits ݔെ1 
unbounded behavior at ݔ = 1. 

Hence, lim ଵ does not exist 
௫՜ଵ ௫ିଵ 

Oscillating behavior: 

The graph of the function ݂(ݔ) = sin ଵ exhibits 
௫ 

oscillating behavior at ݔ = 0. 

Hence, lim sin ଵ does not exist 
௫՜଴ ௫ 
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Infinite Limits 

Infinite limits are technically limits that do not exist.  However, sometimes we say the limit is λ if the 
limit of ݂(ݔ) as ݔ approaches ܽ is λ from the right and the left; or the limit is െλ if the limit of ݂(ݔ) as 
 .approaches ܽ is െλ from the right and the left ݔ

1 
lim = λ 
௫՜ ଵ (ݔ െ 1)ଶ 

െ1 
lim = െλ 
௫՜ ିଶ (2 + ݔ)ଶ 
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One-Sided Limits 

Sometimes we may be interested in knowing about the limit behavior from either the left or the right, 
even if the limit does not exist. 

One-Sided Limits 

Left-hand limit: lim 
� 
f (x) is the limit of f (x) as x approaches a from the left 

xoa 

Right-hand limit: lim f (x) is the limit of f (x) as x approaches a from the right 
xoa� 

Example: The left hand limit at ݔ = 3: 

lim ݂(ݔ) = 3 
௫՜ଷష 

The right hand limit at ݔ = 3: 

lim ݂(ݔ) = 1 
௫՜ଷశ 

The lim ݂(ݔ) = L if and only if lim ݂(ݔ) = lim ݂(ݔ) = L. 
௫՜௔ ௫՜௔ష ௫՜௔శ 

Explain: 

Continuity at a Point 

A function f is continuous at c if the following three conditions are met. 
1. f (c) is defined. 

2. lim f (x) exists. 
xoc 

3. lim f (x)   f (c) 
xoc 
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Exercise 3: Find the limits and values. 

݂(2) 

lim ݂(ݔ) 
௫՜ଶశ 

lim ݂(ݔ) 
௫՜ଶష 

lim ݂(ݔ) 
௫՜ଶ 

݂(െ1) 

lim ݂(ݔ) 
௫՜ିଵశ 

lim ݂(ݔ) 
௫՜ିଵష 

lim ݂(ݔ) 
௫՜ିଵ 

݂(െ3) 

lim ݂(ݔ) 
௫՜ିଷశ 

lim ݂(ݔ) 
௫՜ିଷష 

lim ݂(ݔ) 
௫՜ିଷ 

݂(1) 

lim ݂(ݔ) 
௫՜ଵశ 

lim ݂(ݔ) 
௫՜ଵష 

lim ݂(ݔ) 
௫՜ଵ 
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Exercise 4: Find the limits and values. 

݂(െ7) 

lim ݂(ݔ) 
௫՜ି଻శ 

lim ݂(ݔ) 
௫՜ି଻ష 

lim ݂(ݔ) 
௫՜ି଻ 

݂(െ6) 

lim ݂(ݔ) 
௫՜ି଺శ 

lim ݂(ݔ) 
௫՜ି଺ష 

lim ݂(ݔ) 
௫՜ି଺ 

݂(െ3) 

lim ݂(ݔ) 
௫՜ିଷశ 

lim ݂(ݔ) 
௫՜ିଷష 

lim ݂(ݔ) 
௫՜ିଷ 

݂(3) 

lim ݂(ݔ) 
௫՜ଷశ 

lim ݂(ݔ) 
௫՜ଷష 

lim ݂(ݔ) 
௫՜ଷ 
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Exercise 5: Find 

ξݔ + 3 െ ξ3 
lim 
௫՜଴ ݔ 

a)  Use the graph method to estimate the limit. 

b)  Use the numerical method to find the limit. 

x – 0.1 – 0.01 – 0.001 0 0.001 0.01 0.1 

f (x) 

c)  In the next section, we discuss how to evaluate the limits analytically and algebraically. We will 
ξ௫ାଷିξଷ demonstrate how to simplify the function ݂(ݔ) = to a form in which we can compute the 

௫ 
limit algebraically. 
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SECTION 1 SUPPLEMENTARY EXERCISES 

1)  Determine the limit by either the graph method or the numerical method. 
ୱ୧୬ ݔ a) lim 

௫՜଴ ݔ 

b) lim 1 

௫՜ ିସ 4+ݔ 

c) lim 1 

௫՜ଶ (ݔെ2)2 

2)  Find the limits and values. 

݂(2) 

lim ݂(ݔ) 
௫՜ଶశ 

lim ݂(ݔ) 
௫՜ଶష 

lim ݂(ݔ) 
௫՜ଶ 

݂(െ1) 

lim ݂(ݔ) 
௫՜ିଵశ 

lim ݂(ݔ) 
௫՜ିଵష 

lim ݂(ݔ) 
௫՜ିଵ 

݂(െ3) 

3) Find the limits and values. 

݂(7) 

lim ݂(ݔ) 
௫՜଻శ 

lim ݂(ݔ) 
௫՜଻ష 

lim ݂(ݔ) 
௫՜଻ 

݂(5) 

lim ݂(ݔ) 
௫՜ହశ 

lim ݂(ݔ) 
௫՜ହష 

lim ݂(ݔ) 
௫՜ହ 

lim ݂(ݔ) 
௫՜ିଷశ 

lim ݂(ݔ) 
௫՜ିଷష 

lim ݂(ݔ) 
௫՜ିଷ 

݂(1) 

lim ݂(ݔ) 
௫՜ଵశ 

lim ݂(ݔ) 
௫՜ଵష 

lim ݂(ݔ) 
௫՜ଵ 

݂(1) 

lim ݂(ݔ) 
௫՜ଵశ 

lim ݂(ݔ) 
௫՜ଵష 

lim ݂(ݔ) 
௫՜ଵ 

݂(െ4) 

lim ݂(ݔ) 
௫՜ିସశ 

lim ݂(ݔ) 
௫՜ିସష 

lim ݂(ݔ) 
௫՜ିସ 



    
 

    
 
 

 
 
      

 
  

                

    

 

 

    

 

 

 
 

  

    

 

 

  
    

 

                   

    

 

   

 

 

   

 

 

        

 

 

       

    

 

     

  
   

 

 
 
 
 

WKSHP 1475 WORKSHOP FOR CALCULUS I 

Section 2:  Evaluating Limits Analytically 

Properties of Limits 

Suppose c is a constant and the limits lim f (x) and lim g(x) exists. 
xoa xoa 

Example: Limit Properties 
Let f (x)   2x2 and g(x)   x 

lim[ f (x) � g(x)]   lim f (x) � lim g(x) 
xoa xoa xoa 

lim[ f (x) � g(x)]   lim f (x) � lim g(x) 
xoa xoa xoa 

lim[cf (x)]   c lim f (x) 
xoa xoa 

lim[ f (x)g(x)]   lim f (x) x lim g(x) 
xoa xoa xoa 

lim f (x) f (x) xoa lim   if lim g(x) z 0 
xoa xoa g(x) lim g(x) 

xoa 

lim[ f (x)]n   [lim f (x)]n 
xoa xoa 

where n is a positive integer 

lim c   c 
xoa 

lim x   a 
xoa 

lim x n   a n where n is a positive integer 
xoa 

lim n x   n a where n is a positive integer 
xoa 

If n is even, we assume that a > 0 
n lim f (x)   n lim f (x) 

xoa xoa 

where n is a positive integer 
If n is even, we assume that lim f (x) ! 0 

xoa 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

Sum 

Difference 

Scalar 
multiple 
Product 

Quotient 

Power 

Root 
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Strategies for Finding Limits 

If the function ݂ is continuous at ܽ, we can substitute directly, and the limit is ݂(ܽ).  

If the function ݂ is not continuous at ܽ, we can perform algebraic manipulations to derive an equivalent 
function ݃ where lim ݂(ݔ) = lim ݃(ݔ) .  

௫՜௔ ௫՜௔ 

Method 1: Direct Substitution – when ݂ is continuous at ܽ 

Exercise 1: Find the limit. 
x � 5 

a) lim 
xo �1 x2 � 3x 

ୱ୧୬ ݔ 
b) lim 

 ௫՜ ഏమ ݔ

Method 2: Dividing Out Technique – Factor and divide out any common factors 

Helpful Factoring Formulas: Difference of Two Squares ࢇ૛ െ ࢈૛ =  (࢈ െ ࢇ)(࢈ + ࢇ)

Square of a Binomial ࢇ૛ + ૛࢈ + ࢈ࢇ૛ =  ૛(࢈ + ࢇ)

= ૛࢈ + ࢈ࢇ૛ െ ૛ࢇ  ࢈െ ࢇ) )૛ 

Sum of Two Cubes ࢇ૜ + ࢈૜ =  (૛࢈ + ࢈ࢇ ૛ െࢇ)(࢈ + ࢇ)
Difference of Two Cubes ࢇ૜ െ ࢈૜ =  (૛࢈ + ࢈ࢇ + ૛ࢇ)(࢈ െ ࢇ)



    
 

  
 

    

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

       

 
 
 
 
 
 
 
 
 
 
 
 
  

WKSHP 1475 WORKSHOP FOR CALCULUS I 

Exercise 2: Find the limit. 

x2 � 3x �10 ௫మାଵ଴௫ାଶହ 
a) lim b) lim 

xo �5 x � 5 ௫՜ିହ ௫ାହ 

x � 7 x3 � 8 
c) lim d) lim 

xo �7 xo 2 x2 � 49 x � 2 
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Method 3: Rationalizing Technique – If the function has a radical expression in the numerator, 
rationalize the numerator by multiplying in the numerator and denominator by the “conjugate of the 
numerator.” 

Exercise 3: Find the limit. 

ξ3+ݔെξ3 
a) lim 

௫՜଴ ݔ 

ξ௫ାଷିξଷ ξ௫ାଷିξଷ ή ξ࢞ା૜ାξ૜ = 
௫ ௫ ξ࢞ା૜ାξ૜ 

ξ5+ݔെ3 
b) lim 

௫՜଴ ݔെ4 

recall a bandatb
are conjugates
a bCatb a ablab b

of CabCatb L be
Difference ofsquares

Limo P l
x tr s riots153

Lin x13 3 31
x o x Etr

i f i

gq
ifwesubstitute x 4

simplify

tiny x Fits3
1in crisp 32
4 x 4axis13

15 9
4 ex4 his 13

144
y 5513

y 3

1

Fits13

T
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Method 4: The LCD Technique - Combining fractions in the numerator using the Least Common 
Denominator (LCD) 

Exercise 4:  Find the limit. 

భ ି భ 
ೣశఱ ఱ a) lim 

௫՜଴ ௫ 

భ భ ା ೣషర మ b) lim 
௫՜ଶ ௫ିଶ 

complexfraction

do fractionswithinfractions

LCD
Simplifycomplexfraction

It FindLCD ofall denominators

fiji LCD of 1 x15,5
M

FEI x 56 5
o sx 2 Multiplythenumerator

a www cc

5 615 5 5
3 simplify

o

y e
LCD 264

n 139
t.im 2 x 4
x z 26 2 1 4
tin 121
72 24 2 x 4

52 2 41

2 4

i
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SECTION 2 SUPPLEMENTARY EXERCISES 

Find the limit. 

a) 

b) 

c) 

d) 

e) 

f) 

g) 

h) 

lim (�x3 � 5x2 ) 
xo �4 

lim 2x � 4 
xo 6 

x2 � 6x � 7 lim 
xo �1 x � 2 

x2 � 7x lim 
xo 0 x 

x2 � 3x �10 lim 
xo 5 x2 � 8x �15 

భ భ ା ೣషల ల lim 
௫՜଴ ଷ௫ 

x � 6 � 6 lim 
xo 0 x 

ξଵା௫ିξଵ lim 
௫՜଴ ௫ 



    
 

      
 

    
  
 

    
       

     
 

 
 

 
    
    

 

 

 
 

 
 

  
 

    
  

 
  

WKSHP 1475 WORKSHOP FOR CALCULUS I 

Section 3: The Derivative of a Function 

Calculus is primarily the study of change. The basic focus on calculus is divided in to two 
categories, Differential Calculus and Integral Calculus. In this section we will introduce differential 
calculus, the study of rate at which something changes. 
Consider the example at which ݔ is to be the independent variable and ݕ the dependent variable. 
If there is any change οݔ in the value of ݔ, this will result in a change οݕ in the value of ݕ. The 
resulting change in ݕ for each unit of change in ݔ remains constant and is called the slope of the 
line. 

The slope of a straight line is represented as: 

οݕ ݕଶିݕଵ Change in the ݕ coordinate 
= = 

οݔ ݔଶିݔଵ Change in the ݔ coordinate 

TANGENT LINES 

Calculus is concerned with the rate of change that is not constant. Therefore, it is not possible to 
determine a slope that satisfies every point of the curve. The question that calculus presents is: 
“What is the rate of change at the point P?” And we can find the slope of the tangent line to the 
curve at point P by the method of differentiation. A tangent line at a given point to a plane curve is 
a straight line that touches the curve at that point. 
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SECANT LINES 

Like a tangent line, a secant line is also a straight line; however a secant line passes through two 
points of a given curve. 

Therefore we must consider an infinite sequence of shorter intervals of οݔ, resulting in an infinite 
sequence of slopes. We define the tangent to be the limit of the infinite sequence of slopes. The 
value of this limit is called the derivative of the given function. 

οݕ 
The slope of the tangent at P = lim 

ο௫՜଴ οݔ 

Secant line graph 
https://www.desmos.com/calculator/pzlb0a2z3v 

Go to Desmos link above to see how secant line works. The red dot represents point ܲ, the 
blue dot represents point ܳ.  Slide the blue dot ܳ towards the red dot ܲ to see how the secant 
line ܲܳ becomes the tangent line at ܲ when the distance between ܲܳ approaches zero. 

Tangent Line graph 
https://www.desmos.com/calculator/dxg5fjxwb7 

Go to Desmos link above to see how tangent line changes as it traverses along a function ݂. 

In your own words, what is the tangent line to a function? 
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What does derivative of f (x) mean graphically? 

It is the slope ( m ) of the tangent line of the graph ࢟ = ࢌ(࢞) at the point (ܽ, ݂ (ܽ)) 

 (ݔ)݂ = ݕ

Slope of the tangent 
line is ݂ඁ(ݔ) 

(ܽ, ݂ (ܽ)) 

THE DEFINITION OF THE DERIVATIVE 
THE DIFFERENCE QUOTIENT 

To find the slope of the tangent line to the function (ݔ)݂ = ݕ at, we must choose a point of tangency, 
൫ݔ, ݂ ݂ ,݄ + ݔ൯ and a second point ൫(ݔ)  .ݔ൯, where ݄ = ο(݄ + ݔ)

The slope of the tangent line, or the derivative of a function f is defined as: 

οݕ ݂(ݔ + οݔ) െ ݂(ݔ) ݂(ݔ + ݄) െ ݂(ݔ) ݂(ݔ + ݄) െ ݂(ݔ) 
݂ᇱ(ݔ) = lim = lim = lim = lim 

ο௫՜଴ οݔ ο௫՜଴ οݔ ௛՜଴ (ݔ + ݄) െ ݄ ௛՜଴ ݄ 

Example 1: Find the derivative of the function ݂(ݔ) = 11 + ݔ7 using the definition of derivative. 

Let ݂(ݔ) =  11 + ݔ7
And ݂(ݔ + ݄) = 11 + (݄ + ݔ)7 

By the definition of the derivative: 

݂ᇱ(ݔ) = lim 
௛՜଴ 

 (ݔ)݂ െ (݄ + ݔ)݂
݄ 

 (11 + ݔ7) െ 11 + (݄ + ݔ)7
݂ᇱ(ݔ) = lim 

௛՜଴ ݄ 

 െ 11 ݔ͹݄ + 11 െ 7 + ݔ7
݂ᇱ(ݔ) = lim 

௛՜଴ ݄ 

݂ᇱ(ݔ) = lim 
͹݄ 

= lim(7) = 7 
௛՜଴ ݄ ௛՜଴ 

Therefore, the derivative of ݂(ݔ) is 7. 

vote deIYI
derivativenotations F

y or didY DX
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Example 2: Find the derivative of the function ݃(ݔ) = + ଶݔ3  .െ 9 using the definition of derivative ݔ6

Let ݃(ݔ) = + ଶݔ3  െ 9 ݔ6
And ݃(ݔ + ݄) = (݄ + ݔ)3ଶ + 6(ݔ + ݄) െ 9 

By the definition of the derivative: 

+ ଶݔെ 9 െ (3 (݄ + ݔ)ଶ + 6(݄ + ݔ)3  (െ 9 ݔ6
݃ᇱ(ݔ) = lim 

௛՜଴ ݄ 

+ ଶݔ)3 (ଶ݄ + ݄ݔ2 + + ݔଶ െ 6ݔ͸݄ െ 9 െ 3 + ݔ6 9 
݃ᇱ(ݔ) = lim 

௛՜଴ ݄ 

+ ଶݔ3 + ଶ݄͵ + ݄ݔ6 + ݔଶ െ 6ݔ͸݄ െ 9 െ 3 + ݔ6 9 
݃ᇱ(ݔ) = lim 

௛՜଴ ݄ 

 ଶ + ͸݄݄͵ + ݄ݔ6
݃ᇱ(ݔ) = lim 

௛՜଴ ݄ 

݃ᇱ(ݔ) = lim(66 + ݄͵ + ݔ) 
௛՜଴ 

݃ᇱ(ݔ) = 6 + (0)3 + ݔ6 

݃ᇱ(ݔ) = 6 + ݔ6 

Therefore the derivative of ݃(ݔ) is 6ݔ + 6 . 

Exercise 1: Find the derivative of the following functions using the definition of derivative. 

a) ݂(ݔ) = + ݔ5 2 

1

f x 5 12
fi Iim t fifth 54th 12h o h

5 15412 5 2
5 1542

L o T If f6 mxtb
f G m

Lm 5 154 12 5 2 slope ofthelineis
h70 h its derivative

lin 5h
h70 h

f x 5
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b)  ݂(ݔ) =  ݔଶ െ 4ݔ3

c)  ݂(ݔ) = ξݔ 

ଵ 
d)  ݂(ݔ) = 

௫ 

fC fx
fG Lingo flyth faith Fth

o AthyTx

L
to tox

him
f 2

fCx T fkith h
lying flxth fi complex fraction

h LCD x ith
lim
h o h 441 1

1 104

f HEID
fan

Lim x xth
h70 hxCxth

L Ei
o h xth

L
o xth
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Example 3. Find the slope of the tangent line to the curve f (x)   x2 � 2 at the point (�1,3) using the 
definition of the derivative, and find the equation of the tangent line. 

By definition, the slope of the tangent line at any point is given by f '(x) . 
Therefore f '(x) equals to the following: 

( � ) � f x  f x  h  ( )  m   lim 
ho0 h 

((x � h)2 � 2) � (x2 � 2) m   lim 
ho0 h 

2 2 2 (x � 2xh h � 2) � x � 2 � m   lim 
ho0 h 

2xh h2 � m   lim 
ho0 h 
h(2x � h) m   lim 

ho0 h 
m   lim( 2x � h) 

ho0 

m   2x � 0 
m   2x 

Now this is the slope of the tangent at a point (x, f (x)) of the graph. Since the line is tangent at (�1,3) , 
we have to evaluate m at (�1,3) . Therefore, m   2(�1)  �2 . 
The slope of the tangent at (�1,3) is � 2 . 

Equation of a Line Review 
Slope-Intercept Form 

The equation of any line with slope ݉ and ݕ-intercept ܾ is given by ݔ݉ = ݕ + ܾ 

݉ = slope = rise 
run 

= ǀĞƌƚŝĐĂů ĐŚĂŶŐĞ 
ŚŽƌŝǌŽŶƚĂů ĐŚĂŶŐĞ 

ܾ = y െ intercept 

Point-Slope Form 
The equation of the line through (ݔଵ, ݕଵ) with slope m is given by ݕ െ ݕଵ = ݉(ݔ െ ݔଵ) 

To find the equation of the tangent line to the curve f (x)   x2 � 2 use the point-slope formula to find 
the equation: 

y � (3)  �2(x � (�1)) 

y � 3  �2x � 2 

y  �2x �1 

The equation of the tangent line to the curve f (x)   x2 � 2 at the point (�1,3) is y  �2x �1 . 
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Exercise 2: Find the slope of the tangent line to the curve f (x)  �3x 2 � x at the point (2,�10) using 

the definition of the derivative, and find the equation of the tangent line. 

Exercise 3: Find the slope of the tangent line to the curve f (x)   x3 at the point (�2,�8) using the 

definition of the derivative, and find the equation of the tangent line. 

Hxth 36th2 6th Sf limo
ht
g
3h41

3642 45 1Wh limo 6 3411
3 2 6 h 3h'tXth 6 310 11

slopefunction

fy Luiz flxth f X f'lx 6 11 off 3 44

oc
sxt.am

xfhItsxI.IIIiie xffoint sioreseq

y.gym x X ty

o
6xh3h'txYh

1 X m f 2 61211 11

in
hso h y

f4th xthP it I
It 3 4 3 1443 I 2 I 2,4 2

I 3 3 I j
fk lingo flxth f x tangent 2 8

h

thing 443 4 3 12the X Y f X X X ly
h

Inigo
5 4 13142

F'C2 31212 12

h ye f't 2 x 1 2 11 8

t
o 3xt3xhth y 121 2 8

3 2 3 10 1105 y 12 424 8

F'G 3 2 14 12 1 161
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SECTION 3 SUPPLEMENTARY EXERCISES 

௙(௫ା௛)ି௙(௫) 1.  Use the definition of derivative ݂ᇱ(ݔ) = lim to determine the derivative of each function. 
௛՜଴ ௛ 

a) g(x)   1� 5x 

6y 
b) h( y)   

y �1 

c) p(x)   x � x 

1 
d)  k(t)   2 t 

1 
2. Find the slope of the tangent line to the curve f (x)   at the point (5,�1) using the definition 

x � 6 
of the derivative, and find the equation of the tangent line. 
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Section 4: Differentiation Rules 

The Differentiation Formulas 

Derivative of a 
Constant 
Function 

The Power Rule 

ௗ (ܿ) = 0 
ௗ௫ 

ௗ (ݔ௡ ) = ݊ݔ௡ିଵ 
ௗ௫ 
where n is any real number 

The Constant 
Multiple Rule 

ௗ [݂ܿ(ݔ)] = ܿ ௗ ݂(ݔ) 
ௗ௫ ௗ௫ 

The Sum Rule ௗ ௗ [݂(ݔ) + ݃(ݔ)] = ݂(ݔ) + ௗ ݃(ݔ) 
ௗ௫ ௗ௫ ௗ௫ 

The Difference 
Rule 

ௗ ௗ [݂(ݔ) െ ݃(ݔ)] = ݂(ݔ) െ ௗ ݃(ݔ) 
ௗ௫ ௗ௫ ௗ௫ 

The Product Rule 

݀ 
 = [(ݔ)݃(ݔ)݂]

 ݔ݀
݀ ݀ 

 (ݔ)݂ ή [(ݔ)݃] + (ݔ)݃ ή [(ݔ)݂]
 ݔ݀ ݔ݀

Or in prime notation 
(݂݃)ᇱ = ݂ᇱ݃ + ݃ᇱ݂ 

The Quotient 
Rule 

೏ [௙(௫)]ή௚(௫)ି ೏ [௚(௫)]ή௙(௫) ௗ ቂ௙(௫) ೏ೣ ೏ೣቃ = 
ௗ௫ ௚(௫) [௚(௫)]మ 

Or in prime notation 
ᇱ ݂ ݂ᇱ݃ െ ݃ᇱ݂ 

൬ ൰ = 
݃ ݃ଶ 

The Chain Rule ௗ ൣ݂൫݃(ݔ)൯൧ = ݂ᇱ൫݃(ݔ)൯ ή ݃ᇱ(ݔ) 
ௗ௫ 

Or, if ݕ is a function of ݑ, and ݑ 
is a function of ݔ, then 

 ݑ݀ ݕ݀ ݕ݀
= ή 

 ݔ݀ ݑ݀ ݔ݀
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Find the derivative of each of the following functions using the differentiation rules. 

ௗ Derivative of a Constant Function: (ܿ) = 0 
ௗ௫ 

଼଼଴଴ళభఴ ସ଴గ 
1a) f (x)   60 1b) ݕ = + െ 62768.32 

ଷ଺ଽ ସ଻ 

ௗ The Power Rule: (ݔ௡ )  ௡ିଵ where n is any real numberݔ݊ =
ௗ௫ 

2a) y   x5 2b) ݃(ݔ)  ଺ିݔ =

ௗ The Constant Multiple Rule: [݂ܿ(ݔ)] = ܿ ௗ ݂(ݔ) 
ௗ௫ ௗ௫ 

3a) y  �4x 3b) p(x)   3x7 

ௗ ௗ ௗ The Sum Rule: [݂(ݔ) (ݔ)݂ = [(ݔ)݃ +  (ݔ)݃ +
ௗ௫ ௗ௫ ௗ௫ 

ௗ ௗ The Difference Rule: [݂(ݔ)  (ݔ)݃ െ ௗ (ݔ)݂ = [(ݔ)݃ +
ௗ௫ ௗ௫ ௗ௫ 

1 2 
2 3 �5 4a) y   2x � 4x 4b) t(x)   2x � 4x �1 

�4 2 �7 �1 4c) y  �2x � 5x � 7x 4d) h(x)   4x � 3x 

f47 0 y O 14 0DX

dd 5 Sx g'G 6 6 1 6 7

dayderivativeoffunction

dad takederivative
ofwhatisinparentheses

ddI 4 X P'G 3 167

4117 4 y 37 7 1
21 6

0

constant

x da 2x 11 43 tkxt2daxlx9 ydaxfxy da.fi
2ddxCx 4117 45 9 411 to
2 x 4133 1

text 10 6 4

It 5 5

2144 5112 716 n11 417 9 3 1 2

214 5 52x 7 i
28 8 3 2

58 10 7
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Review Properties of Exponents Examples 

Product Rule = ݔ௠ା௡ ݔ௠ ݔ ڄ௡ 8 3 y � y   

Quotient Rule ௫೘ 
 (0 ് ݔ)  ௠ି௡ whereݔ =

௫೙ 

7 a
  

a 

Zero Exponent ݔ଴ = 1  where  (0 ് ݔ) 0 w   

Power Rule (ݔ௠ )௡ = ݔ௠ή௡ 2 6 ) (b   

Power of a Product (ݕ ڄ ݔ)௡ = ݔ௡ ݕ௡ 4 3 (r t )   

Power of a 
Quotient 

௡ 
ቀ௫ ௫೙ 
ቁ = where  (0 ് ݕ) 

௬ ௬೙ 

5 9 § p · 
¨̈ 2 ¸̧   
q © ¹ 

Negative Exponent ଵ ିݔ௡ = where (0 ് ݔ) 
௫೙ h�3   

Rational Exponents 
ଵ 

೙ξܽ ܽ ௡ = 
where ೙ξܽ is defined on Թ 

ଵ 
(64) ଷ = 

Rational Exponents 

೘ ೘ ௠ ೙ ൫೙ξܽܽ ೙ = ൯ and ܽ ೙ = ξܽ௠ 

where ݉ and ݊ are positive integers and 
೙ξܽ is defined on Թ 

ସ 
(32) ହ = 

5.  For each exercise below, 
i. Simplify and rewrite each term as ࢞࢔ with exponent in the numerator. 

ii. Find the derivative. 

Function Rewriting the exponents Derivative 

1 1 
 = ݕ ଶିݔ ଷ െିݔᇱ = െ2ݕ ଵିݔ + ଶିݔ = ݕ

 + ଶݔ
 ݔ

y
l

ab
I

b

r t3

p4
q1o
1
his

F64 T4I4

24 or
2
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Function Rewriting the exponents Derivative 

    
 

   

   

    

   

 
 

  

   

 

1 
 ݔെ ξ = ݕ

ξݔ 

1 ଷ 
= ݕ + ൫ξݔ൯ యξݔ 

ఱ 
మ 

 యቁఴݔቀ = ݕ

+ ଷݔ + ଶݔ3 6 +  ଷିݔ7
 = ݕ

 ଶݔ

+ ଶݔ ଷ െݔ2  െ 5 ݔ3
 = ݕ

ξݔ 

y II
s x EE EE

I

yi ExE txt

y xt y txt 1 3 3 I

y I't t y 13
45
3

2

Y x 4 E
y

I

I
y I 12
12X

y t t y4
4
0 61255715 5

y x 13 16
2
7 5

y's1 12 3 35 6

y 4
3 II x 2fEx Ex 13K

Y1 x 13 25 12
5ft

y 5 Ext Ex Ex
I
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ௗ ௗ ௗ The Product Rule: [݂(ݔ)݃(ݔ)] (ݔ)݃ ή [(ݔ)݂] =  (ݔ)݂ ή [(ݔ)݃] +
ௗ௫ ௗ௫ ௗ௫ 

or 

(݂݃)ᇱ = ݂ᇱ݃ + ݃ᇱ݂ 

6a) y   x4 (2x � 3) 6b) ݃(ݔ) = (ݔ3 െ 7)(ݔଶ +  (ݔ6

೏ 
ௗ ቂ௙(௫) [௙(௫)]ή௚(௫)ି ೏ [௚(௫)]ή௙(௫) ೏ೣ ೏ೣ The Quotient Rule: ቃ = 
ௗ௫ ௚(௫) [௚(௫)]మ 

or 

൬
݂ 
݃
൰ 
ᇱ 

= 
݂ᇱ݃ െ ݃ᇱ݂ 

݃ଶ 

2 
x 9x 

7a) y   7b) q(x)   
3x �1 3x 2 � 2x 

fly 54
2535

y 104 123 Didn'tuseproductrule
usingProddRule

3 7 x't6

fad glx Lxt3G
32x

fCx g'Cx 43 2 g'G 312 6 1 1 3 7 2 6

f g t f g y x 2 3 1 412
3 2 118 16 2118 14 42

442 13 124 92122 42

841123 2 4

y 10 4t

f f

c g s
sin QuotientRule 9 235 2x
f g x 3 11 tox 6 2
f g l 3

g4 1
18 135279 4622

fl f l 1 3 1 31 3 2 2x
y Y 3 1g 4 36 2 545 118 2

y
3 1 H 3 2 232

pathos
3 1

18 2
chat 2 qkd z zpY 1,2

3 1

32 2x 3 2 27
18

2
3 2 0 3 2

DX 2
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ௗ The Chain Rule: ൣ݂൫݃(ݔ)൯൧ = ݂ᇱ൫݃(ݔ)൯ ή ݃ᇱ(ݔ) 
ௗ௫ 

Derivative of the 
outside function ݂ 

Derivative of the 
inside function ݃ 

Derivative of the 
composite function 
 ((ݔ)݃)݂

ௗ௬ ௗ௬ ή ௗ௨ 
If ݕ is a function of ݑ, and ݑ is a function of ݔ, then the chain rule is = 

ௗ௫ ௗ௨ ௗ௫ 

8.  Find the derivative using the Chain Rule 

2 8 500)1000 
a) y   (x � 3) b) s(x)   2(5x � 

c) ݕ = ξ3ݔ + 1 d) ݕ = ଼ 
ξହ௫మାଵ 

u 5x soo

u
213 y f u n s 2dqµ soo

ooo u 5
nooof u us y gut 2x flu

f u_Out y g 4zy7cz 561 2 f u n f44 10004999

u 2x
y 16 1 2 317 561 2 1000am 5

Sfx 10,0004999

10,000 5 500
99

flu it
3 11 2 862 1 flu tu I

4 3 1 y fkn ou y gda jE f41 45415

n 3 wsx.tl

f a uk L 3 y 8fEC5x115 10x u w

fkn Iu 126 11
t 3 y 40 541

y 3z 3 115 y Txt
3

4 2 3 152

y
3

23 115

y Y Ij
3F
6 12
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9.  Find the derivative using combination rules 

a) ݕ = െ4ݔଶ(2ݔଷ െ 14)ସ 

b) ݔ = ݕଷ ή ξݔଶ + 3 

ξ௫మାଷ 
c)  ݕ = 

௫య 

y 8 2344 114 2 2442
314

NeedProductR 812314 964 25 14
4 2 2514

2442314
ae qE iiIii7II5

fkn 4h3 e4ns 6 2

a 2314 4123145.62

u 6 2 2442314

y f'g f
2

Need QuotientRule g

5 3
1

3
x 5 3

t 3 4 43
t

x 1 43 t 3
2 f 2

x Gt3 t 3 4 43
T

R Y 6
Needchain Rule x

this 2x y's x x 4435T 347352
u XG
flags

y
4435

T 347352
f u tuk 4X



  
 

  
  

  

  

  

  

     

    

 
   

  

  

  

  

  
  

  

  

 

    
  

 

      
  

 

      

  
 
  

SECTION 4 SUPPLEMENTARY EXERCISES 

1)  Find the derivative using the Power Rule.  Rewrite each term as an exponent if necessary. 
a) ݂(ݔ) = + ଷିݔ5 ଺ െ 2 3ିݔ3 2 x � 4x � 8 

షయ భ f) y   2 (Do not use quotient rule!) 
b) ݉(ݔ) + మ ݔ =  ల xݔ3

2 c) ݕ = 6ξݔ െ యξ5 ݔx � 2x �1 
g) f (x)   (Do not use quotient rule!) 

d) ݕ = ଶ +  x యξ௫ ݔ9

ହ e) (ݐ)ݏ  + ଶݐ =
௧మ 

2) Find the derivative using the Product or Quotient Rule. 
a) ݄(ݐ) = (3 + ݐ4)(ݐ െ 7) 

b) ݕ = + ݔξݔ3 5 
௫ାହ 

c) (ݔ)݌ = 
௫మିଽ 

௫మ 
d) ݕ = 

ξ௫ା଼ 

3) Find the derivative using the Chain Rule and combination rules. 
a) (ݔ)ݒ = (2 െ 4ݔ)ଵ଴଴ 

b) (ݔ)ݒ = െݔଷ(2 െ 4ݔ)ଵ଴଴ 

c) ݕ = ξݔଶ + + ݔ3 4 

2 
4)  Find the slope of the tangent line to the curve f (x)  �3x � x at the point (2,�10) using the 
differentiation formulas, and find the equation of the tangent line. 

3 
5) Find the slope of the tangent line to the curve f (x)   x at the point (�2,�8) using the 
differentiation formulas, and find the equation of the tangent line. 

1 6) Find the slope of the tangent line to the curve f (x)   at the point (5,�1) using the 
x � 6 

differentiation formulas, and find the equation of the tangent line. 
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Section 5:  The Derivative of Trigonometric Functions 

Derivative of all six Trigonometric Functions 

Sine 

Cosine 

Tangent 

Cotangent 

Secant 

Cosecant 

Example: Find the derivative of the trigonometric function ݂(ݔ) = ݔ2ଷ cos(5ݔ) using the rules of 
differentiation. 

A derivative that requires a combination of the Product Rule and the Chain Rule 

ௗ sin(ݔ) = cos(ݔ) 
ௗ௫ 

ௗ cos(ݔ) = െ sin(ݔ) 
ௗ௫ 

ௗ tan(ݔ) = secଶ(ݔ) 
ௗ௫ 

ௗ cot(ݔ) = െ cscଶ(ݔ) 
ௗ௫ 

ௗ sec(ݔ) = sec(x) tan(ݔ) 
ௗ௫ 

ௗ csc(ݔ) = െ csc(x) cot(ݔ) 
ௗ௫ 

Product Rule: (݂݃)ᇱ = ݂ᇱ݃ + ݃ᇱ݂ 
ௗ The Chain Rule: ൣ݂൫݃(ݔ)൯൧ = ݂ᇱ൫݃(ݔ)൯ ή ݃ᇱ(ݔ) 
ௗ௫ 

݀ ݀ ݀ 
(ݔ5)൨ cos(ଷݔ2) ൤ = ((ݔ)ଷ cosݔ2) +  ݔ݀ ݔ݀ ݔ݀ ൨(ݔ5)ଷ ൤ cosݔ2

= (ݔ5)ଶ cosݔ6 +  (ή 5 (ݔ5)െ sin)ଷݔ2

=  (ݔ5)ଷ sinݔെ 10 (ݔ5)ଶ cosݔ6
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Exercise 1: Find the derivative of the following trigonometric functions using the differentiation rules. 

a) 2 = ݕ sin ݔ 

b) ݕ = sin(2ݔ) 

c) ݔ = ݕ sin ݔ 

d) ݕ = sin ݔଶ 

e) ݕ = sinଶ ݔ 

f) ݕ = sinଶ(ݔଶ) 

y 2dasink
y 2cosCx

usecha rule y f u w

fCn sink
coscu 2

fkn cosa 2cos2x
a 2x
u 2

y's1sin xcos
ProductRule sincxltxc.sk

I coscx
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Exercise 2: Find the derivative of the following trigonometric functions using the differentiation rules. 

a) (ݔ)ݎ  (ଶݔ2)cosݔ =

b) ݃(ݔ) = tan ቀ ଷ୶ ቁ 
ସ 

c) ݇(ݔ) = csc ݔ ή cot ݔ 

ୡ୭ୱ(ଶ୶) d) ݄(ݔ) = 
ୱ୧୬(௫)ାଵ 

e) ݂(ݔ) = ξsin ݔ + 5 



    
 

       
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
 

   

   

   

   

   

    

 
 
  

WKSHP 1475 WORKSHOP FOR CALCULUS I 

ௗ sin ௫ Exercise 3: Show tan ݔ = secଶ ݔ.  (Hint, rewrite tan ݔ = ) 
ௗ௫ cos ௫ 

SECTION 5 SUPPLEMENTARY EXERCISES 

+ ଷݔtan൫ξ = (ݔ)ݒ .1 2൯ 

 (ݔ2)െ sin (ݔ)5cosଷ = (ݔ)݊ .2

(ݔ)݃ .3 =  (ݔ8)ଶsecଶݔ2

ୱ୧୬(௫) ୱୣୡ(ହ௫) 4. ݂(ݔ) = 
ଷ௫మ 

ୡ୭ୱ(୶) 5. ݕ = 
ଶ ୱ୧୬(ିଷ௫) 

(ݔ)ඥsinଶ = ݕ .6 + 5 
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Section 6: Higher Order Derivatives 
One can determine higher order derivatives by finding the derivative of derivatives.  For example, the 
second derivative is the derivative of the derivative of the function (or the first derivative). The third 
derivative is the derivative of the second derivative, etc. The higher order derivatives are denoted by 

 ݕ௡݀ ݕସ݀ ݕଷ݀ ݕଶ݀ ݕ݀
(ସ)ݕ = ᇱᇱᇱݕ = ᇱᇱݕ = ᇱݕ (௡)ݕ = = 

 ݔ݀
, 

 ,… , ସݔ݀ , ଷݔ݀ , ଶݔ݀
 ௡ݔ݀

ᇱ ᇱᇱ ᇱᇱᇱ or in function notation ݂ , ݂  , ݂  , ݂ (ସ), … , ݂ (௡). 

ᇱ ᇱᇱ ᇱᇱᇱ Exercise 1. Find ݂ , ݂  , ݂  , ݂ (ସ) of the polynomial function ݂(ݔ) + ݔଶ െ 5ݔଷ െ 2ݔ = 6.  What is the 
pattern for 4th and higher order derivatives? 

ଵ 
Exercise 2. Find ݕᇱ , ݕᇱᇱ , ݕᇱᇱᇱ , ݕ(ସ) of the rational function ݕ = 

௫ 
.  What is the pattern for 4th and higher 

order derivatives? 
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ௗమ௬ ௗయ௬ ௗర௬ Exercise 3. Find ௗ௬ , 
ௗ௫ర

, of the sine function ݕ = sin ݔ.  What is the pattern for 4th and 
ௗ௫ ௗ௫మ , ௗ௫య , 

higher order derivatives? 

SECTION 6 SUPPLEMENTARY EXERCISES 

ᇱ ᇱᇱ ᇱᇱᇱ 1. Find ݂ , ݂  , ݂  , ݂ (ସ) of the polynomial function ݂(ݔ) + ସݔ =  What is the  . 89 + ݔଶ െ 15ݔଷ െ 9ݔ8
pattern for 4th and higher order derivatives? 

2. Find ݕᇱ , ݕᇱᇱ , ݕᇱᇱᇱ , ݕ(ସ) of the radical function ݕ = ξݔ .  What is the pattern for 4th and higher order 
derivatives? 

3. Find ݃ᇱ , ݃ ᇱᇱ , ݃ ᇱᇱᇱ , ݃ (ସ) of the polynomial function ݃(ݔ) = tan ݔ .  What is the pattern for 4th and higher 
order derivatives? 
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Section 7: Derivatives and the Shape of a Graph 
Critical Points 

Let ܿ be an interior point in the domain of ݂. We say that ܿ is a critical point of ݂ if ݂ᇱ(ܿ) = 0 or ݂ᇱ(ܿ) is 
undefined. 

In other words, a point ܿ is a critical point if it satisfies the following: 
� ܿ is an interior point in the domain of ݂. 
� ݂(ܿ) is defined. 
� Either ݂ᇱ(ܿ) = 0 or ݂ᇱ(ܿ) is undefined. 

Intervals of Increasing and Decreasing 

i. If ݂ᇱ(ݔ) > 0 on an open interval, then ݂ is increasing on the interval. 

ii. If ݂ᇱ(ݔ) < 0 on an open interval, then ݂ is decreasing on the interval. 

First Derivative Test 

Suppose that ݂ is a continuous function over an interval containing a critical point ܿ. If ݂ is differentiable 
on the interval, except possibly at point ܿ then ݂(ܿ) satisfies one of the following descriptions: 

i. If ݂Ԣ changes sign from positive when ݔ < ܿ to negative when ݔ > ܿ, then ݂(ܿ) is a local 
maximum of ݂. 

ii. If ݂Ԣ changes sign from negative when ݔ < ܿ to positive when ݔ > ܿ, then ݂(ܿ) is a local 
minimum of ݂. 

iii. If ݂Ԣ has the same sign for ݔ < ܿ and ݔ > ܿ, then ݂(ܿ) is neither a local maximum nor a local 
minimum of ݂. 

݂ᇱ(ݔ) > 0 
݂ is increasing on (0, λ) 

݂ᇱ(ݔ) < 0 
݂ is decreasing on (െλ, 0) 

݂ᇱ(0) = 0 
ܿ = 0 is a critical point; 
݂(0) = െ1 is a local minimum 
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Exercise 1. Curve analysis of a polynomial function: ݂(ݔ) = + ଷݔ2  െ 8 ݔଶ െ 12ݔ3

� Domain = (െλ, λ); Range = (െλ, λ) 

� Show Critical points are ܿ = െ2 and ܿ = 1. 

� The point (െ2, 12) is a local maximum; the point (1, െ15) is a local minimum 

� Show the function is increasing on the intervals (െλ, െ2) and (1, λ) and decreasing on the 

interval (െ2, 1) 
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Exercise 2. Curve analysis of an absolute value function:  ݂(ݔ) =  െ 3 |ݔ|

� Domain = (െλ, λ); Range = (െ3, λ) 

� Show the critical point is ܿ = 0. The derivative ݂ᇱ(0) is undefined. 

Why is ݂ᇱ(0) undefined? Hint:  What is ݂ᇱ(ݔ) on the interval (െλ, 0)? What is ݂ᇱ(ݔ) on the 

interval (0, λ)? Is it true that lim ݂ᇱ(ݔ) = lim ݂ᇱ(ݔ) ? 
௫՜଴శ ௫՜଴ష 

� The point (0, െ3) is a local minimum; there is no local maximum. 

� Show the function is decreasing on the interval (െλ, 0) and increasing on the interval (0, λ) 
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ଵ Exercise 3. Curve analysis of a rational function:   ݂(ݔ) = 
௫ 

� Domain = (െλ, 0) ׫ (0, λ); Range = (െλ, 0) ׫ (0, λ). 

� There is no critical point. Why is there no critical point? (Answer: ݔ = 0 is not in the domain.) 

� Why is there no local maximum or local minimum? 

� Show the function is decreasing on the intervals (െλ, 0) and (0, λ). 

� = ݕ 0 is a horizontal asymptote, ݔ = 0 is a vertical asymptote. 
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Exercise 4. Curve analysis of a radical function:  ݂(ݔ) = ξݔ 

� Domain = [0, λ); Range = [0, λ). 

� There is no critical point. Why is ݔ = 0 not a critical point? (Answer: ݔ = 0 is not an interior 

point in the domain; it is an endpoint.) 

� The point (0, 0) an absolute minimum. There is no absolute maximum. There is no local 

maximum/minimum. 

� Show the function is increasing on the interval (0, λ). 
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Exercise 5. Curve analysis of a trigonometric function:   ݂(ݔ) = cos ݔ 

� Domain = (െλ, λ); Range = [െ1, 1]. 

� Show the critical points are ܿ = ݇ߨ where ݇ = ڮ , െ2, െ1,  .are integers ڮ ,2 ,1 ,0

� Show the local maximums are points (2݇1 ,ߨ); the local minimums are points ൫(2݇ + 1)ߨ, െ1൯, 

where ݇ = ڮ , െ2, െ1, 0, 1,  .are integers ڮ ,2

� The function is decreasing on the intervals (2݇ߨ(1 + 2݇) ,ߨ) and increasing on the intervals 

൫(2݇ + 1)ߨ(2 + 2݇) ,ߨ൯, where ݇ = ڮ , െ2, െ1, 0, 1, 2, ڮ are integers 
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Exercise 6. Curve analysis of ݂(ݔ)  ଷݔ =

� Domain = (െλ, λ); Range = (െλ, λ) 
� Show Critical point is ܿ = 0. 
� There is no local maximum or local minimum.  Why is there no local maximum or local minimum 

although there exists a critical point? (Answer: ݂ᇱ(ݔ) =  in the domain.  Since ݔ ଶ ൒ 0 for allݔ3
there is no sign change in ݂ᇱ(ݔ) from ݔ < ܿ to ݔ > ܿ (both positive), thus ݂(ܿ) is neither a local 
max nor min.) 

Are both statements below true? Are they Interchangeable? 
Statement 1:  If ݂ᇱ(ݔ) > 0 on an open interval, then ݂ is increasing on the interval. 
Statement 2:  If ݂ is increasing on an interval, then ݂ᇱ(ݔ) > 0. 

Counter Example: The function ݂(ݔ)  ଷ is increasing on the interval (െλ, λ), but it’s not trueݔ =
that ݂ᇱ(ݔ) > 0 on (െλ, λ).  (Because ݂ᇱ(0) = 0, not > 0.) 

Statement 1 is true by definition. Statement 2 is false because of the counter example.  The two 
statements are not interchangeable. 
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SECTION 7 SUPPLEMENTARY EXERCISES 

For each function, determine the following.  State “none” if there is none. 
i. Domain and range 

ii. Critical points 
iii. Local maximum and local minimum 
iv. The intervals where the function is increasing and the intervals where it is decreasing 
v. Sketch the graph 

(ݔ)݂ .1 + ଷݔ =  െ 10 ݔଶ െ 9ݔ3

(ݔ)݂ .2 =  |3 + ݔ|

ଵ 3. ݂(ݔ) = 
௫మ 

 ݔ sin = (ݔ)݂ .4

(ݔ)݂ .5 = ݁௫ 


