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This workbook is created to provide students with a review and an introduction to Calculus |
before the actual Calculus course. Studies have shown that students who attend a preparatory
workshop for the course tend to perform better in the course. The Calculus workshop bears no
college credits nor contributes towards graduation requirement. It may not be used to
substitute for nor exempt from the Calculus requirement.

The Calculus workshop meets four days, three hours a day, for a total of 12 hours during the
week before the start of the semester. The workshop is facilitated by instructors and/or peer
leaders.
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Section 1: Finding Limits Graphically and Numerically

Finding Limits Graphically and Numerically

Definition of limits:

Let f(x) be a function defined at all values in an open interval containing a, with the possible exception
of a itself, and let L be a real number. If all values of the function f(x) approach the real number L as
the values of x (except for x = a) approach the number a, then we say that the limit of f(x) as x
approaches a is L.

Jlci_r)r(llf(x) =L

Remark about limit:
1. The function f(x) does not need to be defined at a. The emphasis is on the word “approach.”
2. Another key point is that “all” values of the function f(x) must approach the same number L.
This means f(x) must approach L whether x is approaching a from the left or from the right.
3. Ifafunction f(x) is continuous at a, then the limit of f(x) atais f(a).

Example 1: Find
limx?+x+1

x—1
A graphical method shows the limit of f(x) = x% 4+ x + 1 as x approaches 1 is 3.

\ . |

)
i,

(1,3)




WKSHP 1475 WORKSHOP FOR CALCULUS I

A numerical method shows the same result.

x Approaches 1 from the left x Approaches 1 from the right
X .75 .9 .99 .999 1 1.001 1.01 1.1 1.25
f(x) 2.313 2.170 2.970 2.997 3 3.003 3.030 3.310 3.813
f(x) Approaches 3 f(x) Approaches 3

Furthermore, because f(x) is continuous at 1, we can simply substitute 1 into the function to
determine that the limitis f(1) = 3.

Example 2: Find
x3—1

x-1x—1

The graphical method shows the same graph. However, f(x) is not defined at 1, so we must assume
the graph at the point 1 does not exist, or there is a “hole”. We use an open circle to represent that the
function is not defined at a particular point.

\ /
\ e
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The numerical method shows the values of f(x) approaches 3 as x approaches 1, with the value at
exactly 1 being undefined. In other words, f(1) is undefined, but

Cox3-1
lim =3
x-1x—1

x Approaches 1 from the left x Approaches 1 from the right

.75 .9 .99 .999 1 1.001 1.01 1.1 1.25

x
f(x) 2.313 2.170 2.970 2.997 Error 3.003 3.030 3.310 3.813

f(x) Approaches 3 f(x) Approaches 3

Furthermore, if we factor and reduce the expression algebraically

=1 x-DE*+x+1)

2
= 1
1 1 x“+x+

This explains why the limit in example 1 is equal to the limit in example 2. Or

3

lim = limx?+x+1=3
x-1x—1 x—1

We say f(x) has a “removable discontinuity” at 1.

3_
Keep in mind, although the two limits are equal, the two functions %11 and x? + x + 1 are not the

same and don’t have the same domain. The two functions behave and graph “almost” the same, except
at the point x = 1.
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Exercise 1: Find
x—5

a) Use the graph to estimate the limit.

x—r:?;xz —2x—15

|

b) Create a table with values on both sides as x approaches 5.

x Approaches 5 from the left

x Approaches 5 from the right

x 4.9 4.99 4.999 5

5.001

5.01

5.1

S ()

¢) Use algebraic method to factor and reduce the expression, then find the limit.
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Exercise 2: Find
x—5
m —————————————————————————
x—-3x%2—2x —15

a) Use the graph to estimate the limit.

b) Create a table with values on both sides as x approaches —3.

x Approaches -3 from the left x Approaches -3 from the right
X -3.1 -3.01 -3.001 -3 —2.999 -2.99 -29
S(x)
f(x) Approaches ? f(x) Approaches ?

¢) What about using the algebraic method to find the limit?

. . . . -5
d) What is your interpretation of lim Zx— ?
x— —3 X4—2x—15

In summary, the function f(x) = sz_x—ls is not continuous at x = 5 and x = —3. From Exercise 1

and 2, we see that the limit exists at x = 5 but does not exist at x = —3. We say f(x) has a “removable
discontinuity” at x = 5 and an “infinite discontinuity” at x = —3.
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Limits That Fail to Exist

Behavior that differs from the right and left

The graph of the function f(x) = {g i Z ; has a value of y

L ]

4 when x approaches 2 from the right and a value of 2
when x approaches 2 from the left.

o]

s 4 2 0
Hence, lirr% f(x) does not exist
xX— -2
-4 4
-6
6
Unbounded behavior
The graph of the function f(x) = ﬁ exhibits .
unbounded behavior at x = 1. : ]
Hence, lim L does not exist -
x-1x-1 -6 ~x = 0

Oscillating behavior:

The graph of the function f(x) = sin% exhibits
oscillating behavior at x = 0.

o

=
'

=

i

. .1 .
Hence, lim sin= does not exist
x—0 X

(.
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Infinite Limits

Infinite limits are technically limits that do not exist. However, sometimes we say the limit is co if the

limit of f(x) as x approaches a is oo from the right and the left; or the limit is —oo if the limit of f(x) as
x approaches a is —oco from the right and the left.

) 1
Moz

_ -1
Y e EA
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One-Sided Limits

Sometimes we may be interested in knowing about the limit behavior from either the left or the right,
even if the limit does not exist.

One-Sided Limits

Left-hand limit: lim f(x)is the limit of f(x) as x approachesa from the left

xX—a

Right-hand limit:  lim f(x)is the limit of f(x) asxapproachesa from the right
xX—>a

6

Example: The left hand limit at x = 3:
lim f(x) =3 ) 5
x—-37

The right hand limit at x = 3: ] 1 ] \

Jim £ =1

The lim f(x) =L ifand only if lim f(x) = lim f(x) = L.
x-a x—a~ x—at
Explain:

Continuity at a Point

A function f'is continuous at cif the following three conditions are met.
1. f(c)is defined.

2. lim f(x) exists.
X—>C

3. lim £(x) = f(c)
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Exercise 3: Find the limits and values.

f(2)
Ji, )
Jig 70
Ji £
f(=1
im0
im0
Jim /@)
f(=3)
lm, 760
im0
Jim, /)
f@

Jim /)
Jim /@)

Ji £
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Exercise 4: Find the limits and values.
f=7)
72
i)
Jim, /@)
f(=6)
72
i)
Jim, /)
f(=3)
72
)
Jim, /@)
f(3)

i, G0
Jim )

Jiy £

-10 4

10
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Exercise 5: Find

] Vx+3-43
lim ——

x—0 X

a) Use the graph method to estimate the limit.

b) Use the numerical method to find the limit.

X -0.1 -0.01 | -0.001 0 0.001 0.01 0.1
S ()

c) In the next section, we discuss how to evaluate the limits analytically and algebraically. We will

Vx¥+3—/3
x

demonstrate how to simplify the function f(x) = to a form in which we can compute the

limit algebraically.
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SECTION 1 SUPPLEMENTARY EXERCISES

1) Determine the limit by either the graph method or the numerical method.

sinx

a) lim
x—0 X

b) lim —

x— —4 x+4

) 1
c) lim——
) x—2 (x—2)*

2) Find the limits and values.
f(2)

Jim £

Jim £

Jim /9

f(=1)

Jim, /)

Jim_ 1)

Jim )

f(=3)

3) Find the limits and values.

f()

i, 1G9
Jim 76
Jim £
f(5)

Jlim, 1G9
Jim 1G9

Jiy £

im £
Jim_ f(x)
ALY
f

Jim, 76
Jim 760
Jim £

fQ)
Jim £
Jim £

lim f(x)

x-1
f(=4)

L WAC)

lim f(x)

X——4"

lim f(x)

x—-—4

'
(3%}
1

10 q

-10 4
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Section 2: Evaluating Limits Analytically

Properties of Limits

Suppose c is a constant and the limits lim f(x)and lim g(x) exists.
xX—>a xX—a

Limit Properties Example:
Let f(x)=2x" and g(x)=x

L sum lim £ (x) + g(x)] =lim £ (x) + lim g (x)
2. Difference lim[ £ (x) - g(x)] = lim f(x) - limg(x)

3. Scalar lim[cf (x)]=clim f(x)
multiple ¥oa e

4. Product im[ /(x)g(x)] = lim f(x) « lim g(x)

5. Quotient lim f(x)
lim £ ) _ = if lim g(x) # 0
x—>a g(x) }CIE)I(} g(X) x—a

6. Power 11_I>n[f(x)]n = [ll_r)nf(x)]n

where n is a positive integer

7. limc=c
xX—a

8. limx=a
X—a

9. limx" =a” where nis a positive integer
xX—a

10. lim%/; = %/Z where n is a positive integer

xX—a

If nis even, we assume thata >0
11. Root limz/ f(x) = \/lim f(x)
xX—a xX—a
where n is a positive integer
If nis even, we assume that lim f(x) >0
xX—>a
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Strategies for Finding Limits

If the function f is continuous at a, we can substitute directly, and the limit is f(a).
If the function f is not continuous at a, we can perform algebraic manipulations to derive an equivalent
function g where lim f(x) = lim g(x) .
xX—a X—a
Method 1: Direct Substitution — when f is continuous at a

Exercise 1: Find the limit.

. -5
a) lim )26
x=>-1 x _3x
b) lim 222
x— X

Method 2: Dividing Out Technique — Factor and divide out any common factors

Helpful Factoring Formulas:  Difference of Two Squares a’ —b?> = (a+ b)(a—b)

Square of a Binomial a’? + 2ab + b* = (a + b)?
a? — 2ab + b* = (a — b)?

Sum of Two Cubes a® + b3 = (a + b)(a? — ab + b?)
Difference of Two Cubes a® — b3 = (a — b)(a? + ab + b?)
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Exercise 2: Find the limit.

. x*+3x-10 . x2+10x+25
a) lim —— b) im —————
x—> -5 x+5 x—>-5 x+5
— 3_
o lim =7 d) lim>—3

x—>-7 x> —49 =2 x—2



lim

X230

= lim

—

%20

Lim

%20

l I~
X0

li~
X0
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Method 3: Rationalizing Technique — If the function has a radical expression in the numerator,
rationalize the numerator by multiplying in the numerator and denominator by the “conjugate of the

numerator.”

Exercise 3: Find the limit.

I Vx+3—3
a) xl_I;% x ﬁ(.«‘” ChJ
Qre
VX+3-V3 _ Vx¥3-3
X - X
(W-E )( )
* 4 * Dfference of Square
2 1
()2 - () _ |
X - 9
43 - 1
—; - T VT 43
X ! . _‘IE_
» VALY J3
NES
A
b) llm‘/_5 &
x—>q x—4

—_ lin <Jy+x -3 \x+s +3>
T % —H \)x+$'+3

= !l'u ( 7‘+5L _ (3}1
9 Gemd) (x5 +3)

ll‘h ’(+S -q
S e-d) (I +3)

- II'M («‘("q\
o) (I3 +3)

- lin )

X2 el + 3

Joks +2
)

(s

()
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Method 4: The LCD Technique - Combining fractions in the numerator using the Least Common

Denominator (LCD)

Exercise 4: Find the limit.

1
x—0 x/

/\Cawf ex Trochi
’r‘/‘ac‘}l\)w u %L)n ‘F!M%\lbf

) }//%
l\./- Wg = _§ ¢ (\<+§D
= x20 X C (e+T

5(y+:) 4'/><+5‘)
— i~ W =
~ x>0 5% (x+ 5)
~ | _5 —(x+5)
¥=>0 5% (x+ 5>
].\."" X = S

= ¥ Sy (><+S)

1 1

+ -
b) lim =22
xX—2 Kl/_2/|

= x99 2 (x]
i Ll <>< = LD
Ty 2(x-2) [X_,qx
- h"\—\ ()( ZB

2 2(5-2) (x-Y)

[y o |
X901 2 (x-Y)

S I R O
2(-4) ~ } 5

-

N,
_a\
»l'

) XS4 S ()é-l’_g
:ll'A-— —]

= .
X220 ¢ (x4 S)

|

= T 5(9+%)
-
25

Led: 2.(x-14)

Sim pl‘?fy Caw'r):)‘ frechin

b ":’d LC_D ‘F’ } J—(novnl/'d'UYf
Ly ) x5, S
5(><+S)

Z' MuHﬂOJy Hﬁﬂ y\upenj}’dr Q
denominchyv lo\/ LCN .

K \ S\‘Mr] H:\j
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SECTION 2 SUPPLEMENTARY EXERCISES

Find the limit.

a)

b)

d)

e)

f)

8)

h)

lim (—x” + 5x%)

x—>—4

lim+/2x+4

x—>6

. xXT+6x-7
lim ——
=l x 42

x> +7x

lim
x—> 0 X

. x*=3x-10
lim——
=5 x° —8x+15

1 1
lim 66
x-=0 3x

AJXx+6—4/6
hrrg _
x— X

VIFx-VI
m —

x—0 X
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Section 3: The Derivative of a Function

Calculus is primarily the study of change. The basic focus on calculus 1s divided 1n to two
categories, Differential Calculus and Integral Calculus. In this section we will introduce differential
calculus, the study of rate at which something changes.

Consider the example at which x 1s to be the independent variable and y the dependent variable.
If there 1s any change Ax in the value of x, this will result in a change Ay in the value of y. The
resulting change in y for each unit of change in x remains constant and 1s called the slope of the
line.

The slope of a straight line 1s represented as:

Ay  y,-y; _ Changein the y coordinate

Ax  x,_x; Change in the x coordinate

NI - B T

[[* PaLy) © Qa2y2) Ay Ax

TANGENT LINES

Calculus 1s concerned with the rate of change that 1s not constant. Therefore, it 1s not possible to
determine a slope that satisfies every point of the curve. The question that calculus presents 1s:
“What 1s the rate of change at the point P?” And we can find the slope of the tangent line to the
curve at point P by the method of differentiation. A tangent line at a given point to a plane curve 1s
a straight Iine that touches the curve at that point.

159
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SECANT LINES

Like a tangent line, a secant line 1s also a straight line; however a secant line passes through two
points of a given curve.

157

[* P o o—f) & M [+ P o Q— 1]

Therefore we must consider an infinite sequence of shorter intervals of Ax, resulting in an infinite
sequence of slopes. We define the tangent to be the limit of the infinite sequence of slopes. The
value of this imit 1s called the derivative of the given function.

A
The slope of the tangentat P = lim i
Ax—0 Ax

w Secant line graph
& https://www.desmos.com/calculator/pzlb0a2z3v

Go to Desmos link above to see how secant line works. The red dot represents point P, the
blue dot represents point Q. Slide the blue dot Q towards the red dot P to see how the secant
line PQ becomes the tangent line at P when the distance between PQ approaches zero.

w Tangent Line graph
& https://www.desmos.com/calculator/dxg5fixwb7

Go to Desmos link above to see how tangent line changes as it traverses along a function f.

In your own words, what is the tangent line to a function?
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What does derivative of f'(x) mean graphically?
It is the slope (m ) of the tangent line of the graph y = f(x) at the point (a, f (a))

Slope of the tangent

lineis f'(x)
N

(a,f(@))
Fomdhion - denvative

£(%) ')

) dy
bl Y Ndx

olzr\'vajn' Ve noerLiDM:

THE DEFINITION OF THE DERIVATIVE
THE DIFFERENCE QUOTIENT

To find the slope of the tangent line to the function y = f(x) at, we must choose a point of tangency,
(x, f(x)) and a second point (x + h, f(x + h)), where h = Ax.

The slope of the tangent line, or the derivative of a function f is defined as:

P = Jim 2= pim TEEEO 2T L fe ) = G

Ax—0 Ax h—0 h

Example 1: Find the derivative of the function f(x) = 7x + 11 using the definition of derivative.

Let fx)=7x+11
And fx+h)=7(x+h)+11

By the definition of the derivative:
fx+h)—fx)
h

f1G) = lim

7(x + k) + 11 — (7x + 11)
h

f'(x) = lim

7x +7h+11—-7x —11
h

f'() = lim

! = li 7h—l' 7) =7
f(x)_hl—r»r(l)f_ hl_rg()—

Therefore, the derivative of f(x) is 7.
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Example 2: Find the derivative of the function g(x) = 3x2 + 6x — 9 using the definition of derivative.

Let gx) =3x?>+6x—9
And glx+h)=3(x+h)?+6(x+h)—9

By the definition of the derivative:

7 m{s(x +R)Z 4 6(x + h)h— %_ (3%% 4 6% — 9)

3(x?+ 2xh + h?) + 6x + 6h—9 —3x2 —6x + 9
h

g'(x) = lim

3x%2 +6xh+3h*>+6x+6h—9—3x>—6x+9
h

g'(x) = lim

6xh + 3h? + 6h
h

g'(x) = lim
g'(x) = }lirré(6x +3h +6)

g'(x)=6x+3(0)+6
g'x)=6x+6

Therefore the derivative of g(x) is6x + 6.

Exercise 1: Find the derivative of the following functions using the definition of derivative.

a) f(x) =5x+2

_(:(X) ‘F(X): S-X‘FZ
\ -
Pl = l}:j:o MT\—) F o) = 5 (o) 42
(e = Sx+5h+)
e (sxh2) — (S0
= s » | X If f6d=m¥h
£763 = m

lim SxASHh¥L —Sx~)

shye of e line )

h6 h i+¢ derivadive
ke Sk
ERRCT h

FY =
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b) f(x) = 3x?% — 4x

o f0) =Vx ANy
Py w ) ~F6J £ (3t =
h=o N ,_ .
e R = JX 7 = 50 W 5 )
" o N e \
i [ - J—> i+ X BER IR
- w2 |
e X% . = it +%
—  Lliam xth — x ) ) _ Ux
FfR = 25 Zx

T 0 h (i 5 UX)
|
FR=x &%}vm

d f(x) =1
iy b £ - £ ophe rectis
‘H’A Y h LCD: x (X‘H'\)
_ b~ ¥ - % |
20 h —
> A (<)< x{x—r@)
— e GLL — §<L > (X(x+L)>
RsY h x (x+h) _
F}(X): 2X
e X — (K-I'L\)
T w90 hx (xdb)
= I.IAP X_X-L-
W20 )y (x+|n)
= lim h

P20 hx(xeth)

- - = |

T o X(%-l'k\
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Example 3. Find the slope of the tangent line to the curve f(x)= x* +2 at the point (—1,3) using the
definition of the derivative, and find the equation of the tangent line.

By definition, the slope of the tangent line at any point is given by f"(x) .
Therefore f"'(x) equals to the following:

m =lim

S+ - f(x)
h

— lim (x+h)*+2)—(x*+2)

h—0 h
. (P H2xh+ R +2)—x* -2
m =lim
h—0 h
. 2xh+h?
m =lim——
h—0 h
m —lim h(2x+h)
h—0 h
m =1lim(2x+h)
h—0
m=2x+0
m=2x

Now this is the slope of the tangent at a point (x, f(x)) of the graph. Since the line is tangent at (-1,3),
we have to evaluate m at (—1,3) . Therefore, m =2(-1)=-2.
The slope of the tangent at (—1,3)is — 2.

Equation of a Line Review
Slope-Intercept Form
The equation of any line with slope m and y-intercept b is givenbyy = mx + b

rise vertical change
m = sIope =— =
run horizontal change

b = y — intercept

Point-Slope Form
The equation of the line through (x4, y;) with slope mis given by y —y; = m(x — x4)

To find the equation of the tangent line to the curve f(x) = x* + 2 use the point-slope formula to find
the equation:

y=0)==2(x~-(=1)
y—3=-2x-2
y=-2x+1

The equation of the tangent line to the curve f(x)=x" +2 at the point (—1,3)is y = —2x +1.



WKSHP 1475 WORKSHOP FOR CALCULUS I

Exercise 2: Find the slope of the tangent line to the curve f(x) =—3x> + x at the point (2,—10) using
the definition of the derivative, and find the equation of the tangent line.

o heox=31 %))
Fltl)= ~3 (x%Y v () £6)= oo X
= =3 (ah ) F (kb : L"“ (“6><~3L+)>
S0
= B fhe B XD = e
o e‘F\a-"O )
|(} l[;—,;o ’F(X‘M"} V‘PKX) ‘F/(ﬂ = —Lx+] - jiff@:,_,jx‘.}'y
i T Tt (- Sy G
< lim (V5x7 S A e } B (/;XI "',0() y- Y= (e X)) (%)
W0 l’\ y - /)("Xy)‘l"yl S ye )x.}n’n]o
- Lb- - -6 Lv3k]'+)(/‘”‘ ““}“/ft“)/ = £/ ==L -H-"-"” -
= 3~ bx 3 sm = f(2) (2) ]@
R e ) y= 76 (¢ = 2+ %
=0 N - /@) (% - (z))+(")°3
= - (x-2)-)0

Exercise 3: Find the slope of the tangent line to the curve f(x) = x at the point (—2,—8) using the
definition of the derivative, and find the equation of the tangent line.

Tﬁh(uﬁ]’ Ljw -

(2/4/738

Pl = (LY )
_ 3 2 T2 ) )
qung LJ/:SXL -H\ — 1
1/ liwe 'F(\l-\"n} *—’E(X>
£6)= A X
e (Pdh 43t )= X V=
Y b

|ier M

RERRTE h N T
_‘l”‘ 1 \-,x N =
= (gx b By + ) y

N IENOEION
Fly= 3

\/1’/
=

J
@ (‘Z} ‘Y\B
PO (k=) Y

-mf”@z); 3(-2) =

£7(=2) (x - /Q))—PMES
17 (% + 2) -¥
17 x 424 =%

12w +1b
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SECTION 3 SUPPLEMENTARY EXERCISES

1. Use the definition of derivative f'(x) = %il%w

to determine the derivative of each function.

a) g(x)=+1-5x

6
b) h(y)=—>-
y+1

¢) p(x)=vx+x

1
2

d) k() =

1
2. Find the slope of the tangent line to the curve f(x) = P at the point (5,—1) using the definition

of the derivative, and find the equation of the tangent line.
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Section 4: Differentiation Rules

The Differentiation Formulas

Derivative of a
Constant
Function

The Power Rule

The Constant
Multiple Rule

The Sum Rule

The Difference
Rule

The Product Rule

The Quotient
Rule

The Chain Rule

d
E(C) =0

i ny — n—1
dx(x ) =nx

where n is any real number

~[ef()] = co-f(x)
S0+ 9] = f() + g ()

S0 - g()] = f() — g ()

d
mU@I@I=
—[F] g+ [9(O] - f(x)

d [f(x) _ G @le@-Ze@1 @)
dx lg@l — [9(0)]2

L1£(90)] = £'(g(0) - 9 ()

Or in prime notation

9 =f'g+4g'f

Or in prime notation
@ysz—gv
g g?

Or, if y is a function of u, and u
is a function of x, then

dy dy du

dx du dx
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Find the derivative of each of the following functions using the differentiation rules.

- . d
Derivative of a Constant Function: o (c)=0

1a) f(x) =60

£)= 0

_ 8800718 4o0m

The Power Rule: %(x”) =nx

lb) y = ———+——62768.32
369 47
I A\j
v =0 a O
n—-1

where n is any real number

2a) y = x°

_fl_iz S’\a)v o
X Sx -~ O0X

2b) g(x) = x°

9'6)= ~Lx > b

* %\; z b(.'va-h‘n oFf 'F"“““h"" Y

bike derivative

The Constant Multiple Rule: % [ef()] = c%f(x)

%( ( 3 - of vhat js in pqrm‘ﬂﬂ'ﬂ

3a) y=-4x

ERRETC

= -4 (Ixj:—‘fCD:—“}

3b) p(x) =3x’
0'6)=3 1)

= 3(—7 x?’)>
= 2|4

The Sum Rule: % [f(x)+g)] = %f(x) + ig(x)
The Difference Rule: % [f(x)y==g(x)] = %f(x) — :—xg(x)

1 2
4a) y =2x? +4x3

}_
y'= L (1) 2 (4x)
22 4068 + 4440

£-1

22 (A7) #4 (55T
-1 -
= X 43 Kt

4c) y =-2x"" —5x> —7x

b A6 -5 L6740

olx~

- ()= slx) -7 ()

_3x -10x -7

4b) t(x) =2x" +4x+1 conshurt
¢60=24(") 41 () + &0
=2(-5x“) +4 (1) +o0
()= 1o + Y4

4d) h(x)=4x" =3x""
h0)= 4 (-#x") - 3(-15")

-8 _
= -2Fx + S><1
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Review Properties of Exponents Examples
- 8 3 |
Product Rule x™ - x™ = xmn y oy = \/
. geic 617 G
Quotient Rule —=x™" where (x # 0) — = N
x a
Zero Exponent x0=1 where (x # 0) w’ = ]
myn — .mmn 612 _ | 7L
Power Rule (x™" =x b)) = l:)
Power of a Product (x-y)*=x"y" (r't)’ = r 1z % 3
e

Power of a (E)n = ;_ where (y # 0) (p_zJ - &5

Quotient

. _ 1 _
Negative Exponent x "= ey where (x # 0) h =

1
= _n 3
Rational Exponents an = Va (64)% = ° é’-f = \JE: ¢

where Va is defined on R

m m
an = (%)m and an = Va™ . g
Rational Exponents where m and n are positive integers and (32)5 = .\5’&32 i ol C’\/SZ

Ya is defined on R

5. For each exercise below,
i.  Simplify and rewrite each term as x™ with exponent in the numerator.
ii. Find the derivative.

Function Rewriting the exponents Derivative
1 1
y=—+ = y=x?%+ x71 y'=—-2x"3—x72
X% x
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Function Rewriting the exponents Derivative
) I ! ’ XE'”
1 1 y="z2* ~2
1 z _*
y=——+x y = X x 3 _L
\/E ) _.L ——2 J_ 2
y=z X — 3 X
y=><3+(><) y="sx t3zX
1 3
y=3=* (Vx) ) . ;o :
Vx s z =—E X 43z X
y= x t x Yy 773X Z
] s /il-"'
10 s 7 ‘/2 X
s 2 7
_ (.,2)® =X = 7
y = (x3) Y x -
AT IP
3 ¢ 2 ; = (-] -l -~
\/’—‘fr-r;% 1—;1 + :,L 7':},< +/f+£(~2x )+ )
x3+3x2+6+7x3 -2 =5 ~4
— =Y
y= = vz x+ 34 6x + Fx S5 = 25
> = 2 s / 51\ /3 ' 1 é’)
B LI
S -S4 xpi"
2x3 —x?>+3x—5 Z 5 2 %
y Jx Y X

) % 5—7'-_ 5—%&'
JeSx —ax +tZ2X 45 %
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The Product Rule:  -[f(x)g(0)] = 2-[f ()] - g(0) + - [9()] - f(x)
or
f9)'=f'g+9'f
£0x)
b s&)
6a) y=x*(2x+3)= Ls+ 3

y =10t 2t (o
Wsing Peedwct Kula

Ix—F @
F&) (x)

|
- —_
e 5 WS

6b) g(x) = 3x — 7)(x? + 6x)
Aot wse ("‘A"‘d_ r"'"/e)

3/&): S(qu—éx)—r
J: TN N + x (2) = 5:%()57( + 6+ 18x -4
- i (ax +%) + 2 = W 422142
= R+ 100+ 2xY

3
l\,': 05! 412 |

d d
The Quotient Rule: - [£@)] _ &/ CIII—gla@I1 ¢

dx lg()l [9(x)]2

or

(£) - Lot
g g?
) /,{: 9xzz/F
7a) 5= 7b) 4(x) =——
3x+1 e—q Xk =3
Wens QuaticaPule Q)(1| Sx —L
X —&X
£ i . . < |l 3x+) lgx‘ bx ~2
A Y ‘ ®
q/l(’() _ - Afxl(éx’z)
[ fly-fg' . 20BxH) - 3X (8- 2"
Y= 2 (3x+))* o ‘ S
; ) SYx - 30x* — S9% +1¥x
Psad et (e
Pefhon YT e 18" ' )%X?—
chart —t / PP -
%) = z ’
. L se) | YT T X Cxef
% 77 ()
| <
(52 — 250) (34~ 2x) -

= (3x-2)"
X (%x -2 - x(8x-1)
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The Chain Rule:

If y is a function of u, and u is a function of x, then the chain rule is d_ = —

Derivative of the
composite function

f(g(x)

8. Find the derivative using the Chain Rule

a) y=(x*+3)°
u=x +3 \//’ £ o’
‘F(u)= w , y/:(gu?_> (2x)
‘F(U:]szxu y/: x(xz"_g}?‘_ [Zx)
w = 4X ,
g7 lox (43
%
y=+3x+1 = (3X~f|>
= —F}(m} o lA./
] ’Ji
! = 24
'E(“B:U- z Y
,-,l ) 2 (S)
/(u.) Zj’lk - 2
7:.%(3X*D
I
R Z(Sx-fl)é
I S
V=

Z,I_‘Sx-f-)

/’_ g\l Ixtl
I 2 (8x)

3\|37<‘H
4 x—l'z

Z1f(9@)]

=f'(9(0)-g' )

Derivative of the
inside function g

Derivative of the
outside function f

dy dy . du
du dx

b) s(x) = 2(5x—500)""
s'(0)= 2 (5% ~S00)
') =2

s'&) =2

s'(x)

T
= 10,000 (5x- S60) !

1000

dy = \/ST = K(Yx‘—*_l)’é
5x4+1
Y’= g (sx+ l)ﬂj—z
y'=5 - 10%
vz -1 0x
q0x

u:skt'f,
u’-—' [[73
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9. Find the derivative using combination rules

I (o) ()t (1))
=z
= _3x(2f-1) ~ 96x (24 ~14)
s .
= k(o -19)” (21— 12241

'z 8 (zngHi(f 9 —m’é’)

a) y=—4x?(2x3 —14)*
Nﬁtd ProOIu-c+ Ku.lt
Neeh Prodved '™

| ()

FXx| 24 (2:¢-14)°
N:z ea‘ +s aba-'n wule

N

%K{ZXS—”AY: ‘F’["‘) ’ LA}

Fl)=u
£ ()= ‘-hf = 4u’ -6
3 Y. L2
U= Zxﬁfl‘w‘ = 4 (2)
N e Z‘fx"[?-xz—l‘{)S
w =

b) y=x3-vVx2+3

0y =\/x23+3 ) ,{_‘ J o "/F&\)
x "\/ = — 2
Neod Qushent Rule | 0 1

X% (XEFS)’E M (lef-ﬁ)

x7)"

I

L
Z

{\ L (@33’:‘ — 3 (xt s)
\ =
th‘ Chain R"‘,Q y Xé
v m L % K ‘L)
w=(x+ L (,45) e N Gl 3 (8T
w =2 K z -1 ><6
’1-3 - X (Xi‘F 33

F(a} Z U 2 "‘z' 2 ')2_

/ | Tx /X (xqff?\ -3 (x“’é)
’E (u} —\7 VA Y - X‘-f



SECTION 4 SUPPLEMENTARY EXERCISES

1) Find the derivative using the Power Rule. Rewrite each term as an exponent if necessary.

a) f(x)=5x3+3x%-2 4y +8
-3 1 f) V¥ =—"—7—— (Do notuse quotient rule!)
b) m(x) =x2 + 3xs X
0 y=6vx—Vx S5x* —2x+1
2 8) f(x) =———— (Do not use quotient rule!)
d y= £V + 9x X

5
e) s(t) =t? +5

2) Find the derivative using the Product or Quotient Rule.
a) h(t) ={@At+3)(t-7)

b) y=3xVx+5
+5

0 p(x) = 5

VY=

3) Find the derivative using the Chain Rule and combination rules.
a) v(x) = (2 — 4x)00

b) v(x) = —x3(2 — 4x)1%0
c) y=vVx?+3x+4

2
4) Find the slope of the tangent line to the curve f(x) =-3X" +X atthe point (2,—10) using the

differentiation formulas, and find the equation of the tangent line.

3
5) Find the slope of the tangent line to the curve f(x) =X atthe point (-2,—8) using the

differentiation formulas, and find the equation of the tangent line.

6) Find the slope of the tangent line to the curve f(x) = ! p at the point (5,—1) using the

differentiation formulas, and find the equation of the tangent line.
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Section 5: The Derivative of Trigonometric Functions

Derivative of all six Trigonometric Functions

. d 3 —
Sine asm(x) = cos(x)
. d .
Cosine acos(x) = —sin(x)
d
Tangent atan(x) = sec?(x)
Cotangent % cot(x) = — csc?(x)
Secant % sec(x) = sec(x) tan(x)
d
Cosecant - csc(x) = — csc(x) cot(x)

Example: Find the derivative of the trigonometric function f(x) = 2x3 cos(5x) using the rules of
differentiation.

A derivative that requires a combination of the Product Rule and the Chain Rule

ProductRule: (fg)' =f'g+4g'f
The Chain Rule: %[f(g(x))] = f’(g(x)) -g'(x)

:—x (2x3 cos(x)) = [% (2x3)] cos(5x) + 2x3 [% cos(Sx)]

= 6x?cos(5x) + 2x3(—sin(5x) - 5)

= 6x2 cos(5x) — 10x3 sin(5x)
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Exercise 1: Find the derivative of the following trigonometric functions using the differentiation rules.

a) y=2sinx

b) y = sin(2x)
wse chain rue
.F CL‘B = Sin [V“)
F£/(.) = cos (w)
us Ax
w=2
c) y=xsinx
Prnvlntr{' Kufﬁ

PR
X sin (x)
) Cos(x)

d) y=sinx?

e) y=sin’x

f) y =sin?(x?)

y'=2 4 (51000)
\/' = coSCx)

\/’: "F,(k‘) . D\/
= Coslw) 2
= 2 cos (Zx)

\/I: ] ‘orale) + x COT(X)

= srn ()() + x {'a.l'()()
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Exercise 2: Find the derivative of the following trigonometric functions using the differentiation rules.

a) r(x) = xcos(2x?)

b) glx) = tan(i—x)

c) k(x) =cscx-cotx

cos(2x)
sin(x)+1

d) h(x) =

e) f(x)= +vsinx+5
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sinx

)

. d . .
Exercise 3: Show —tanx = sec? x. (Hint, rewrite tanx =
dx CoS X

SECTION 5 SUPPLEMENTARY EXERCISES
1. v(x) = tan(\/x37+2)
2. n(x) = 5cos3(x) — sin(2x)
3. g(x) = 2x?sec?(8x)

4. f(x) _ sin(x) sec(5x)

3x2

_ cos(x)
- 2 sin(—3x)

6. y= 4/sin?(x) +5
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Section 6: Higher Order Derivatives

One can determine higher order derivatives by finding the derivative of derivatives. For example, the
second derivative is the derivative of the derivative of the function (or the first derivative). The third
derivative is the derivative of the second derivative, etc. The higher order derivatives are denoted by

' dy " dZy " d3y (4) d4y n) dny
yV=— y'== y'=— yW=—" .,y ==
dx dx? dx3 dx* dx™

or in function notation f’,f”,f”’,f(4), ...,f(").

Exercise 1. Find £/, f", f""', f ® of the polynomial function f(x) = x3 — 2x% — 5x + 6. What is the
pattern for 4™ and higher order derivatives?

1
Exercise 2. Find y',y",y"", y® of the rational function y = o What is the pattern for 4™ and higher
order derivatives?
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. . dy d?y d3y d*y
Exercise 3. Find —, —, —
dx’ dx?2’ dx3’ dx¥

higher order derivatives?

of the sine function y = sin x. What is the pattern for 4" and

SECTION 6 SUPPLEMENTARY EXERCISES

1.Find f',f", "', f® of the polynomial function f(x) = x* + 8x3 — 9x% — 15x + 89 . What is the
pattern for 4™ and higher order derivatives?

2.Findy',y",y", y(4) of the radical function y = \/E What is the pattern for 4™ and higher order
derivatives?

3.Findg',g",9"", g™ of the polynomial function g(x) = tanx . What is the pattern for 4™ and higher
order derivatives?



WKSHP 1475 WORKSHOP FOR CALCULUS I

Section 7: Derivatives and the Shape of a Graph

Critical Points

Let ¢ be an interior point in the domain of f. We say that c is a critical point of f if f'(c) = 0 or f'(c) is
undefined.

In other words, a point c is a critical point if it satisfies the following:
* cisaninterior point in the domain of f.
»  f(c)is defined.
= Either f'(c) = 0 or f'(c) is undefined.

Intervals of Increasing and Decreasing
i If f'(x) > 0 on an open interval, then f is increasing on the interval.

ii. If f'(x) < 0 on an open interval, then f is decreasing on the interval.

First Derivative Test

Suppose that f is a continuous function over an interval containing a critical point c. If f is differentiable
on the interval, except possibly at point ¢ then f(¢) satisfies one of the following descriptions:

i. If f' changes sign from positive when x < ¢ to negative when x > ¢, then f(c) is a local
maximum of f.

ii. If f' changes sign from negative when x < c to positive when x > ¢, then f(c) is a local
minimum of f.

iii.  If f" has the same sign for x < c and x > c, then f(c) is neither a local maximum nor a local
minimum of f.

i) <0 f'(x)>0
f is decreasing on (—¢o, 0) \:-/ f is increasing on (0, )

2. fl(o) — 0
¢ = 0 is a critical point;
f(0) = —1 is a local minimum
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Exercise 1. Curve analysis of a polynomial function: f(x) = 2x3 + 3x? — 12x — 8

* Domain = (—o0,); Range = (—o, )

= Show Critical pointsarec = —2and c = 1.

= The point (—2,12) is a local maximum; the point (1, —15) is a local minimum

= Show the function is increasing on the intervals (—oo, —2) and (1, o) and decreasing on the

interval (—2,1)
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Exercise 2. Curve analysis of an absolute value function: f(x) = |x| —3

I )

4-13-12»11-10-94;-76-54434\/ 4 5 6 7 8 9 10 11 12 13 14
-1
2

Y (0.-3)

-5.

* Domain = (—o0,); Range = (—3, )

»  Show the critical point is ¢ = 0. The derivative f'(0) is undefined.
Why is f'(0) undefined? Hint: Whatis f'(x) on the interval (—o0,0)? What is f'(x) on the
interval (0,0)? Is it true that xlir(l,l+ f'(x) = xli_)%l_ f'(x)?

= The point (0, —3) is a local minimum; there is no local maximum.

= Show the function is decreasing on the interval (—oo, 0) and increasing on the interval (0, )
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1

Exercise 3. Curve analysis of a rational function: f(x) = <

* Domain=(—o0,0) U (0,); Range = (—o0,0) U (0, o).

= There is no critical point. Why is there no critical point? (Answer: x = 0 is not in the domain.)
=  Why is there no local maximum or local minimum?

» Show the function is decreasing on the intervals (—oo, 0) and (0, o).

= y = 0is ahorizontal asymptote, x = 0 is a vertical asymptote.
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Exercise 4. Curve analysis of a radical function: f(x) = x

* Domain = [0,); Range = [0, ).

= There is no critical point. Why is x = 0 not a critical point? (Answer: x = 0 is not an interior
point in the domain; it is an endpoint.)

* The point (0, 0) an absolute minimum. There is no absolute maximum. There is no local
maximum/minimum.

= Show the function is increasing on the interval (0, o).
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Exercise 5. Curve analysis of a trigonometric function: f(x) = cosx

(—37!.—1) (—TL —1) (rz.—l) (37!.—1)

* Domain = (—o0, ®); Range = [—1, 1].

= Show the critical points are c = km wherek = ---,—2,—1,0,1, 2, -+ are integers.

»  Show the local maximums are points (2km, 1); the local minimums are points ((Zk + D, —1),
wherek =---,—-2,—-1,0,1, 2, -+ are integers.

= The function is decreasing on the intervals (2km, (2k + 1)) and increasing on the intervals

((2k + D, (2k + 2)7), where k = -+, —2,—1,0,1,2,--- are integers
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Exercise 6. Curve analysis of f(x) = x3

=  Domain = (—o0, ); Range = (—o0, )

=  Show Critical pointis ¢ = 0.

= There is no local maximum or local minimum. Why is there no local maximum or local minimum
although there exists a critical point? (Answer: f’(x) = 3x2? > 0 for all x in the domain. Since
there is no sign change in f'(x) from x < ¢ to x > ¢ (both positive), thus f(c) is neither a local

max nor min.)

Are both statements below true? Are they Interchangeable?

Statement 1: If f'(x) > 0 on an open interval, then f is increasing on the interval.
Statement 2: If f is increasing on an interval, then f'(x) > 0.

Counter Example: The function f(x) = x3 is increasing on the interval (—o0, ©), but it’s not true
that f'(x) > 0 on (—o0, ). (Because f'(0) =0, not> 0.)

Statement 1 is true by definition. Statement 2 is false because of the counter example. The two
statements are not interchangeable.
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SECTION 7 SUPPLEMENTARY EXERCISES

For each function, determine the following. State “none” if there is none.
i.  Domain and range
ii.  Critical points
iii.  Local maximum and local minimum
iv. The intervals where the function is increasing and the intervals where it is decreasing
v. Sketch the graph

1. f(x)=x3+3x2-9x—10
2. f(x)=|x+3|

1

3. f(x)=x—2

4. f(x) =sinx

5 f(x) =e*



