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Method 3: Solving Quadratic Equations by the Quadratic Formula

The Quadratic Formula

The solutions to a quadratic equation of the form 02  �� cbxax , where 0za are given by the
formula:

a

acbb
x

2

42 �r�
 

Solving Quadratic Equations by the Quadratic Formula (This method can be used on any quadratic
equations; it may not be the best method if the equation can be solved using the other two methods.)

1. Put the equation in standard form: ૛࢞ࢇ + +࢞࢈ ࢉ = ૙.
2. Substitute, ,࢈,ࢇ and ࢉ into the quadratic formula and simplify.

Exercise 1: Solve using the quadratic formula

a) ଶݔ െ ݔ5 െ 8 = 0

b) ଶݔ + ݔ2 + 6 = 0

c) ଶݔ2 + 5 = ݔ4
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The discriminant is the radicand ૛࢈ െ ૝ࢉࢇ in the quadratic formula.

If the discriminant > 0, then the equation has two real roots.
If the discriminant = 0, then the equation has one real (double) root.
If the discriminant < 0, then the equation has two complex roots.

Exercise 2: Solve ଶݔ4 െ ݔ28 + 49 = 0 . What is the best method for solving this equation? Factoring,
the square root property, or the quadratic formula? What type of roots does it have?

Exercise 3: Solve ଶݔ + 63 = 0. What is the best method for solving this equation? Factoring, the
square root property, or the quadratic formula? What type of roots does it have?

Exercise 4: Solve ଶݔ2 െ ݔ6 െ 9 = 0. What is the best method for solving this equation? Factoring, the
square root property, or the quadratic formula? What type of roots does it have?
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SECTION 1.1 SUPPLEMENTARY EXERCISES

1. Factor completely

a) aa 52 �
b) 23 1525 yy �
c) 2 35 15ab a b�
d) 8164 2 �w
e) 22 2536 yx �
f) 3416 xx �
g) yy 813 �

h) 2949 t�
i) 236 9x y y�
j) 2 4 12a a� �
k) 2 29 36x xy y� �
l) mmm 214 23 ��
m) 2524 nn ��
n) 3 2 22 2 12x x y xy� �

o) 3 2 2 32 6x y x y xy� �
p) 26 9 15x x� � �
q) bbmaam 1025 ���
r) ayyaxx 8101215 ���
s) cdcbdb 62127 ���
t) 25 25016 aa �

SECTION 1.3 SUPPLEMENTARY EXERCISES

1. Solve the equations by factoring

a) 0862  �� xx
b) 22 3 14 0t t� �  
c) 2 10 25 0x x� �  
d) 2 14 55 6w w� �  
e) 2452  � tt

f) 032122 23  �� yyy

g) 0252  �k
h) 4916 2  x
i) 092  � zz
j) 26 12 0x x� � �  

k) 25 20 6 9m m m�  �
l) � � 045 2  ��y
m) � �� � 08233  ��� nnn

n) 210 27 18x x �

2. Solve the equations by the square root property

a) 1202  x
b) ଶݏ െ 45 = 0

c) � � 0492 2  ��y

d) � � 0166
2

1 2  ��x

e) � � 1658 2 �� b

f) 2݇ଶ + 80 = 0
g) ݕ) െ 3)ଶ + 64 = 0
h) ଶݕ + 88 = 7
i) ݕ) + 7)ଶ + 50 = 0
j) ݕ) െ 1)ଶ + 12 = 0
k) (2݇ െ 1)ଶ + 72 = 18
l) 9(2݉െ 3)ଶ + 8 = 449

3. Solve the equations by the quadratic formula

a) 252 � � pp

b) 422  � aa
c) 342 2 �� kk
d) 4912 2 � � mm
e) 0263 2  �� xx
f) 26 2 3 0x x� �  
g) 031310 2  �� xx

h) ଶݔ4 െ ݔ + 6 = 0
i) ݉ଶ + 2݉ = െ5
j) 2݇ଶ + 9݇ = െ7

k) � �� � 0642  ��� zz

l) � �� � 31573 � �� xx

m) 211 4 ( 2) 6( 3)n n n n� �  �
n) ( 3) 10 7x x x�  � �
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Module II
Polynomial Functions

Section 2.1 Definition of Functions, Domain, Range, and The
Interval Notation

A function ࢌ is an assignment (or relation) that assigns to each input ࢞ in the domain exactly one
output ࢟ in the codomain.

The domain of a function ࢌ is the set of all possible inputs of .ࢌ The codomain of a function is the set
of all possible outputs of .ࢌ The range of a function ࢌ is a subset of codomain and the actual outputs
of .ࢌ

For example,

݂:Թ ՜ Թ means the function ݂ has a domain ofԹ (all real numbers) and the codomainԹ (all real
numbers).

If we define ݂ as the assignment ݂: ݔ հ ଶݔ , then ݂ takes an input ݔ and assigns it to the output .ଶݔ We
can also write it as

(ݔ)݂ = ଶݔ or ݕ = ଶݔ

In this case, the range of ݂ is the set of nonnegative real numbers, or [0,λ) using the interval notation.

A function may assign the same output to two different inputs, but it may not assign two outputs to one
input. In other words, two different inputs may have the same output, but one input may not have two
different outputs.

Take the vending machine for example, one code (an input) returns one
bottle of beverage. It won’t return two bottles of beverages unless the
machine malfunctions. On the other hand, it is possible that two different
codes (different inputs) give us the same beverage (output).





22

Section 2.2 Quadratic Functions: Graphs and Roots

A quadratic function is of the form (ݔ)݂ = ଶݔܽ + ݔܾ + ܿ, where ܽ, ܾ, ܿ are real numbers and ܽ ് 0.

The graph of a quadratic function is a parabola (U-shaped). A parabola has either a maximum or a
minimum point, called the vertex. The axis of symmetry for the graph of a quadratic function is the
vertical line through the vertex.

The vertex can be found by the following methods:

Method 1: The Vertex Form

A quadratic function expressed as (࢞)ࢌ = ࢞)ࢇ െ ૛(ࢎ + ࢑ is said to be in the vertex form, where
(࢑,ࢎ) is the vertex.

Method 2: The Vertex Formula

If a quadratic function is in standard form (࢞)ࢌ = ૛࢞ࢇ + +࢞࢈ ,ࢉ the vertex can be computed using
the formula:

x-coordinate of the vertex is െ
࢈

૛ࢇ

Substitute x-coordinate to find the y-coordinate of the vertex

The roots of a quadratic function are those ࢞ values such that (࢞)ࢌ = ૙, or solutions to the equation
ଶݔܽ + ݔܾ + ܿ = 0. They are also called the zeros of the function. The quadratic equation

02  �� cbxax can be solved by factoring, by the square root property, or by the quadratic formula.
See section 1.3 for methods of solving quadratic equations.

Use the Desmos link below to see the effect of changing ݄, ݇ and ܽ on the parabola.

https://www.desmos.com/calculator/0txid19ts5
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How do you identify the real roots of the function? _________________________________________

_____________________________________________________________________________________

What do you notice about the roots in exercises 2f and 3c? How are their graphs different from the

rest? What can you say about the graph of a quadratic function with complex roots?

_____________________________________________________________________________________

_____________________________________________________________________________________

b) (ݔ)݂ = െݔଶ െ ݔ2 െ 5

c) (ݔ)݂ = ଶݔ െ ݔ2 + 5

The vertex is ______________

The Domain is _____________

The Range is _______________

The roots are _____________________________________

The function is positive on the interval _________________

(use decimal approximation)

The function is negative on the interval _________________

(use decimal approximation)

The vertex is ______________

The Domain is _____________

The Range is _______________

The roots are _____________________________________

The function is positive on the interval _________________

The function is negative on the interval _________________
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Section 2.3 Polynomial Functions: Graphs and Roots

A polynomial function is a function of the form (ݔ)݂ = ܽ௡ݔ
௡ + ܽ௡ିଵݔ

௡ିଵ+. . . +ܽଵݔ + ܽ଴ where

0zna , the exponents are all whole numbers, and the coefficients are all real numbers. na is the

leading coefficient, and 0a is the constant term, and ݊ is the degree of the polynomial.

The roots of a polynomial function are those ݔ values such that (ݔ)݂ = 0. They are also called the zeros
or solutions of the polynomial function.

A polynomial function has the following characteristics:
� A polynomial function with degree ݊ has ݊ roots (including multiplicity), they may be real or

complex roots.
� A polynomial function may cross the x-axis at most ݊ times, corresponding to at most ݊ distinct

real roots.
� If a polynomial function with real coefficients has complex roots, the complex roots always exist

in conjugate pair.
� A polynomial function may have a graph with at most ݊ െ 1 turning points.

The END behavior

The END behavior of the graph of a polynomial function

(ݔ)݂ = ܽ௡ݔ
௡ + ܽ௡ିଵݔ

௡ିଵ+. . . +ܽଵݔ + ܽ଴

Is determined by ݊ and ܽ௡ , where ݊ is the degree of the polynomial and ܽ௡ is the leading coefficient of
the polynomial.

Degree of
the

polynomial

Sign of the
Leading

Coefficient

Left End
Behavior

As ݔ ՜ െλ

Right End
Behavior
As ݔ ՜ λ

A maximum
or minimum

exists?

Domain &
Range

Example

݊ is odd ܽ௡ is positive
(ݔ)݂ ՜ െλ
or Down

(ݔ)݂ ՜ λ
or Up

No
D = (െλ,λ)

R = (െλ,λ)

݊ is odd
ܽ௡ is

negative
(ݔ)݂ ՜ λ
or Up

(ݔ)݂ ՜ െλ
or Down

No
D = (െλ,λ)

R = (െλ,λ)

݊ is even ܽ௡ is positive
(ݔ)݂ ՜ λ
or Up

(ݔ)݂ ՜ λ
or Up

There is a
minimum,m

D = (െλ,λ)

R = [m,λ)

݊ is even
ܽ௡ is

negative
(ݔ)݂ ՜ െλ
or Down

(ݔ)݂ ՜ െλ
or Down

There is a
maximum,M

D = (െλ,λ)

R = (െλ, M]
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Exercise 2. If (ݔ)݂ = ଷݔ െ ଶݔ2 െ ݔ5 + 6 .
a) Divide (ݔ)݂ by ݔ + 2 using synthetic division. Determine the quotient and the remainder. What

is the significance of the remainder being zero?
b) Set the quotient to zero and solve.
c) Express ݂ in factored form.
d) Find all three roots of ݂. What is the characteristic of the roots? (Rational, irrational, complex?)
e) Sketch a graph of ݂, check the graph on Desmos or graphing calculator. How do the roots of the

function relate to its graph?

The Remainder and Factor Theorems

The Remainder Theorem:
If a polynomial (࢞)ࢌ is divided by ࢞ െ ࢑, then the remainder is .(࢑)ࢌ

The Factor Theorem:
If a polynomial (࢞)ࢌ has a factor ࢞ െ ࢑, if and only if (࢑)ࢌ = ૙.

(i.e., if the remainder is zero, then the polynomial is factorable.)

The following are equivalent:
� ࢘ is a root of (࢞)ࢌ
� ࢘ is a zero of (࢞)ࢌ
� ࢘ is a solution of (࢞)ࢌ
� ࢞ െ ࢘ is a factor of (࢞)ࢌ
� (࢘)ࢌ = ૙
� The remainder of (࢞)ࢌ divided by ࢞ െ ࢑ is zero


