Exercise 4: Rationalize denominators. Simplify the answer.
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Complex numbers

We define the imaginary unit i = v/—1 as the solution to x? = —1. Coonley Ple
The square root of a negative number can be simplified v—b = Vv—1+vb = iv/b whereb > 0 s=pix a

vy .
342 @ U3

Exercise 5: Simplify the expressions.

a. J-81 b =75 c. —-49 d. J-15 * (2| <)
i 53 _%i 55 ¢ s
9¢ 5ifs
Powers of i : S\E L
) - -1
it=i iS5 = i:'!=l'l=¢, i’=_1¢ ( =¢
i2=-1 o= _ ~| i0=_-1 AP
i3=_i ls.l“"’(—')" i7= —i i11= - Llr_:_"
. -0\ . .
=1 (Vo(il)  E=_ ) R %
.qa’ .lld\-!'l--l‘_
What is the pattern for powers of i ? Write a rule forit _{ - l ) ==t
,QQ*Q -l .q‘*s -3 . 4
L =t =’| N Tl = -
Exercise 6: Simplify the product or quotient in terms of i
-36  &c¢
a) (V=9) (V16) = 3i Y4 b) 7= 3% 2
= 11
: Y A
V12) (V=6)= 269 - 4 = = =
O (V-12) (V=6)= 203 Jf@c =R a
=2-432 = 6J1¢
= Cf2 () et
Jz ¢
= -6 * 7
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We can add, subtract, multiply, and divide complex numbers following similar procedures and the
operations of radicals if the radicands are positive. If the radicands are negative, we must first convert
them to i.

Exercise 7: Perform the indicated operation.

part of the complex number and yi is the imaginary part of the complex number.
a)(—=5+9i) — (—2+3i) b) (2 + 75(<5_—\3i)
\-y
; ~6i +3si 121
~13 4 él. JO ~6¢ +3Si

) (2+3i)(2—30) @+v)(e-V) = ot -b* 31+24¢

@ -3 1+ 2 G-bidawi)
. 444 at - (W)
4 49 13 at- » v
13 a‘l + b‘l.
The complex numbers a + bi and a — bi are called conjugates.
The product of complex Conjugates (a + bi)(a — bi) = a? — (bi)*> = a? + b? is areal number.

Exercise 8: Rationalize the denominator.

(s+i) (0-1) o2l Tt Isialit - eisi
2 0-% 5-2i  S42( T (Y 4+ 29
-10¢ =2t .

C=2 -[0c4+2 2-l0i 10'0‘.'.

— ¢ L, IS;
t . Pt e— Y - == 4+—=L
m (w D-qi" s _\h'i = 9 2‘ zq

2 _lo,_1 5.
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Complex number or imaginary number concept was first investigated by a mathematician and inventor
named Heron (c. 10-70 A.D.) from the city of Alexandria on the coast of the Mediterranean, in Egypt.
While trying to find the volume of the frustum of a pyramid (see Figure 1) with a square base of a certain
size, Heron of Alexandria first encountered the square root of a negative number (Nahin, 1998).

M| L
Caution: o Correct work: (vV=12) (V=6) = (ivV12)(iV6) = i®V72 = —6V2
Incorrect work: (\/-12) (v—6) =72 = 62
V36 V36 V36 i iV36 _ iV18 _ .
Correct work: N A A —3iV2
36 . .
Incorrect work: \/% = /=18 = iV/18 = 3i\/2
A complex number is a number of the form x + yi where x and y are real numbers. We say x is the real
=S+ +1-73; 10 —6c 485 -2
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Section 1.3 Methods for Solving Quadratic Equations

A quadratic function is of the form f(x) = ax? + bx + ¢, where a, b, ¢ are real numbers and a # 0.
The roots of the function are solutions to the equation ax? + bx + ¢ = 0.

The quadratic equation ax® + bx + ¢ = 0 can be solved in many ways:
I. By factoring and the Zero Factor Theorem
2. By the Square root property
3. By the Quadratic Formula

Method 1: Solving Quadratic Equations by Factoring

Zero Factor Theorem: If ab = 0 thena = 0 or b = 0 or both.

Solving Quadratic Equations by Factoring (Use this method when the equation is factorable)
1. Put the equation in standard form: ax? + bx + ¢ = 0.
2. Factor completely.
3. Use the zero-product rule, set each factor containing the variable equal to zero and solve
for x. Note: Do not solve for the constant factor.

Exercise 1: Solve the equations by factoring
a) Solve: x*—4x-32=0

-3 x*q )=(_) - °
(:~8):(0 «+f=0 x==% er 5
x=g x ==Y

b) Solve: 36 —49y% =0
E-7y) (6+2y)=0
£-Fy=0 L+7y=0

~Fyz- ¢ l

\/:; - F
c) Solve: a —6a’+5a=0
o (ot -6a+S5)=0 5=0] | a-S=0(a-l-0
} [
s (a-5X&-1)=0 a=3 =1
d) Solve: 2x° +9x* =5x ) )
253+t -Sx =0 \:_qz b=g ,_}2-!'._.'.‘
= ;"'O:'o;
w (25 +3-5)=0 oz ae=Tl0TL
% (2x-) V(x+ $)=0 94> 410% -|x=5

%=0| | 2x—1=0 ’ xtf=0

\

y

(2x~40x)+ (-1x=5)
e ==s) T G LS
- (2x-") (x+5) A
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Method 2: Solving Quadratic Equations by the Square Root Property

The Square Root Property

If x° =a, then x:\/z orx:—\/z.

Sometimes it is indicated as x = i«/;

Solving Quadratic Equations by the Square Root Property (Use this method when the equation
consists of a square term and a constant term)
= |solate the square and then apply the Square Root Property

Exercise 1: Solve using the square root Property. Simplify the radical. Write out both solutions.

a) x2=100
x-100-0

|°' x—l0o<0
i)(:.]Ol
c) s?2+27=0

SR

S
Jst= + J22
S = +\r/7.L

S=+ 4J3 ¢

iv) 2(x+1)2+48=0

Z(x‘l l)\‘: L
(x*l)‘ -~ -2

X =00

W= loo
I8

NOetY = £ -29

x4l =2 20E ¢
X = -142[¢ ¢

b) s2—-12=0

st 11 S= -_!_'J?B

V¢ =2 ]n sz49z
=4 =70

d (y—3)2-98=0

(-3 =98

JG-9)2 =+ Jar
.

43 11
= 3+

y

A
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The Quadratic Formula

The solutions to a quadratic equation of the form ax’> +bx+c=0,where a #0 are given by the
formula:

B —b++/b* —4dac

X =

2a

Solving Quadratic Equations by the Quadratic Formula (This method can be used on any quadratic
equations; it may not be the best method if the equation can be solved using the other two methods.)

1. Put the equation in standard form: ax® + bx + ¢ = 0.
2. Substitute, a, b, and c into the quadratic formula and simplify.

Exercise 1: Solve using the quadratic formula

a) x2—-5x—8=0

az) = ~bz it Nec”

bz-g‘ 2o

cz -8 *=-t-r)-_"\ﬁ-§)"-‘fm[—'3v _ S+s2
T z2a) - 2

b) x2+2x+6 =0
a=l o (OxJ (e 40 (0)
b.' z T 2(')

2
Y= ’1:2&“' Y= —‘ir;
2

c) 2x2+5=4x
2% -Yx+S5=o0

e “DEJLeAac

Method 3: Solving Quadratic Equations by the Quadratic Formula

Ze
xz (N2 J() YD
B o I3 T
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The discriminant is the radicand b? — 4.ac in the quadratic formula.
If the discriminant > 0O, then the equation has two real roots.
If the discriminant = O, then the equation has one real (double) root.
If the discriminant < 0, then the equation has two complex roots.
Exercise 2: Solve 4x? — 28x + 49 = 0. What is the best method for solving this equation? Factoring,

the square root property, or the quadratic formula? What type of roots does it have?

Exercise 3: Solve x2 + 63 = 0. What is the best method for solving this equation? Factoring, the
square root property, or the quadratic formula? What type of roots does it have?

Exercise 4: Solve 2x? — 6x — 9 = 0. What is the best method for solving this equation? Factoring, the
square root property, or the quadratic formula? What type of roots does it have?

=



SECTION 1.1 SUPPLEMENTARY EXERCISES

1. Factor completely

a)
b)
c)
d)
e)
f)
8)

a’*—5a
25y° —15y°
5ab* —15a°b
64w’* —81
36x° —25y°
16x —4x°

y' -8ly

h) 49-9¢°

i) 36x°y-9y

i) a*—4a-12

k) x°+9xy—36y°

) m’—4m* =21m
m) 24+5n—n’

n) 2x’ -2x"y-—12xy’

SECTION 1.3 SUPPLEMENTARY EXERCISES

1. Solve the equations by factoring

a) x’+6x+8=0
b) 2¢* +3t—14=0
) x> —10x+25=0
d) w' +14w+55=6
e) t* —5t=24

f) 2y°+12y°-32y=0

g) k*-25=0

h) 16x° =49

) z2-9z=0

i) —6x*—x+12=0

2. Solve the equations by the square root property

a) x> =120
b) s? —45 =10

o (v+2)°-49=0

d)

1

E(x— Y -16=0

e) 8=(b-5) -16

o)

p)
a)
r)

t)

f) 2kZ+80=0
g) (—3)2+64=0

h) y2+88=7

2xX°y +x°y* —6x)°
—6x> —9x+15

am—5a+2bm—10b
15x —-12ax +10y —8ay

7b—2bd +21c — 6¢d
16a° —250a°

5m* +20m =6—-9m
(y+5)7° -4=0
(n-3)3n-2)-8n=0
10x*> =27x—18

) (y+7)?+50=0

) -1D*+12=0

kf (2k—1)2+72=18
) 9(2m —3)%+8 =449

3. Solve the equations by the quadratic formula

a)
b)
c)
d)
e)
f)
8)

p’+5p=-2
a’-2a=4
2k* = -4k +3
12m+9m* = -4
3x> +6x+2=0
6x> +2x+3=0
10x* -13x-3=0

h) 4x> —x+6=0
i) m?+2m=-5
i) 2Kk2 49k = —7

K (z-2)z+4)+6=0
) (Bx-7)x+5)=-31
m) 11n° —4n(n—2) = 6(n +3)
n x(x—3)=-10x-7
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Polynomial Functions

Section 2.1 Definition of Functions, Domain, Range, and The
Interval Notation

A function f is an assignment (or relation) that assigns to each input x in the domain exactly one
output y in the codomain.

The domain of a function f is the set of all possible inputs of f. The codomain of a function is the set
of all possible outputs of f. The range of a function f is a subset of codomain and the actual outputs

of f.
For example,

f:R = R means the function f has a domain of R (all real numbers) and the codomain R (all real
numbers).

If we define f as the assignment f:x +— x?2, then f takes an input x and assigns it to the output x2. We
can also write it as

f(x) =x?% or y=x?

In this case, the range of f is the set of nonnegative real numbers, or [0, ) using the interval notation.

A function may assign the same output to two different inputs, but it may not assign two outputs to one
input. In other words, two different inputs may have the same output, but one input may not have two
different outputs.

Take the vending machine for example, one code (an input) returns one
bottle of beverage. It won’t return two bottles of beverages unless the
machine malfunctions. On the other hand, it is possible that two different
codes (different inputs) give us the same beverage (output).




Exercise 1. Determine if each of the following set forms a function. If it is a function, determine its

domain.

Set of ordered pairs
{(1,1),(2,1),(3,1)}

Set of ordered pairs
{(1,1),(1,2),(1,3)}

Fahrenheit-Celsius
conversion formula

F 9C 32
=—C+
5

Equation of a line:
y=mx+Db

Parabola:
y=ax?>+bx+c

Circle:

Function?
(Yes or No)

Ne¢
No

Ye s

Yes
it ko mlb
Ye)

i wiKaow o b,

Ne

ol i e whalii?sfilfc: (:(i)cr"rr:;in?
b I 212,83
| hes me ] 'P’e It
'I.“f‘*’" o = < e | ﬂ;

rwldcin F

(—-aO,aOB

% snpud reshs n R all re |3
| y ovtput (’w)oﬂ)
n Mr)wl' (L8
= lywipt | (-2100)
Nu“‘c‘ph y’d'ﬂl’f“"‘hf
| x~aput

* nalesr otheryise Sh‘}"'z Asvo,a O‘f‘u” f»l\lpmld Fvw\O‘]'iovd

Interval on the real number line

15 2

Inequality notation Real number line Interval notation
a<x<bh « a b > [a, b]
a<x<bh < o ° = (a,b)
a<x<bh < . 0 > [a, b)
a<x<b < g b > (a,b]

xX=>a < . > > [a, )
xX>a < = > > (a,0)
x<b e (=0, b]
x<b “ “ b > (—o0,b)
All real numbers — (0, ) m
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Section 2.2 Quadratic Functions: Graphs and Roots

A quadratic function is of the form f(x) = ax? + bx + ¢, where a, b, ¢ are real numbers and a # 0.

The graph of a quadratic function is a parabola (U-shaped). A parabola has either a maximum or a
minimum point, called the vertex. The axis of symmetry for the graph of a quadratic function is the
vertical line through the vertex.

The vertex can be found by the following methods:

Method 1: The Vertex Form
A quadratic function expressed as f(x) = a(x — h)? + k is said to be in the vertex form, where
(h, k) is the vertex.

Method 2: The Vertex Formula
If a quadratic function is in standard form f(x) = ax? + bx + c, the vertex can be computed using
the formula:

. . b
x-coordinate of the vertex is — 2a

Substitute x-coordinate to find the y-coordinate of the vertex

The roots of a quadratic function are those x values such that f(x) = 0, or solutions to the equation
ax?® + bx + ¢ = 0. They are also called the zeros of the function. The quadratic equation

ax® +bx + ¢ =0 can be solved by factoring, by the square root property, or by the quadratic formula.
See section 1.3 for methods of solving quadratic equations.

Use the Desmos link below to see the effect of changing h, k and a on the parabola.
https://www.desmos.com/calculator/0txid19ts5

e —
y=+? | |
Use the 5438 12 206 the afiect of 'K 01 0 grapn \ | /

. \

Q-G-n 1
o ma e 1 o - ;
= ‘
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?m‘aml’ funckron \/’—"1 —>  Teoncformedfuachon y= o L) +k

g .
How does the graph change when you change h? When h is positive? When h is negative? y (7( ’l])

LJL\O.“\

h s pofl‘l'lv(

r‘-PLI c\o (49 —

¥ do not ]/‘\CIM(L{

h ¢ n£\a+|vt qMOL\ e~

n-?sr_}\'v(

How does the graph change when you change k? When k is positive? When k is negative? \/ Y + ‘4

l‘\:' k 1$ Dul{‘lve

ﬂrc-.oh i\

NL (cJ’l"Q

rcpl'\ \/

How does the graph change when you change a? When a is posmve? When a is negative? When |a| >

1? When |a| < 1?

WL\QV\ lﬁ‘ >‘

pcmloolc Cher ptvu

lal <]

Exercise 1: For each quadratic function:

i) Identify the vertex.
ii) Sketch the graph.

iii) Determine the domain and the range of the function.
iv) Find the roots. Determine whether the roots are two real roots, one real root, or two complex roots.

a) f(x),=x]

1

The vertex is [010)
£0,02

The Domain is

The Range is

The roots are

Faﬂ.‘%‘L wld!ns

b) f(x) =x*>-3 o) f(x) = (x—-3)? X ehts
y A "é' /)
(bbf; .’(—:r:".")h 6 -5 -4 l% ..,(a‘;oj,hJ
(or® :
The vertex is (Ol - 3) The vertex is (5'07
The Domain is (" Ll oo) The Domainis [ ~®2 o2

The Rangeis L= 37 00)
The roots are _ = ﬁ
rol i~ 4-p
=3
!

\“L

X

Lo jo°

The roots are 3

The Range is




Exercise 2: For each quadratic function,
i. Use the Vertex Form to determine the vertex.
ii. Sketch the graph.
iii. Determine the domain and the range of the function.
iv. Find the roots. Determine whether the roots are two real roots, one real root, or two complex roots.

af() =& +57+6 b) f(x) = 2(x +2)? — 8 A f(x) = =327 =2

y
(-5:6D

L/{-"r‘;{”' T

J(-—f’i’n"O)' "J‘C"Uﬁ".‘.l:l.’.’":L.h’JAx <-,.~*z'.:“::i1?“«41"»‘-<"=

The vertex is (_ 5 ! é)

The vertex is The vertex is
nis €02 1ED) —
The Domain s e / The Domain is The Domain is
The Range is The Range is The Range is
The roots are _ =~ S i\lb
The roots are The roots are

“6‘*5)14":'0 Ot=¢C
— (4" =L &;Ess +J6 x=-C+f6

Exercise 3: For each quadratic function,
i. Use the Vertex Formula to determine the vertex.
ii. Sketch the graph.
iii. Determine the domain and the range of the function.
iv. Find the roots. Determine whether the roots are two real roots, one real root, or two complex roots.
v. Determine the interval where the function is positive or negative

’Ll"D

The Domain is (—&[ L

The Range is {“ 92 00)

The roots are - ] 1 5

The function is positive on the interval (—oo, - DU( 1’;00)

The function is negative on the interval ("'/ :)

a)f(x) =x?>+4x—-5 = ("‘\")(3“’5)

The vertex is

- -._.k -~ --'ﬁ - -
y’r!CY' l‘* 2¢ =~ 20" 1

le= (<2)*+4(-2)-5 = -




b) f(x) =—x%—2x—5

y

The vertex is
The Domain is

The Range is

The roots are

The function is positive on the interval

(use decimal approximation)

The function is negative on the interval

(use decimal approximation)

of(x)=x%>—-2x+5

y

The vertex is
The Domain is

The Range is

The roots are

The function is positive on the interval

The function is negative on the interval

How do you identify the real roots of the function?

What do you notice about the roots in exercises 2f and 3c? How are their graphs different from the

rest? What can you say about the graph of a quadratic function with complex roots?




Section 2.3 Polynomial Functions: Graphs and Roots

A polynomial function is a function of the form f(x) = a,x™ + a,_1x" 1+... +a,x + ay where
a, # 0, the exponents are all whole numbers, and the coefficients are all real numbers. a, is the

leading coefficient, and a, is the constant term, and n is the degree of the polynomial.

The roots of a polynomial function are those x values such that f(x) = 0. They are also called the zeros
or solutions of the polynomial function.

A polynomial function has the following characteristics:
= A polynomial function with degree n has n roots (including multiplicity), they may be real or

complex roots.
= A polynomial function may cross the x-axis at most n times, corresponding to at most n distinct

real roots.
= |f a polynomial function with real coefficients has complex roots, the complex roots always exist

in conjugate pair.
= A polynomial function may have a graph with at most n — 1 turning points.

O pa4bi s arant

The END behavior

The END behavior of the graph of a polynomial function

[hen a-bu IS alse st

f(x) = apx™ + an_1x" ... +ayx + aq

Is determined by n and a,, , where n is the degree of the polynomial and a,, is the leading coefficient of
the polynomial.

Degree of

the

polynomial

nis odd

n is odd

nis even

nis even

Sign of the
Leading
Coefficient

a, is positive

a, is
negative

a, is positive

a, is
negative

Left End
Behavior
As x - —oo

f(x) » —o0

or Down

f(x) =
or Up

fx) =
or Up

f(x) » —o0

or Down

Right End
Behavior
As x = oo

f(x) =
or Up

fG) > oo

or Down

f(x) =
or Up

f(x) » —o0

or Down

A maximum
or minimum
exists?

No

No

Thereis a
minimum, m

Thereis a
maximum, M

Domain &
Range

D= (—o,®)
R= (—00, OO)

D= (—OO, OO)
R = (—o0, )

D= (—OO, OO)
R =[m, o)

D= (—OO, OO)
R=(—o,M]

Example



Synthetic Division

The method of Synthetic Division is a quick way to divide a polynomial f(x) by a linear factor of the
form (x — k). Instead of using long division, we can simply work with the coefficients of f(x) and k.

Example: If f(x) = ax? + bx + c. Divide f(x) by (x — k).
Step 1: Set up synthetic division using the coefficients a, b, ¢ and k.

k J a b c

Step 2: Bring down the first coefficient a. Multiply a by k and add to b

k a b c
ka
a b+ ka

Step 3: Repeat the procedure. Bring down b + ka. Multiply b + ka by k, and add to c.

k a b c
ka k(b + ka)
a b+ ka c+k(b+ka)

Step 4: Repeat the procedure until we finish the last coefficient. The result of the division is a quotient
polynomial g(x) = ax + (b + ka) with remainder ¢ + k(b + ka). Note: The degree of the quotient is
1 less than the degree of the original polynomial.

k a b c

ka k(b + ka)

Coefficients > a b+ ka c+k(b+ka) B <« Remainder
of q(x)

Exercise 1. If f(x) = 3x? — 8x + 17 is divided by x — 4. Determine the quotient and the remainder.

x-Y=0 @ 2 -3 17 ,F("l): 113
X = \[/ YA




Exercise 2. If f(x)
a) Divide f(x) by x using synthetic division. Determine the quotient and the remainder. What

is the significance of the remainder being zero?
b) Set the quotient to zero and solve.
c) Express f in factored form.
d) Find all three roots of f. What is the characteristic of the roots? (Rational, irrational, complex?)
e) Sketch a graph of f, check the graph on Desmos or graphing calculator. How do the roots of the
function relate to its graph?

o) a1 -2 -5 C
A NP I
x=-2 2 .

|7 -4y~ 2 Lg@rmc-'do;
X" -Yx +3

5 X+L 18 fector of {(x} g

2 s o ret o ’HX} 62 0>5? |
b) x'-Yx+3=0 Yint £) () =)D

_ =1, 3 ol ) roots: ~1,1,3
(x*')(""'g’o =l 3 re.), rofroed]

The Remainder and Factor Theorems

The Remainder Theorem:
If a polynomial f(x) is divided by x — k, then the remainder is f (k).

The Factor Theorem:
If a polynomial f(x) has a factor x — k, if and only if f(k) = 0.
(i.e., if the remainder is zero, then the polynomial is factorable.)

The following are equivalent:
= risarootof f(x)
= risazeroof f(x)
= risasolution of f(x)
= x —risafactor of f(x)
= =0

= The remainder of f(x) divided by x — k is zero

J /7.1, thélu} \Il.f{ .



