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Chapter 12
Solving inequalities

In this chapter we use our knowledge of functions to solve inequalities. In
Section 12.1, we study polynomial inequalities and absolute value inequali-
ties, while in Section 12.2 we solve rational inequalities.

12.1 Polynomial and absolute value inequalities

We will develop a general strategy for solving inequalities involving non-
linear functions. Linear inequalities, however, can be solved quite easily by
separating the variable z, while keeping in mind that multiplying or dividing
a negative number reverses the sign of the inequality.

—2r<—-6 =— x>3
but 22 <6 = <3

Example 12.1

Solve for z.
a) =3z +7>19 b) 2z +5 > 4z — 11
) 3< —6zx—4<13 d) 2r—-1<3z+4<4x—20
Solution.
The first three calculations are as follows:
a) 3x+7>19 LB 3r>12H D o 4
b) 224+ 5>4r— 11 =25Y _9z> 161 <

210
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)3<-6r-4<13 £ 7< 6r<17

GO 1

_—6>$Zi—2 — —F <r<-—¢

Here, the last implication was obtained by switching the right and left

17 7

terms of the inequality. The solution set is the interval [—%", —¢).

For part (d), it is best to consider both inequalities separately.
op—1<3r+4 Y 5p<sED) L5

Sr+d<dr—20 25 _p< &Y

The solution has to satisfy both inequalities x > —1 and = > 24. Both
inequalities are true for x > 24 (since then also z > —1), so that this
is in fact the solution: =z > 24. O

We now consider inequalities with polynomials of higher degree.

Example 12.2

Solve for z: 22 —32z—4>0

Solution.
To get an idea of where 2> — 3x — 4 > 0, we graph the left-hand side
function f(z) = 2* — 3z — 4.

\ o [
\ /

Note that the output x> — 3z — 4 is greater or equal to zero when
the graph of f(z) is above or on the z-axis, which is marked in red.
Since the graph is a parabola, the graph can only switch from above to
below the x-axis (and the same from below to above the x-axis) when
it intersects the x-axis. These are the roots of the function.

So, we first find the roots of the polynomial, which, in this case, can be
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done by factoring.

?-3r-4=0 = (z—-4)(z+1)=0= <z=4o0rz=-1

From the graph we see that f(z) > 0 when x < —1 or when x > 4 (the
parts of the graph above the z-axis). To show this without using the

calculator, we can check one point in each of the intervals (—oo, —1),
(—1,4), and (4, 0):

-1 4
I I
Check v = —2: Check z = 0: Check =z = 5:
f(=2)=(-2)2-3-(-2)—4| f(0)=02-3-0—-4 | f(5)=52-3-5—4
=44+6—-14 =0—-0—4 =25—15—-4
=6>0 ——4%0 =620
TRUE FALSE TRUE

The solution set S is therefore
S={zlx <—-1lorz>4}=(—00,—1]U[4,00).

The numbers —1 and 4 are included in the solution set since this is
where we have equality 22 — 3z — 4 = 0, and the original inequality
x? — 3z — 4 > 0 includes the equality. O

Note 12.3: Solving inequalities

Analyzing the previous example, we use a three-step approach when
dealing with inequalities.
e In step one we find the = where the left-hand side and the right-

hand side of the inequality change from “>" to “<” and vice versa.
In particular, we check where the two sides are equal.

e In step two we check one z in each of the subintervals from step
one to decide whether they satisfy the original inequality or not.

For steps one and two we may also use the graphing calculator to gain
further insights.

e In step three we check which of the endpoints of the intervals are
included in the solution set.
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Example 12.4

Solve for z.

a) 12+ 3r—10<0 b) 2% — 92% + 23z — 15 < 0
) x>+ 15z > 72> +9  d)z* — 2% >5(2® —2)

Solution.
a) We can find the roots of the polynomial on the left by factoring.
?+3z-10=0 = (z+5)(z—2)=0 = z=-50rz=2

To see where f(z) = 2> + 3z — 10 is < 0, we graph it with the
calculator and check numbers in each interval where f(x) # 0.

20
;
@
-10 - o/ 5 10
20
-5 2
i I
Check z = —6: Check z = 0: Check z = 3:
f(=6) f(0) f(3)
=(—=6)2+3-(=6)—10| =02+3-0—10| =2324+3-3-10
=36 —-18 — 10 =0+0-10 =94+9-10
=840 =-10<0 =840
FALSE TRUE FALSE

We see that f(z) < 0 when —5 < x < 2. The numbers —5 and 2 are

u ”

not included because the inequality “<” does not include equality.
The solution set is therefore S = {z| — 5 <z <2} = (-5,2).
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b) Here is the graph of the function f(z) = 23 — 92% + 23z — 15 from
the graphing calculator.
/ p:

(1,0)/\ ,0)

(3,0
5 0 /7 6.0

&

This graph shows that there are two intervals where f(z) < 0 (the
parts of the graph below the z-axis). To determine the exact intervals,
we calculate where f(z) = 2% — 922 + 23z — 15 = 0. The graph
suggests that the roots of f(x) are at z =1, z = 3, and x = 5. This
can be confirmed by a calculation:

f1) = 1°-9-1"+23-1-15=1-9+23-15=0,
f(3 = 33-9.32423.3-15=27-81+69—15=0,
f(53) = 5°—9.52+23.5—15= 125 — 225 + 115 — 15 = 0.

Since f is a polynomial of degree 3, the roots z = 1, 3, 5 are all of the
roots of f. (Alternatively, we could have divided f(z), for example,
by x — 1 and used this to completely factor f and with this obtain
all the roots of f.) We next check each interval.

1 3 5
| | !

| |
Check £ = 0: | Check z = 2: | Check x = 4: | Check z = 6:

FO)=-15<0| f(2)=320 | f(4)=-3<0|f(6)=16<0
TRUE FALSE TRUE FALSE
With this, we can determine the solution set to be the set:

solutionset S = {zeRjz <1, or3 <z <5}
= (—o0,1]U[3,5].

Note that we include the roots 1, 3, and 5 in the solution set since

u ”

the original inequality was “<" (and not “<"), which includes the
solutions of the corresponding equality.
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c) We rewrite the inequality in a way that has zero on one side so that
we can get a better view of where the corresponding equality holds.

224+ 15 >T2+9 —= 22— 722+ 152 —-9>0

(Here it does not matter whether we bring the terms to the right
or the left side of the inequality sign! The resulting inequality is
different, but the solution to the problem is the same.) With this,
we now use the graphing calculator to find the graph of the function
f(x) =23 —T72® + 15z — 9.

(9]

-10 -5

o
19)]
-
o

|
(4]

The graph suggests at least one root (the left-most intersection
point), but possibly one or two more roots. To gain a better un-
derstanding of whether the graph intersects the x-axis on the right,
we rescale the window size of the previous graph.

i F

a

N

(1,0) (3,0)-

-5

This viewing window suggests that there are two roots z = 1 and
x = 3. We confirm that these are the only roots with an algebraic
computation. First, we check that z =1 and x = 3 are indeed roots:

f) = P-7-1°+15-1-9=1-7+15-9=0,
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f(3) = 32 —-7.324+15-3—9=27—63+45—9=0.

To confirm that these are the only roots (and we have not just missed
one of the roots that might possibly become visible after sufficiently
zooming into the graph), we factor f(z) completely. We divide f(x)
by z — 1:

2 —6x 49

x—l‘ z3 —72%2 +15z -9
o)
—622 +15z -9
—(—62* +62)
9 -9
—(9z -9)
0

and use this to factor f:

flz) = 2 —72°+152—-9=(z —1)(z* — 62+ 9)
= (z—1)(x—-3)(x—3)
This shows that 3 is a root of multiplicity 2, and so f has no other

roots than x = 1 and x = 3. The solution set consists of those
numbers x for which f(z) > 0. We check points in each interval.

1 3
| |
| |

Check z = 0: | Check z = 2: | Check z = 4:
FO)=—-9%0|f(2)=1>0 | f4)=3>0
FALSE TRUE TRUE

From this calculation, as well as from the graph, we see that f(z) > 0
when 1 < x < 3 and when z > 3 (the roots x = 1 and z = 3 are
not included as solutions). We can write the solution set in several
different ways:

solution set S = {z|l <x <3 orxz >3} ={x|1 <z} — {3},
or in interval notation:

solution set S = (1,3) U (3,00) = (1,00) — {3}.
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d) Again, we move all terms to one side:

' —2® > 5(z® —x) (distribute 5) = ' —2® >52° - 52
(subtract 52°, add 57) = z* — 52 — 2%+ 52 > 0.

We graph f(z) = ' — 523 — 2? + 5z with the graphing calculator.

= + 'S % « £
@ f(x)=x4—5x3—x2+5x N ud
* 0 f(xl) (1,0)
-2 42 + N +
~0.5 ~2.0625 i (-1,0) \ (0,0) (5,0)
6 210 i
s
The graph suggests the roots x = —1, 0, 1, and 5. This can be
confirmed by a straightforward calculation.
f(=1) = (-D)*=5.-(=1)* - (=1)>+5-(-1)=1+5-1-5=0,
f(0) = 0*-=5-0°~0*—-5-0=0,
f) = 1*-5.-*-1245.-1=1-5-1+5=0,
f(5) = 5*—5.5°—-52+5.5=125—125—25+25=0.
The roots z = —1, 0, 1, and 5 are the only roots, since f is of degree
4. We check points in each interval.

—1 0 1 d

Check = —2:  f(=2) = (=2)* — 5. (=2)® — (=2)2 + 5 (~2)

=42>0 TRUE
Check z = —0.5: f(—0.5) = (—=0.5)* — 5 (—0.5)3 — (=0.5)> — 5 - (—0.5)
~—21%0 FALSE

Check z = 0.5:  f(0.5) =0.5*—5-05%— 052 +5-1
~17>0 TRUE
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Check z =2:  f(2)=2'-5-22—-2245.5=—18 20  FALSE
Check z = 6: f(6)=6*—5-63—6>+5-6=210>0 TRUE
Since the inequality we want to solve is f(x) > 0, which includes

equality, the zeros of f are included in the solution, and so the
solution set is:

S = (=00, =1 U [0,1] U [5, 00)

O

Polynomial inequalities come up, for example, when finding the domain of
functions involving a square root, as we will show in the next example.

Example 12.5

Find the domain of the given functions.

a) f(x) =Va? -4 b) g(x) = Va3 — 5% 4 62

Solution.

a) The domain of f(z) = V2% — 4 is given by all = for which the square
root is non-negative. In other words, the domain is given by numbers
x with 22 —4 > 0. Graphing the functiony = 22 —4 = (z+2)(z —2),
we see that this is precisely the case when z < —2 or x > 2.

=t L & K F
- 10

© @

-3 5

-2 0

1 _3 -10 0 10

0 -4

1 -3

2 0

-10

EHa ¢ B
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Therefore, the domain is Dy = (—o0,—2] U [2,00). This is also
confirmed by the graph of f, which is shown below.

5 ’

= 4+ B« N F

&
»

(-2,0) (2,0)

b) For the domain of g(z) = V23 — 522 + 6z, we need find those x with
23 — 522 + 62 > 0. To this end, we graph y = 2® — 522 + 62 and
check for its roots.

™ (0,0)
T @0 ~ (o)
El a

From the graph above, we calculate the roots of y = 23 — 522 + 6x
atz =0, z = 2, and = 3. Furthermore, the graph shows that
22— 522+ 62 >0 precisely when 0 <z <2 or 3 < z. The domain
is therefore D, = [0,2] U [3, 00).

O

A similar computation to that for polynomial inequalities also applies to
absolute value inequalities, which we show in the next example.
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Example 12.6
Solve for z: |20 —3| > 7

Solution.
To analyze |2z — 3| > 7, we graph the function f(z) = |22 — 3|, as well
as the function g(z) = 7.

=+ 8 « \\ 10 / s
Q -ln-3l 57} i
y=7 | (=2,7) &

3

y
-

To see where |2z — 3| > 7, we first find the values where |22 — 3| = 7.
Note that 2z —3 has an absolute value of 7 exactly when 2x —3 is either

7 or —T7.
22 -3|=7 = 2z-3=4=7

= 2x—-3=7 = 2xr—3=-7
(@dd 3) = 22 =10 (@dd 3) = 22 =-4
(divide by 2) = z=5 (divide by 2) = z = -2
We next check in each interval whether |2z — 3| > T:
-2 5
I I
Check z = —3: Check z = 0: Check z = 6:
12-(=3)=3|>7 2-0-3|>7 2.6 -3|>7
|—9]>7 |—3|>7 9] > 7
9>7 3>7 9>7
TRUE FALSE TRUE
Since the values at x = —2 and x = 5 give equality, the solution set

for |2z — 3] > 7 is given by S = (—o0, —2] U [5, 00). O
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12.2 Rational inequalities

221

Rational inequalities are solved with a similar three-step process that was
used to solve the polynomial and absolute value inequalities before (see Note
12.3 page 212). That s, in step 1, we find possible inputs where the inequality
may change its sign (for example at the x-intercepts). In step 2, we check in
which of the intervals the given inequality is true, and which are thus part of
the solution set. Finally, in step 3, we determine which of the endpoints of
the intervals should be included in the solution set.

Example 12.7

Solve for z.
r—1 Tr—3
Q=1 =0 bgs>0
5 4 3
d) 775 <3 o) 5 <333
Solution.

a) We first graph the function f(z) = Z=L.

(
(1,0)

&

c x2—5z+6
z2—5x

>0

As shown above, the graph changes from above to below the z-axis
at the z-intercept x = 1, and then changes from below to above the
xr-axis at the vertical asymptote at + = 4. Using both x = 1 and
x =4, we get the three intervals (—o0,1), (1,4), and (4, c0), which

we will check as to whether f(z) < 0 or not.

1

Check x = 0: | Check x = 2: | Check =
7 ;O
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Since the inequality is ;—:}l < 0, we include the root at x = 1 in the
solution set. However, we do not include = 4, since this is a vertical
asymptote of f and would not give a solution of the inequality, but
would rather give an undefined expression on the left-hand side of
the inequality. The solution set is therefore S = [1,4).

b) To solve 222 > 0, we graph the function f(z) = =3

62+5 ~ 6x+5"
F
5
/’-——_—
-10 5 0 5 10
(0.429,0)

| W

z-intercept: 7 —3 =0 = Tr =3 = x =

5
vertical asymptote: 62 +5=0 = 6r=—-5 — x = ~5

Note that % ~ 0.429 is indicated in the graph. The vertical asymptote
is approximately at —% ~ —0.833. We can therefore use —1, 0, and
1 to check the inequality f(z) = Z=2 > 0 on the corresponding

6x+5

intervals (—oo, —%), (—%, %) and (%,oo).
_5
6

——~lee

Check z = —1: | Check z = 0: | Check =z = 1:

7.(-1)-3 ! 7.0-3 7 7.1-3 J

6(—1)+5 >?O 6015 ?> 0 6-1+5?> 0

L —-10>0 2>0 $>0
TRUE FALSE TRUE

For the solution set, we do not include the root of f since the inequal-
ity is strict f(x) > 0, and we never include the vertical asymptote of
f. The solution set is therefore

S = (= 00,~5) U (2 00)

6 7
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c) Here is the graph of 255246 in the standard window.
» "
= L8 £ « / F
‘/V x2_ X f
& ()= -Stb

x2 — bx /2
X @ f(x) I e \_‘

'
N

Factoring numerator and denominator, we can determine vertical
asymptotes, holes, and z-intercepts.

2> —5x+6  (r—2)(x—3)

2 -5z  z(z—5)

The vertical asymptotes are at + = 0 and x = 5, the z-intercepts are

2_ o
at x = 2 and x = 3. To see where % > (, we check numbers in

each of the corresponding intervals.

0 2 3 >

Check v = —1:  f(~1)= G20 125 g TRUE
Check o =1:  f(1)= L5216 = 2 % FALSE
Check x = 2.5:  f(2.5) = 25502046 — =035 » 4 TRUE
Check w = 4:  f(4)= L5446 — 2 4 FALSE
Check o =6:  f(6) = 952846 = 12 5 ¢ TRUE

Combining all of the above information, we obtain the solution set:

solution set S = (—00,0) U [2,3] U (5, 00)
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Notice that the x—intercepts z = 2 and z = 3 are included in the
solution set, whereas the values x = 0 and = 5 associated with the
vertical asymptotes are not included, since the fraction is not defined
forx =0 and z = 5.

d) To find the numbers = where ﬁ < 3, we can graph the two functions
on the left- and right-hand side of the inequality.

=+ > 8K | ] \ £

) -

=

However, this can sometimes be confusing, and we recommend rewrit-
ing the inequality so that one side becomes zero. Then, we graph
the function on the other side of the new inequality.

5—-3(z—2)
<3 <— —-3<0 & ——=<0
T —2 T —2 T —2
5—3x+6§0 — 11—3:15SO
T —2 r— 2
Therefore, we graph the function f(z) = 4=32.
= + L £ « . F
AV ,_ l1-3
" R (3.667,0)
-10 -5 0 NG5 10
= \

The vertical asymptote is = = 2, and the z-intercept found is thus

11-3z2=0 = 1l=3z = x:%%3.667.
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We check the inequality % <0 ato0, 3, and 4.

11
2 3
| |
I [

Check = 0: | Check z = 3: | Check = = 4:

? ? ?
11-3.0 _ 11-3-3 _ 11-34 _
0-2 ?SO 3—27§0 4-2 7§0
5 <0 2<0 2 <0
TRUE FALSE TRUE

This, together with the fact that f is undefined at 2 and f(%) = 0,
gives the following solution set:

5= (~en2) 0 [fhoo)

e) We want to find those numbers x for which zi% < =25, One way to do
this is given by graphing both functions f;(z) = xi% and fy(7) = =5,
and by trying to determine where fi(z) < fa(x). The graphs of f;
and f, are displayed below. Note that it may sometimes not be

completely obvious to determine in which intervals f; is greater than

fa.

= o « \ £
] 5
- \
x+5
V-3 T ¢ w
=
\
\ -5
E - \

As before, we recommend rewriting the inequality so that one side
of the inequality becomes zero:

4 - 3 PN 4 _ 3
r+5 -3 r+5 -3
4(x —3) = 3(z +5)

(x+5)(z—3)
4r — 12 —3x — 15

(x+5)(x—3)

<0

!

<0

<0
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Simplifying this, we get the inequality: —%27— < 0. We therefore

(z+5)(z—3)
graph the function f(z) = %
=+ 8 « tj £
h x—27
Y =G
-5 0 5 10
i -5
The vertical asymptotes of f(z) = % are r = —5 and x = 3.
The z-intercept is (27,0). We next check the corresponding intervals.
-5 3 27
| | |
| | |
6)—27
Check 7= —6:  f(—6) = =B 75 = 5’3 <0 TRUE
Check 2 =0:  f(0) = gis =g = 15 = 1t #0 FALSE
Checkz =4  f(4) = o=y = 5 <0 TRUE
Check x =28:  f(28) = ﬁggg) % %z 0 FALSE

Note that the graph of f is indeed above the z-axis for z > 27.

= + L o & «

01
s I x—27
'V Bl e

0 50

- \ o

Therefore, the solution set is

solution set S = {z|xr < =5, or 3 <z < 27} = (—o0, —5) U (3, 27).

Here, the x-intercept x = 27 is not included in the solution set since

u ”

the inequality had a “<” and not “<" sign.
O
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12.3 Exercises

Solve for x.
a) br +6 <21 b) 3+ 4x > 10x
C) 2 +8 > 6x + 24 d)9—3zr <2x—13
e) -5<2r+5<19 f)15>7-2x>1

g)3xr+4<6x—-2<8x+5 h)5z+2 <4z -18 <7z +11

Solve for .
a) 22—-52—14>0 b) 2 -2z >35
) 22-4<0 d 22+3z-3<0
e) 22%+2r <12 f) 322 <2zx+1
g 2—4x+4>0 h) 23 —222—-52x+6>0
) 34+422+32x+12<0 ) —2°—4z < —4z?
k) 2*—10224+9<0 )  a* =523 +52% + 51 <6
m) at— 523+ 622 >0 n) % — 6z + 23+ 2422 — 202 <0

0) x® — 15z* + 853 — 22532 + 274z — 120 > 0,
p) 10— 1<0

Find the domain of the functions below.
a) f(z) =+va2—-8x+15 b) f(z) = V9 — 23
o f(x)=+(c-1{@d—-2z) d) f(z)=+/(z—2)(x—5)(z—6)
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Exercise 12.4

Solve for z.
a) 2z +7>9 b) |6z + 2| < 3

c)|5—3z| >4 d)|—z—-7<5
e)|1—8z|>3 f)1>][2+¢

Exercise 12.5

Solve for z.
&3>0  b)FEI>0 <0 d) FEH >0
) <0 HHHE>0 g <0 h)5H>0
)23 <4 D As>5 k<2 ) 25 <z
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