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Long division

Recall long division of integers.
Divide: 3571

11
= dividend

divisor

324 = quotient

11 3571
−33

27
−22

51
−44

7 = remainder

Answer:

3571

11
= 324 +

7

11

Or rewrite without fractions:

3571 = 324 · 11 + 7

Divide polynomials: x3+5x2+4x+2
x+3

x2 +2x −2
x + 3 x3 +5x2 +4x +2

−(x3 +3x2)

2x2 +4x
−(2x2 +6x)

−2x +2
−(−2x −6)

8

Answer:

x3 + 5x2 + 4x + 2

x + 3
= x2 + 2x − 2 +

8

x + 3

Or:

x3 + 5x2 + 4x + 2 = (x2 + 2x − 2) · (x + 3) + 8
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Long division - exercises

1 Divide: x3−3x2−4x+9
x+2

x2 −5x +6

x + 2 x3 −3x2 −4x +9
−(x3 +2x2)

−5x2 −4x
−(−5x2 −10x)

6x +9
−(6x +12)

−3

Answer:

x3 − 3x2 − 4x + 9

x + 2
= x2−5x+6+

−3
x + 2

Or:

x3−3x2−4x+9 = (x2−5x+6)·(x+2)−3

2 Divide: x3−5x2−2x+16
x−4

x2 −x −6
x − 4 x3 −5x2 −2x +16

−(x3 −4x2)

−x2 −2x
−(−x2 +4x)

−6x +16
−(−6x +24)

−8

Answer:

x3 − 5x2 − 2x + 16

x − 4
= x2−x−6− 8

x − 4

Or:

x3−5x2−2x+16 = (x2−x−6)·(x−4)−8
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Long division - exercises

3 Divide: 6x3+16x2−7x+4
3x+2

2x2 +4x −5
3x + 2 6x3 +16x2 −7x +4

−(6x3 +4x2)

12x2 −7x
−(12x2 +8x)

−15x +4
−(−15x −10)

14

Answer:

6x3+16x2−7x+4
3x+2

= 2x2 + 4x − 5 + 14
3x+2

Or:

6x3 + 16x2 − 7x + 4 = (2x2 + 4x − 5) · (3x + 2) + 14

4 Divide: x3+2x2−5x+3
x−2

x2 +4x +3

x − 2 x3 +2x2 −5x +3
−(x3 −2x2)

4x2 −5x
−(4x2 −8x)

3x +3
−(3x −6)

9

Answer:

x3 + 2x2 − 5x + 3

x − 2
= x2+4x+3+

9

x − 2

Or:

x3+2x2−5x+3 = (x2+4x+3)·(x−2)+9
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Remainder theorem and factor theorem

From the last exercise:
x3 + 2x2 − 5x + 3︸ ︷︷ ︸

=f (x)

= (x2 + 4x + 3︸ ︷︷ ︸
=q(x)

) · (x − 2) + 9

⇒ f (x) = q(x) · (x − 2) + 9
⇒ f (2) = q(2) · (2− 2︸ ︷︷ ︸

=0

) + 9 = 9

Theorem (Remainder theorem)

Divide f (x) by (x − c) gives f (x) = q(x) · (x − c) + R,
where the remainder R is given by

f (c) = R

Note that R = 0, that is f (c) = 0, exactly when
f (x) = q(x) · (x − c), that is we succeeded in
factoring f (x) with (x − c) being one factor.

Theorem (Factor theorem)

(x − c) is a factor of f (x) exactly when f (c) = 0,
that is exactly when c is a root of f .

Find the remainder using the
remainder theorem.

1 x3−4x2+2x+8
x−3

c = 3

R = f (3) = 33−4 ·32+2 ·3+8
= 27− 4 · 9 + 6 + 8
= 27− 36 + 6 + 8
= 5

2 x3+6x2+11x+6
x+2

c = −2

R = f (−2)
=(−2)3 + 6 · (−2)2 + 11 · (−2) + 6

= −8 + 6 · 4− 22 + 6
= −8 + 24− 22 + 6
= 0

Therefore: (x + 2) is a factor
of x3 + 6x2 + 11x + 6:

x3 + 6x2 + 11x + 6 = q(x) · (x + 2)

Find q(x) via long division.
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Factoring completely - exercises

1 Factor completely: f (x) = x3 + 2x2 − 17x + 6
Step 1: Find a root c of f (x) with a graphing calculator

−10−9−8−7−6−5−4−3−2−1 1 2 3 4 5 6 7 8 9 10

−20−19−18
−17−16−15
−14−13−12
−11−10−9
−8−7−6
−5−4−3
−2−1
12
34
56
78
910

1112
1314
1516
1718
1920
2122
2324
2526
2728
2930
3132
3334
3536
3738
3940
4142
4344
4546
4748
4950

Observe: 3 is a root of f (x).
Therefore: divide f (x) by (x − 3)

Step 2: Divide f (x) by (x − c)

x2 +5x −2
x − 3 x3 +2x2 −17x +6

−(x3 −3x2)
5x2 −17x

−(5x2 −15x)
−2x +6

−(−2x +6)
0 3

Thus:
x3 + 2x2 − 17x + 6 = (x2 + 5x − 2) · (x − 3)

Step 3: Continue factoring; use factoring or the quadratic formula if possible:

x2 + 5x − 2 = 0 ⇒ x =
−b±
√

b2−4ac
2a

=
−5±
√

52−4·1·(−2)
2

= −5±
√
33

2

⇒ x3+2x2−17x+6 = (x−3)(x2+5x−2) = (x−3)
(
x−
−5 +

√
33

2

)(
x−
−5−

√
33

2

)
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Factoring completely - exercises

2 Factor completely: f (x) = x3 + 5x2 − x − 14
Step 1: Find a root c of f (x) with a graphing calculator

−10−9−8−7−6−5−4−3−2−1 1 2 3 4 5 6 7 8 9 10

−16−15
−14−13
−12−11
−10−9
−8−7
−6−5
−4−3
−2−1
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16

Observe: −2 is a root of f (x).
Therefore: divide f (x) by (x + 2)

Step 2: Divide f (x) by (x − c)

x2 +3x −7
x + 2 x3 +5x2 −x −14

−(x3 +2x2)
3x2 −x

−(3x2 +6x)
−7x −14

−(−7x −14)
0 3

Thus:
x3 + 5x2 − x − 14 = (x2 + 3x − 7) · (x + 2)

Step 3: Continue factoring; use factoring or the quadratic formula if possible:

x2 + 3x − 7 = 0 ⇒ x =
−b±
√

b2−4ac
2a

=
−3±
√

32−4·1·(−7)
2

= −3±
√
37

2

⇒ x3+5x2−x−14 = (x+2)(x2+3x−7) = (x+2)
(
x−
−3 +

√
37

2

)(
x−
−3−

√
37

2

)
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