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LECTURE 7: COUNTING PRINCIPLES AND EXPERIMENTS HAVING
EQUALLY LIKELY OUTCOMES

Multiplication Principle

If noperations O1, 02, ..., O, are performed in order, with possible number of

outcomes N1, N2, ..., Njrespectively, then there are N1 N2 “*"* N, possible

combined outcomes of the operations performed in the given order.

Examples SFO( a s¢ (/(@VICZ 0‘@&\/@%}5

/\ ««\1) A retail store stocks windbreaker jackets in small, medium, large, and extra-large,

(3 b & ned- and all are available in blue or red. We choose small, medium, large and x|
p\/} R B e jackets. How many choices do we have? What are they? 2 Z Z 2
€6
F‘\/\{b f{\ﬁ F{/\P) {z\p) Use the fundamental counting principle to get: 2*2*2*2=16 SMal( Mqﬁ LG )( L
NN AN AN [\{\fgrrr, bbbb, rrbb, rbbr, rbrb, brbr,...etc.}
Qp AP RERB RB RORDRD |

2) From the 26 letters in the alphabet, how many ways can 3 letters appear in a
row on a license plate if no letter is repeated? If letters can be repeated? If
adjacent letters cannot be alike?

Using the Fundamental Counting Principle _

6« A5 -
No letter repeated:
_—_ __/

.\ S ZI\CQ 5 rd

Letters can be repeated: 9\6 6 Q@ Q ;Zé ~ lq’/g%

roﬁ

Adjacent letters not alike: Q @ 9 ” (Ol 221{
o

3) How many 5-digit ZIP code numbers are possible if successive digits must be ‘p
. " .
different: 0@46(%. 0,02, . ..,9 /DMaQO

Again, use the Fundamental Counting Principle d(' (‘I’S
\o- 4 -9 -1 - J
e gl 2 W 5T6R610
s H s — L
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Factorials

The product of the first n natural numbers is called n factorial and is denoted by n'.

For na natural number,
nl: n.(n— 1).(n— 2). 2.1

ol=1

A= pe(p=1)!

Permutations

A permutation of a set of distinct objects is an arrangement of the objects in a specific
order without repetition. 7(

Example
Suppose that 4 pictures are to be arranged from left to right on one wall of an art
gallery. How many permutations (ordered arrangements) are possible?

AT Ay

= T Ad v AR
(;/il/a/.cﬂﬁ am E I 297

Permutations of nObjects Taken rata Time

A permutation of a set of ndistinct objects taken rat a time without repetition is an

arrangement of r of the nobjects in a specific order.
!
= _n

Pnr= __/|

= |
(n-rn Q/l/ﬂ

where 0< r<n.

Note that P,, , = n'
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Example

Now suppose that the director of the art gallery decides to use only 2 of the 4 available
paintings, and they will be arranged on the wall from left to right. How many
permutations of 2 paintings can be formed from the 47

A e
2% ) >t

Combinations

A combination of a set of ndistinct objects taken rat a time without repetition is an r-
element subset of the set of nobjects. The arrangement of the elements in the subset
does NOT matter. \

CVl\/’< - l(.h—f)

Example @)momkaﬂ, &Q%-thtexﬁ’

Now suppose that an art museum owns 8 paintings and another museum wishes to
borrow 3 of these paintings for a special show. How many ways can the 3 paintings be
selected for shipment out of 8 available? When shipping the paintings, is the order

important? 6% &Mq>

ct
Order does not matter, so use combinations.U\ 00/

%Cg - CC%I%BZ (25: 5/@

Experiments with Equally Likely Outcomes

it

Each outcome in the sample space Sis equally likely to occur. That s, if sample space S
consists of noutcomes, say, S= {E1, E2 E3 " E,,}, then P(E1) = P(Ez) == P(En)-

The probability of any event Ais equal to the proportion of the outcomes in the sample
space thatisin A Thatis,
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) = number of outcomes in S that are in A

Gamembe . Qfdﬂ@\m\d«tes
Examples: od \/ UIQJ\)@ S O_é @fl /L

1) Rolling adiewith S={1,2 3 4 5 6} Compute the probability of the events

g1={1 3 S}and g2=1{6}.
3 _
PEN= G = 5
P(Ez) -0

2) Flipping two coins: S={HH, HT, TH, TT. Compute the probability of following

(e;’)enGtZ:(ting atleastone H. — 2 HH’, H’T/ T H% —
(P(M (east ora )= —2/ = O

(b) Getting exactly one H.
Z -

£, =7 W THS 0(ED="7= 5

(c) Getting atleastone H or atleastone T.

£ % i T e g P(Bs): =
(d) Getting three T. (\) (% /Y %—) — D

P(A

3) Consider an experiment of rolling two die and compute the probability of
following events.
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(@) Prod & /N »
roducing a sum o \(o (9 l %43 (’&k e

> mﬁ?»

Z 3 Y 6 {23
31,213 .--,zmz,za, 3,32 3

(b) Producing a sum of 11.. \/V_\—/
Ey=5umod (\=3506,65% n= 6:6=36

PEN= 2 =75

(c) Producing sum thatis NOT 7 or 11. :
7 swm Fof U = 3(@,@! 34 43,52,25,56.65

UATE 2 aps s \¢ casted

(d) Producing a sum less than 4. \})W'\ \»Q— SN “+o¢ ( P W\fb:

( —
‘60(& d Thes ( (k€ £ Sum_')\’l‘,o(*IZLx——E’x.
 AosB) =t

(e) Rolling the same number for both dice.
Eq=3 \l,z\)kl\(o

Jncs
%0% o es ﬂa@( ol Vemes e
Cg\/wdlﬂ ey ) m+ ondl must come WP
u&mﬂ \09520(@ Q-Lg \Kg@&o

4) Among 32 dieters following a similar routine, 18 lost weight, 5 galned weight,
and 9 remained the same weight. If one of these dieters is randomly chosen, find
the probability that he or she gained weight, lost weight, and neither lost nor
gained weight.

Exercises (Counting Principles)

1) From a committee of 10 people
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(a) In how many ways can we choose a chairperson, a vice-chairperson, and a
secretary, assuming that one person cannot hold more than one position?

(b) In how many ways can we choose a subcommittee of 3 people?

2) A group of 100 people touring Europe includes 55 people who speak French, 42
who speak German, and 16 who speak neither language. How many people in
the group speak both French and German?

3) From a standard 52-card deck, how many 7-card hands will have all diamonds?

T o skandod duct > 123 Qamend cavedls

dere ordon does NoT edtel
2o use tomanakions ((J3,F)= 131

4) How many 5-card hands will have 3 aces and 2 kings?
4 ees = 4 c(4,3) - 2> =9y
iﬁﬁm&S: 4 —

P
L(52:5)

= 2,593,960
NA—

—_—

Exercises (Probability)

1) In afamily with 3 children, excluding multiple births, what is the probability of
having 3 girls? Assume that a girl is as likely as a boy at each birth.

2) Consider an experiment consists of drawing 5 cards from 52-card deck. Compute
the probability of following hands:
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(a) 5face cards.
Th o standard ole (& 2 12 face cords
E c(i2,5) - #Z___ _ op0304.
o (52,5)  2,5%%,9%0

) aces fofod (4. Cli8 1)
= 52-4=HE¥ u\ﬁ) (Hoces)= ¢(52,5)

yoh at§
(c) Royalflush (10, J, Q, K, A all in one suit).

“There are only 4 Suds = se There are @n\\//‘l Loy S

&,5?glcwc

s can happen- P (Royol ﬂus‘l 258,760
(d) 2 aces and 3 queens.
|\U< U aces totod N CW
ity 1«[ weens ot HM/
0\)‘8(}?-’((6) zz’;‘;’znds_’;ii@ ( {L/ 2). £([{/3)
U dres toted C(525)

3) From a standard 52-card deck, what is the probability of 5-card hand having at

“hece ace ‘/Om;f*é%.

least one face card?

flo)= \ P ( ok least one CQCMOO
N T (o [k

4) A sports club has 120 membéﬁ of whom 44 play tennis, 30 play squash, and 18
play both tennis and squash. If a member is chosen at random, find the

* probability that this person. _ 6[/

(a) Does not play tennis.

2o toted 120
& 6 Uy Jr@nmsm 4626—“8”2) e
50 e = 0/

(b) Does not play squash.

a} KMWWS) >Q(ho Sg(,w’)b

/R/

~/20



LECTURE 7: COUNTING PRINCIPLES AND EXPERIMENTS HAVING
EQUALLY LIKELY OUTCOMES

(c) Plays neither tennis nor squash. Q(V\[) +ﬁn‘/\(§ \\o 3% Ua g\r\s — -qu
|2

5) A shipment 035/5 precision parts, including 12 that are defective, is sent to an
assembly plant. The quality control division selects 10 at random for testing and
rejects the entire shipment if one or more in the sample are found defective.
What is the probability that the shipment will be rejected?
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