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Helpful Radical Multiplication Rule:
Square of a Radical: (\/E)z = (Va)(Va) = a
Product of radical conjugates: (Va +Vb)(Va—Vb) = (\/E)Z - (\/5)2 = a-b
or (Va+b)(Ya-b) = (Va)' - (b)* = a— b?
Dividing Radicals by Rationalizing the Denominators
Strategy for rationalizing denominators with radicals:
If the denominator has one term, multiply the numerator and the denominator by the radical:
2 _ 2 Vi_z@ #;l—f
xamples a)\/E_\/E N X
L=t .o _4a
) 3va  3va Ja  3a
If the denominator has two terms, multiply the numerator and the denominator by the conjugate of the
denominator: X+ a.«al ‘-~
e | 3 \/_ Vb 3(\/_—\/5) ” ‘]‘C-Y
xamples a) \/_+\/_ \/_+\/3 N b nrt (‘m\] 3"
by S 5 Jatb _ 5(Va+b) (X'W (e-y)= x -
) T T Vasb Jarb T a-b?
Exercise 8: Rationalize denominators. Simplify the answer.
g 2 7 avF a3 o = 23X [3lx
NN 2 2vx Jx  2dxt T 2<
12 Jlo Fl6 f 5+J‘
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SECTION 2.1 SUPPLEMENTARY EXERCISES

I. Simplify the expressions.

a) m
b) +/20 -~/5

64
c) \/;
13
9 {5

2. Rationalizing the denominator.

5
a)\/g
9

b)
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Section 2.2 Solving Quadratic Equations by the Square Root

Property

The Square Root Property

If x> =aand a>0,then x =+a or x=—a.

Sometimes it is indicated as x = i\/g

Solving a Quadratic Equation by the Square Root Property
Isolate the square and then apply the Square Root Property

Exercise 1: Solve using the square root Property. Simplify the radical. Write out both solutions.

a) x2=9
D =xdy
x =23

Exercise 2: Solve using the square root Property.

a) (a—5)>=16

J (o-5)* =+Jl6
a-S =x%
o-35=-1 a-5=%
45 15 15 +5
o~ = | a. =9

b) (4t—3)2—-18=0

+13 +1d
(-3 =5
JGe 1Y =213
44-3 =432
+3 +3
j:g =343(2
li, _ %+ 3]2
(.'.

b) x2—-54=0

+54 +59

x* =54
= =xJgq
X =2{87¢
x = +35

Simplify the radical. Write out both solutions.




Section 2.3 Solving Quadratic Equations by Completing the

Square

To solve a quadratic equation of the form ax’ +bx+c¢=0 by completing the square, we first divide
the equation by the leading coefficient a. The procedure below will assume a = 1 and the quadratic

equation is of the form x? + bx + ¢ = 0

Solving a Quadratic Equation of the Form x2 + bx + ¢ = 0 by Completing the Square:
Steps 1. Write the left side in the form x? + bx and move the constant term to the right side.

2
2. Add a constant, (g) , that will complete the square. The constant is added to both sides of

the equation.

Write the left side as a binomial squared.
Apply the Square Root Property.

5. Solve for x and simplify.

»w

Example: Solve by completing the square: x” +8x+4 =0

Step 1: Write the left side in the form x° + bx
and move the constant term to the right side.

2
Step 2: Add a constant (g) = 16 to both sides
of the equation.

Step 3: Write the left side as a binomial squared.

Step 4: Apply the Square Root Property.
Step 5: Solve for x and simplify.

Exercise 1: Solve by completing the square. y2 —-6y—-8=0

xZ

x*+8x=-4
+8x+ﬁ:—4+16 ><’?f*lo;<‘rk'3'L

(x +4)? =12 [X),g)l
Ja+9? = V12

x+4 =+V12

x=—4++12
x=—4+2V3

Yz _ @\/ =R Y= 5iﬁ
(a"‘Plt{“f Ehe Yq,t«q»t on bothsides g* — Cy48 = B+9
0{: ¢ eque tion ( “3)1 = 7
b Y
=-C (23 @")) (’ y-3 =F
Exercise 2: Solve by completing the square. 2w + 12w —14 =0 L4120 =14
(L E.,J+3)z f—;{;\j_ z 2
20t +bu-)=0 W3 =+ 4 utebw = F
b=6 230 | Wby -F=0 =3 _ -3 '
5 =13 WA lu+d =749 o =-3x4
)9 (u+3)* =6 w3 WSy
(2 !i’J:—?. u—-ﬂl

'm



SECTION 2.2 SUPPLEMENTARY EXERCISES

1. Solve the following equations by using the square root Property:

x> =100

s —12=0

Y +7=88
(y=3V-16=0
(y+7)7-25=0
(y-17-12=0
2k-1*-9=0
9(2m —3)* +8 =449

hm 0O Qo 0T o

SECTION 2.3 SUPPLEMENTARY EXERCISES
1. Solve the following equations by completing the square:

p-p=6

x> +10x-=7=0
¥ =3y-6=0
6k +17k+5=0
5m*=10m+3=0
3x* +4 =8x

6w’ +12x = 48

x* =10x+26=8

Sm 0 o 0o ®




Module lil

Quadratic Equations and Graphs

ﬁhe ancient Egyptians were interested in the solutions of a quadratic equation in
order to determine the dimension of a floor plan for a desired area and perimeter of
a given shape. If a rectangular room, for example, they would be interested in the
solutions to

L-W=A
2L+2W =P

which we can now solve algebraically with a quadratic equation. Without the
sophisticated number system nor the method of quadratic equations, the ancient
Egyptians developed a lookup table of standard dimensions and sizes for different
shapes. Engineers would find the most fitting design based on the table developed.
Unfortunately, there were limitations using the table and errors from incoherent
and erroneous reproduction of the tables, which led to flawed engineering.

Hell, D. (2004). History behind Quadratic Equations. Retrieved on June 22,2011.

Section 3.1: Solving Quadratic Equations by the Quadratic
Formula

The quadratic ax® +bx + ¢ =0 can be solved in many ways:
I. Factor the quadratic and then use the Zero Factor Theorem (Section 1.2)
2. The Square root property (Section 2.2)
3. Completing the square (Section 2.3)
4. The Quadratic Formula (Section 3.1)

The Quadratic Formula

A quadratic equation of the form ax? +bx+c = 0, where a # 0, has two solutions:

_—b+t vb? — 4ac
- 2a

X
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o) 2x*—4x=3 -(-q)i,i(—d)‘-q D)
28 4 -3=0 *= 2(2)
EEENATL
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b wee ‘F‘
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Exercise 1: Solve using the quadratic formula
a) x> =5x-8=0 J—/_
_ _.b_,__p La"f\hkc
2= A P
b=-5 —(-5) a3 —40ED
= =" ——7F
C_:—% % Z( ')
5 + 25432
x = =
X = éi,‘)?—;—-
7
2 _
b) x*+6x+2=0 _Liﬁﬁ
~ (OO 40)R) =
- 2(1)
—t4 N7
_ bt 365 9l
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How many errors can you find?
Find where the errors occur and provide the correct solution

Solve using the quadratic formula x? — 4x = 16 m

Find the errors (at least six)

Provide the correct solution here

a=1 b=-4,c=16

-4+ /42 —4(1)(16)
2(1)

Il
|
S
I+
T‘
N
o~

The two solutions are:

x=-2V6 or x =—-6V6

N
m
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25 -Lx =9
2 =bx =
7 2
-3
3 X - 3K =%
=2 . . 2()6 5
7_:ﬁ X —-37(-}--4: Zq-hcl:
1 2
637
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‘m

Exercise 2: Which is the best method for solving 4x” —4x =07
(a) by factoring; (b) the square root property; (c) completing the square; (d) quadratic formula.

D2 JE )
“= 2(4)
K= L{-_—}\)E
b — X= L‘;IL’- = )
x= 444 7
8 \ X: q"'q

wd O

Show solution:

Exercise 3: Which is the best method for solving x> — 63 = 0?
(a) by factoring; (b) the square root property; (c) completing the square; (d) quadratic for

Show solution:
XL;: é _ﬂ)
x =443
Xx=4J5JF
X== 33

Exercise 4: Which is the best method for solving x> —6x—9 =107
(a) by factoring; (b) the square root property; {c) completing the square; (d) quadratic formula.
Show solution:

b= K —bx ~q=0 x=313J2
i xt-tx =9
%2 =-3 Kt —bx =940

>
z _
Eleg &3P
> \=
(o = & W Syare rororfl sl
Exercise 5: Which is the best method for solving 2x2 — 6x — 9 = 0?
(a) by factoring; (b) the square root property; (c) completing the square; (d) quadratic formula.
Show solution:

Vv
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SECTION 3.1 SUPPLEMENTARY EXERCISES

Solve the following equations by using the quadratic formula:
1. Y +10y+9=0
2. s°—5=30
3. m’ —81=0
4. 6x* +2x+3=0
5. 10x* =13x -3 =0
6. 4x* +6x+1=0
7. m*+5m=2
8. 2k +9k = -7
9. (z-2)z+4)+6=0
10. (Bx-7)x+5)=-31
11. 11> —4n(n—-2)=6(n+3)

12. x(x=3)=-10x-7




Section 3.2 Graph of Quadratic Equations - Parabolas

The graph of a quadratic equation of the form y = ax” + bx + ¢ where a # 0 is a parabola (U-shaped).

The parabola has either a maximum or a minimum point, called the vertex. Often times, it is more
convenient to express the quadratic equation in the vertex form.

Method 1: The Vertex Form
The Vertex Form of a Quadratic equation is y = a(x — h)? + k, where (h, k) is the vertex.

Method 2: The Vertex Formula
The Vertex Formula of a quadratic equation of the form y = ax> +bx+c:

. . b
x-coordinate of the vertex is — e

Substitute x-coordinate to find the y-coordinate of the vertex

w Use the Desmos link below to see the effect of changing h, k and a on the parabola.
& https://www.desmos.com/calculator/Otxid19ts5
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How does the graph change when you change h? When h is positive? When h is negative?
i hi¢ poshive  the graph moves +o fle fstlf
7 ' - Ny $ y
l/lfiocj—\ Vad LA+
How does the graph change when you change k? When k is positive? When k is negative?
|-P k f‘S OOS(’;'I\/( Q]/oﬂ[/‘l M”V‘p—f /I\
| . I
A«FSD\’)LIV? J
How does the graph change when you change a? When a is positive? When a is negative? When |a| >
1? When |a| < 1? : . \\ )/ . : W
O ¢ pos,%;ve — r)orrmJ G 14 VJQTCJ(NQ - MVWJ—PJ

£ Ja] > s\/\arloér \a)vc.}O)—\
£ o< |D\) <) ul'ﬁjff i\)mrolq-




Exercise 1: For each function; (i) Identify the vertex; (ii) sketch the graph. NN \/ \/

y%zi(x%}t%k) <\’\/k) l ¢ V"LC/\ | g Y ?L

— 42
a) y=x* by y=x%-3 o y=(x—3)>
f—% 71 4 ;
9 b g 9
- e P— .
5 6 ! 5
5 5 5
4 4 E
3 3 3
; i
98765422?@322456789x ‘937554321111'3345@739"' 9576543211123455739"'
0
3 zz‘_ ; (3{0)
4 rO""I) 4 4
5 5 5
6 6 6
7 7 7
8 8 8
o) N °y
The vertex is (O[OI The vertex is [0[’Z> The vertex is [5/0)
1
f)y=_x?
— 2
d)y=—x2y e) y =2x 2
K
g 9 N
8 8
5 "
5 6
5 5
4 =
: 3
;i ((9)0> 4
9&7654321’.23455739')‘ ‘0876543211123456789‘x “3375543211;23"567’39"‘
2[0)0) 2 (op)
3 3
: s
6 6
7 7
8 8
9 9
v Y

\v g 7

The vertex is (O{ 0) The vertex is (O/ O) The vertex is __((L




Exercise 2: Use the Vertex Form to identify the vertex. Sketch the graph. Find the roots (solutions) of

the equation by setting y = 0 and solve.
o | 2 1 2 A
a)y=(x+2)?%-4 = (x~(~2))/‘1 b)y=—(x+5)?%+6 -—‘Dyr- —(XF{’-SB ’l‘,£
y y
:k /_P’_Uﬂ’i—g' ( Sé); Az '_I
Z (42) ~4=0 SR8 > reflected
\ / ()" =9 H: cos
b AULURREEERR _ &2 §+[€0) 0=-(x+3)+b
9 -8 -7 -6 -5 3 -2 -1 1 23 456789 X#L *iz 7 31‘_: 123456789 2 ,]_
. 5 : —L= “C‘(*’S}
o =74 5
G o e G3)
k. x=0 of X271 ; AT = X+S
+5+Je =x
The vertex is (‘ Sléz

The vertex is (_21’((!
The roots are X = -5-Je ) XK= —f—f'ﬁ

Therootsare X=D X:’L{

Exercise 3: Use the Vertex Formula to find the vertex. Sketch the graph. Find the roots (solutions) of

the equation by setting y = 0 and solve.
L o h*thh+c

W .
= 2o
\J e F-LEX -
a) y=x2+4x—5 p=| b=y c="° b) y=—x*—2x—5 yeekex
y Zﬁ%—' Yy ‘y h= _h;,ﬁ): "]
chandash £or ? N ; ke—(-11-126) -3
% if ymd Aokt e : k= () 4D : - _{42-%
i In f’*‘ﬂno‘ﬁt&l‘pﬂfm 3 = L(, _8 -—-5 :vq : L}
i 0 [ D i
o ’{’: ‘{'D a“:“(vl,? 4321 (‘%f)?t 7 8 u'x(]'l/kX'—_ 621—q> EEE 22 ] - RN f"-'“‘l'—‘
intecranre : — 1) ~X*-2x-S=0
* 11‘:7!:4(*",3&’“3 (o ”5} rots s (0-5) x‘*+1: 4520
coint o 1o X"L4x -S=0 \ x= = 22 JET-40D
0),(fe,0 ‘ -N=0 . Al
(s 3) o Y48 (Kks>5(7< 7() J R x=-tH7
X=- = —
_ 2
The vertex is ("2/_6 The vertex is& =z =24 Y¢
Therootsare ___ |meciaar \/ z
> Xz —1+2¢

-5, |

The roots are 7




