Sample Exam Il solutions Boyce/10edHalleck MAT 2680 NYCCT (CUNY) Fall 2013

Sections 3.8, 5.2, 6.1 and 6.2 problems 1-9 Exam is 1 hour 15 minutes.
Ok: handwritten notes, calculator (T1 83/84)
Not ok: printouts, book, T1 89, laptop, tablet, cell phone or other handheld
1. (20 pts) Given an RLC circuit with R=2 ohms, L=1/10 henries, C=1/260 farads and E(t)=sin60t; find the
a. differential equation for the current I (remember to use E'(t), not E(t));
0.11"+21'+2601 =60cos60t = | "+ 201 '+26001 =600 cos 60t

b. the form of the transient current Iy;
r? +20r +2600= 0= (r +10)° +50? =0 = r = ~10+50i

so 1, =e™*(c, cos50t +c, sin50t)

c. the periodic current Ip; Form of solutionis I, = Acos60t + Bsin 60t
Taking the derivatives we get

|,/ =60(—Asin 60t + Bcos60t) and I " = —-3600(Acos 60t + Bsin 60t)

Plugging into the ODE, we get
—3600(Acos60t + Bsin60t) +20*60(—Asin 60t + B cos 60t) + 2600( Acos 60t + B sin 60t) = 600 cos 60t
— —1000A+1200B =600 & —1200A—-1000B =0
—-5A+6B=3 & 6A+5B=0s0B=18/61 & A=-15/61

=1, =(—15co0s60t +18sin60t)/ 61

2. (20 pts) Given a mass spring damper with m=1 kg, y=2Ns/m, k=50N/m, F=20cos(wt),
a. find the value of o that gives practical resonance;

U"+2u'+50u =20coswt & u, = Acos at + Bsin ot
Taking the derivatives we get:

u, = o(-Asin ot +Bcoset) and u,” =’ (Acos ot + Bsin et)

Substituting into the ODE, we get
—o”(Acos wt + Bsin at) + 2(—Asin wt + B cos wt) +50( Acos ot + Bsin wt ) = 20cos at

_Aw® +2Bw+50A=20 |(50-")A+20B =20 20(50- 0” ) A+40’B = 400
:{—Bw2—2Aw+SOB=O - —2a)A+(50—a)2)B:0:> —2a)(50—a)2)A+(50—a)2)zB:0

—B= 400)/(2500—96502 +o) and A= 20(50—(02)/(2500—96(02 +a)4)

For a function that is positive, maximizing the square of the function is equivalent to maximizing the original
function. The square of the amplitude is

A? + B2 =[20(50 @ )/(2500-960* + ') | +[ 40w/ (25009607 + ) |

=400(2500- 960’ + " )(2500— 960" + " )" =400/(2500 960 +*
To maximize a fraction, it is the same as minimizing the reciprocal. Taking the derivative of 2500-96472 + »*
We get 40 —1920 = 4a)(a)—4\/§)<a)+4\/§) so the polynomial has a min at w=243~6.93
Note that the natural frequency (without damper) is W, = 5J2~7.07 Asa check, since 7 ‘4

mk 50
is quite small (<.1), the resonant and natural frequencies should be close to one another, which they are.



b. if the damper is removed, then the circular frequency without a forcing function is 5V2. Suppose
that the forcing function has circular frequency 772 and that the initial conditions give a solution

y(t) = cos5y2t —cos 7/2t

Use the appropriate sum or difference identities to write the solution as a product of 2
trigonometric functions of different frequencies. Sketch a graph over one long period to illustrate

the phenomenon of beats. 2 - L T o S
A-B=5J2t, A+B=7V2t=A=6J2t,B=v2t . | |\ /|

cos(A+ B) =cos Acos B Fsin Asin B 1 \ ] L
cos(7\/§t) = c0s 6+/2t cos /2t —sin 6+/2t sin /2t |
cos(5\/§t) = c0S 6+/2t cos /2t +5in 6+/2t sin /2t

Subtracting, we get:

cos(7+/2t) —cos(5+/2t) = —2sin 6+/2t sin /2t 05;

3. (20pts) For y"-xy'-y=0, x,=0 1r
a. Find the recurrence relation of a power series \ Jo /

solution. Substituting the form of the solution =l \ \
and its derivatives into the equation we get: , /. Y e SN

5[/

0

y()=2ax", y()=2nax"" y(x)=3n(n-
n=0 n=1 n=2
in(n —1)a,x"* - xi na,x"" —ianx” =0

n=2 n=1 n=0
Shift the index of the 1st series by 2 & bring coefficient x inside 2" series and have it start at 0

i(n+2) n+l)a,,,x" Znax —Zax =

n=0
Extract the coefficients of x" in each series to get recurrence relation:

(n+1)a, a
2)(n+1)a,, —na,—a, =0 = “lnt
(n+ )(n+ )an+2 na, —a, or a,_, (n+2)(n+1) (n+2)

b. Use the relation to find the first 3 terms of one of the 2 basic solutions.
We find 3 terms of basic solution with even exponents (set a1=0). We apply recursion twice:

a, Q. a, a & 12,14 j
:—:_, =— = = — = 1 — - sans
a, (0+2) 2 a, (2+2) 4 8 = Vy(x) aO( +2x +8x +
1

t, [011) 0.9 7
4. (20pts) Given f(t)=412-t,[L2) o8r |
O, [2,00) 0.7 7
0.6~ 7
a. Graph f(t) over [0,3] o5k ]
0.4 7
0.3 7
0.2 7
b. classify as continuous; o1l 4

piecewise continuous, or neither




c. use the definition to find the Laplace Transform
u=t dv=edt

1 2
F(s)=|tedt+ [(2-t)e *dt
) { +-!-( ) du=dt v=—e"/s

te*St 1 1 1 2 2
. 42 j etdt +2je‘5‘dt—jte'“dt
s S
0 0 1 1
1 2 2
e ¢ 26" et 1%
B ssZ\Js\s +gje at
0 1 1 1

2

2
e 1-e°) 20°-2% [26F—e° e
+ + + + ‘
1

s s S s s
—e° 20°-2e% 2% _g° 1-e° e*—g°
= + + + —+ .
s s s s s
1-2eF+e®
=

Some of you may be wonder whether there is an easier way to find the transform. As we work more with
piecewise functions, in particular step functions, we will pick up additional tools that may enable us to find
the answer with much less sweat than using the definition.

(20 pts) Use the table of Laplace Transforms given in class to find the inverse Laplace Transform of
55 +3s+30  5s®+35+30 5s5% +35+30

$2+252+10s  S(s’+25+1+9) s((s +1)? +32)
1 s+1 3

+
s (s+1)*+3 (s+D)°+3
Clearing the denominators, we get

Y(s)=

A((s+1)* +3°)+Bs(s+1)+3Cs =55+ 35 +30
Setting s=0, we get 10A=30 or A=3.
Setting s= —1, we get 9A—-3C =27-3C=32 or C=-5/3
Looking at the coefficients of s, we get 2A+B+3C=6+B—5=3 or B=3

So
v-stia StL L gs 3
s  (s+D)°+3 (s+D)°+3

And  y(t)=3+3e " cos3t+—(5/3)e " sin 3t



