MAT 2630 Halleck Fall 2015 Practice Exam 3
REMINDER: your 2 page (front and back) 1 sheet hand-written set of formulas and notes will be 10% of your grade. 
Please do as much of the exam as you can by hand. However, you may use a calculator if you need it. The actual exam will consist of questions similar to 5 of the ones that you see below. Each question will be worth 18%.
1. A) Use Lagrange interpolation to find a polynomial that passes through the points (0,−2), (2,1), (4,4).
B) Use Newton’s divided differences to find the interpolating polynomial
(You can leave each in raw form. You do not need to check that they are equivalent.)
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So P(x)=-2+3/2x

2. Find the one-piece Bézier curve (x(t ),y(t)) defined by the given four points (1,2), (1,3), (2,3), (2,2). Determine the points corresponding to t=.25, t=.5 and t=.75. Use them to sketch the curve on graph paper. Use 5 boxes is one unit.


				so             



3. Use the three-point centered-difference formula for the second derivative to approximate f (0), where f (x) = cos x, for (a) h = 0.1 (b) h = 0.01 (c) h = 0.001. Find a bound on the approximation error. Compare with the actual error.
[bookmark: _GoBack][image: ]


4. Apply the composite Simpson’s Rule with m = 1 and 2 panels to the integrals, and report the errors:
1 panel:


2 panels:


These are live tables from Excel and you can open them up (right click) and play with them in Excel. They can easily be manipulated for any number of panels.
5. Apply Euler’s Method with step size h = 1/4 to the IVP  y ¢= 2(t + 1)2y; y(0)=1 on the interval [0,1]. List the wi, i = 0, . . . , 4, and find the error at t = 1 by comparing with the correct solution. If the step is halved, by how about much will the error decrease?




 Let then Substituting in the initial value, we have 


The above table again is from a live Excel file that can be opened using a right click and then played with.
The answer is that we should expect ½. Surprisingly the error is not halved when going from 4 to 8.
As seen from the chart below, the error goes from -92 (4 steps) to -77 (8 steps). However, later on, the errors get closer and closer to being halved. The moral of the story is that for small h, we get the expected behavior, but for large h, like ¼, 1/16, , even 1/32, you can’t expect the expected behavior with high growth functions (this function is triply exponential).
log2(steps)   y approx   y exact    error
    1.0000    6.5000  106.3427  -99.8427
    2.0000   14.3718  106.3427  -91.9709
    3.0000   28.9991  106.3427  -77.3436
    4.0000   49.1772  106.3427  -57.1654
    5.0000   69.3665  106.3427  -36.9761
    6.0000   84.8163  106.3427  -21.5264
    7.0000   94.6417  106.3427  -11.7009
    8.0000  100.2297  106.3427   -6.1130
    9.0000  103.2166  106.3427   -3.1261
   10.0000  104.7617  106.3427   -1.5810
   11.0000  105.5476  106.3427   -0.7950
   12.0000  105.9440  106.3427   -0.3987
   13.0000  106.1431  106.3427   -0.1996
   14.0000  106.2428  106.3427   -0.0999
   15.0000  106.2927  106.3427   -0.0500
   16.0000  106.3177  106.3427   -0.0250
   17.0000  106.3302  106.3427   -0.0125
   18.0000  106.3364  106.3427   -0.0062
   19.0000  106.3396  106.3427   -0.0031
   20.0000  106.3411  106.3427   -0.0016

Matlab code:
f=@(t,y) 2*(t + 1)^2*y;
tab=[];
ye=exp(2/3*((1+1)^3-1));
for i=1:20
    ya=eul(f,0,1,1,2^i);
    tab=[tab;[2^i,ya,ye,ya-ye]];
end
disp(' log2(steps)   y approx   y exact    error')
disp(tab)

6. Apply Midpoint Method with step size h = 1/2 to the IVP y ¢= 2(t + 1)2y; y(0)=1 on the interval [0,1]. List the wi, i = 0, . . . , 2, and find the error at t = 1 by comparing with the correct solution. If the step is halved, by how about much will the error decrease?
There will be an extra credit diffeq problem with midpoint (like this)or trapezoid methods called for.
Bezier Curve

1	1.15625	1.5	1.84375	2	2	2.5625	2.75	2.5625	2	1	1.00725	1.028	1.0607499999999999	1.1040000000000001	1.15625	1.216	1.2817499999999999	1.3519999999999999	1.4252499999999999	1.5	1.5747500000000001	1.6480000000000001	1.7182499999999998	1.7839999999999998	1.84375	1.8960000000000001	1.9392499999999997	1.972	1.9927500000000002	2	2	2.1425000000000001	2.27	2.3825000000000003	2.48	2.5625	2.63	2.6825000000000001	2.72	2.7425000000000002	2.75	2.7425000000000002	2.7199999999999998	2.6825000000000001	2.63	2.5625	2.48	2.3825000000000003	2.27	2.1424999999999996	2	




image3.wmf
23

1032

2330

xttt

-

éùéùéùéù

=+++

êúêúêúêú

-

ëûëûëûëû


oleObject2.bin

image4.emf
t x y

0.251.162.56

0.5 1.52.75

0.751.842.56


Microsoft_Excel_Worksheet1.xlsx
Sheet1

		0		-2								0		-2

						(1-(-2))/2=3/2										3/2

		2		1				(3/2-3/2)/4=0				2		1				0

						(4-1)/2=3/2										3/2

		4		4								4		4

				t		x		y								0		1		2

				0.25		1.15625		2.5625								0.25		1.15625		2.5625

				0.5		1.5		2.75								0.5		1.5		2.75

				0.75		1.84375		2.5625								0.75		1.84375		2.5625

				0		1		2								1		2		2

				0.05		1.00725		2.1425

				0.1		1.028		2.27

				0.15		1.06075		2.3825

				0.2		1.104		2.48

				0.25		1.15625		2.5625

				0.3		1.216		2.63

				0.35		1.28175		2.6825

				0.4		1.352		2.72

				0.45		1.42525		2.7425

				0.5		1.5		2.75

				0.55		1.57475		2.7425

				0.6		1.648		2.72

				0.65		1.71825		2.6825

				0.7		1.784		2.63

				0.75		1.84375		2.5625

				0.8		1.896		2.48

				0.85		1.93925		2.3825

				0.9		1.972		2.27

				0.95		1.99275		2.1425

				1		2		2



Bezier Curve



1	1.15625	1.5	1.84375	2	2	2.5625	2.75	2.5625	2	1	1.00725	1.028	1.0607499999999999	1.1040000000000001	1.15625	1.216	1.2817499999999999	1.3519999999999999	1.4252499999999999	1.5	1.5747500000000001	1.6480000000000001	1.7182499999999998	1.7839999999999998	1.84375	1.8960000000000001	1.9392499999999997	1.972	1.9927500000000002	2	2	2.1425000000000001	2.27	2.3825000000000003	2.48	2.5625	2.63	2.6825000000000001	2.72	2.7425000000000002	2.75	2.7425000000000002	2.7199999999999998	2.6825000000000001	2.63	2.5625	2.48	2.3825000000000003	2.27	2.1424999999999996	2	












image5.emf

image6.emf
h cos(-h) cos(h) cos(-h)-2+cos(h)actual error

bound on 

error h^2/12

0.10.9950042 0.9950042 -0.999166944 0.000833056 0.000833333

0.01 0.99995 0.99995 -0.999991667 8.33331E-06 8.33333E-06

0.0010.9999995 0.9999995 -0.999999917 8.3349E-08 8.33333E-08


Microsoft_Excel_Worksheet2.xlsx
Sheet1

		h		cos(-h)		cos(h)		cos(-h)-2+cos(h)		actual error		bound on error h^2/12

		0.1		0.9950041653		0.9950041653		-0.9991669444		0.0008330556		0.0008333333

		0.01		0.9999500004		0.9999500004		-0.9999916667		0.0000083333		0.0000083333

		0.001		0.9999995		0.9999995		-0.9999999167		0.0000000833		0.0000000833






image7.emf
x y coeff prod

0 0 1 0

1.570796 9.62229E-17 4 3.85E-16

3.141593 -3.141592654 1 -3.14159

sum of coeffs 6 -3.14159sum of y's

3.141593width (b-a)

-1.64493integral approx

-2actual value

0.355066error


Microsoft_Excel_Worksheet3.xlsx
Sheet1

		h		cos(-h)		cos(h)		cos(-h)-2+cos(h)		actual error		bound on error h^2/12

		0.1		0.9950041653		0.9950041653		-0.9991669444		0.0008330556		0.0008333333

		0.01		0.9999500004		0.9999500004		-0.9999916667		0.0000083333		0.0000083333

		0.001		0.9999995		0.9999995		-0.9999999167		0.0000000833		0.0000000833





Sheet2

		x		y		coeff		prod

		0		0		1		0

		1.5707963268		9.62229346374452E-17		4		3.84891738549781E-16

		3.1415926536		-3.1415926536		1		-3.1415926536

				sum of coeffs		6		-3.1415926536		sum of y's

								3.1415926536		width (b-a)

								-1.6449340668		integral approx

								-2		actual value

								0.3550659332		error

		x		y		coeff		prod

		0		0		1		0

		0.7853981634		0.5553603673		4		2.2214414691

		1.5707963268		9.62229346374452E-17		2		1.9244586927489E-16

		2.3561944902		-1.6660811018		4		-6.6643244072

		3.1415926536		-3.1415926536		1		-3.1415926536

				sum of coeffs		12		-7.5844755917		sum of y's

								3.1415926536		width (b-a)

								-1.9856110667		integral approx

								-2		actual value

								0.0143889333		error






image8.emf
x y coeff prod

0 0 1 0

0.785398 0.555360367 4 2.221441

1.570796 9.62229E-17 2 1.92E-16

2.356194 -1.666081102 4 -6.66432

3.141593 -3.141592654 1 -3.14159

sum of coeffs 12 -7.58448sum of y's

3.141593width (b-a)

-1.98561integral approx

-2actual value

0.014389error


Microsoft_Excel_Worksheet4.xlsx
Sheet1

		h		cos(-h)		cos(h)		cos(-h)-2+cos(h)		actual error		bound on error h^2/12

		0.1		0.9950041653		0.9950041653		-0.9991669444		0.0008330556		0.0008333333

		0.01		0.9999500004		0.9999500004		-0.9999916667		0.0000083333		0.0000083333

		0.001		0.9999995		0.9999995		-0.9999999167		0.0000000833		0.0000000833





Sheet2

		x		y		coeff		prod

		0		0		1		0

		1.5707963268		9.62229346374452E-17		4		3.84891738549781E-16

		3.1415926536		-3.1415926536		1		-3.1415926536

				sum of coeffs		6		-3.1415926536		sum of y's

								3.1415926536		width (b-a)

								-1.6449340668		integral approx

								-2		actual value

								0.3550659332		error

		x		y		coeff		prod

		0		0		1		0

		0.7853981634		0.5553603673		4		2.2214414691

		1.5707963268		9.62229346374452E-17		2		1.9244586927489E-16

		2.3561944902		-1.6660811018		4		-6.6643244072

		3.1415926536		-3.1415926536		1		-3.1415926536

				sum of coeffs		12		-7.5844755917		sum of y's

								3.1415926536		width (b-a)

								-1.9856110667		integral approx

								-2		actual value

								0.0143889333		error






image9.wmf
3

2

(1)

223

3

2

2(1)2(1)ln(1).

3

t

c

dydy

tytdtytcyee

dty

+

=+Þ=+Þ=++Þ=±


oleObject4.bin

image10.wmf
c

Ce

=±


oleObject5.bin

image11.wmf
3

2

(1)

3

.

t

yCe

+

=


oleObject6.bin

image12.wmf
(

)

3

222

(1)1

333

1

t

CeCeye

-+-

=Þ=Þ=


oleObject7.bin

image13.emf
step t f(t,y)=2(t + 1)^2yy exact error

0 0 2 1 1 0

1 0.25 4.6875 1.5 1.887809 -0.38781

2 0.5 12.0234375 2.671875 4.871166 -2.19929

3 0.75 34.77612305 5.677734 18.28809 -12.6104

4 1 114.9741211 14.37177 106.3427 -91.9709


Microsoft_Excel_Worksheet5.xlsx
Sheet1

		h		cos(-h)		cos(h)		cos(-h)-2+cos(h)		actual error		bound on error h^2/12

		0.1		0.9950041653		0.9950041653		-0.9991669444		0.0008330556		0.0008333333

		0.01		0.9999500004		0.9999500004		-0.9999916667		0.0000083333		0.0000083333

		0.001		0.9999995		0.9999995		-0.9999999167		0.0000000833		0.0000000833





Sheet2

		x		y		coeff		prod

		0		0		1		0

		1.5707963268		9.62229346374452E-17		4		3.84891738549781E-16

		3.1415926536		-3.1415926536		1		-3.1415926536

				sum of coeffs		6		-3.1415926536		sum of y's

								3.1415926536		width (b-a)

								-1.6449340668		integral approx

								-2		actual value

								0.3550659332		error

		x		y		coeff		prod

		0		0		1		0

		0.7853981634		0.5553603673		4		2.2214414691

		1.5707963268		9.62229346374452E-17		2		1.9244586927489E-16

		2.3561944902		-1.6660811018		4		-6.6643244072

		3.1415926536		-3.1415926536		1		-3.1415926536

				sum of coeffs		12		-7.5844755917		sum of y's

								3.1415926536		width (b-a)

								-1.9856110667		integral approx

								-2		actual value

								0.0143889333		error





Sheet3

		step		t		f(t,y)=2(t + 1)^2y		y		exact		error

		0		0		2		1		1		0

		1		0.25		4.6875		1.5		1.8878085645		-0.3878085645

		2		0.5		12.0234375		2.671875		4.8711659992		-2.1992909992

		3		0.75		34.7761230469		5.677734375		18.2880894824		-12.6103551074

		4		1		114.9741210938		14.3717651367		106.3426753982		-91.9709102614

		0		0		2		1		1		0

		1		0.125		3.1640625		1.25		1.3265108624		-0.0765108624

		2		0.25		5.1422119141		1.6455078125		1.8878085645		-0.242300752

		3		0.375		8.652575016		2.2882843018		2.9049211585		-0.6166368567

		4		0.5		15.1643528044		3.3698561788		4.8711659992		-1.5013098205

		5		0.625		27.8078952251		5.2654002793		8.9711189929		-3.7057187136

		6		0.75		53.5409964925		8.7413871825		18.2880894824		-9.5467023

		7		0.875		108.5203950751		15.434011744		41.5902008627		-26.1561891186

		8		1		231.9924890273		28.9990611284		106.3426753982		-77.3436142698

		0		0		2		1		1		0

		1		0.0625		2.5400390625		1.125		1.1422217399		-0.0172217399

		2		0.125		3.2494983673		1.2837524414		1.3265108624		-0.042758421

		3		0.1875		4.1933706114		1.4868460894		1.5678527863		-0.081006697

		4		0.25		5.4654117268		1.7489317526		1.8878085645		-0.1388768119

		5		0.3125		7.2024946375		2.0905199855		2.3178906096		-0.2273706241

		6		0.375		9.6069307482		2.5406759003		2.9049211585		-0.3642452581

		7		0.4375		12.9816148371		3.1411090721		3.7196862485		-0.5785771764

		8		0.5		17.7860699974		3.9524599994		4.8711659992		-0.9187059998

		9		0.5625		24.7269988978		5.0640893743		6.530378101		-1.4662887267

		10		0.625		34.9065634409		6.6095268054		8.9711189929		-2.3615921876

		11		0.6875		50.0685573273		8.7911870204		12.6410140956		-3.8498270752

		12		0.75		73.012890102		11.9204718534		18.2880894824		-6.3676176291

		13		0.8125		108.3035692554		16.4837774848		27.1913018006		-10.7075243158

		14		0.875		163.4959023977		23.2527505632		41.5902008627		-18.3374502994

		15		0.9375		251.2958275705		33.4712444631		65.5051592196		-32.0339147565

		16		1		393.4178694899		49.1772336862		106.3426753982		-57.1654417119





1	1.5	2.671875	5.677734375	14.37176513671875	1	1.8878085645111038	4.8711659992454743	18.28808948244362	106.34267539816545	









1	1.25	1.6455078125	2.2882843017578125	3.3698561787605286	5.2654002793133259	8.7413871824537637	15.434011744019926	28.999061128412439	1	1.3265108624050019	1.8878085645111038	2.9049211584871406	4.8711659992454743	8.9711189929362494	18.28808948244362	41.590200862655387	106.34267539816545	









1	1.125	1.28375244140625	1.4868460893630981	1.7489317525760271	2.0905199855010324	2.54067590034769	3.1411090721095465	3.952459999426905	5.0640893742657216	6.6095268053770866	8.7911870204331954	11.920471853390129	16.483777484766037	23.252750563227089	33.471244463082741	49.177233686238267	1	1.1422217398914254	1.3265108624050019	1.567852786327661	1.8878085645111038	2.3178906095915046	2.9049211584871406	3.7196862484615245	4.8711659992454743	6.5303781009606459	8.9711189929362494	12.641014095606623	18.28808948244362	27.191301800601245	41.590200862655387	65.505159219552695	106.34267539816545	










image1.png
e-g)o-9  (-20-2  (E-0-0
@n0-0" Emn0-0" "t

1= (@)d




image2.wmf
110

3

323

2103

3

3333

21032

22330

b

c

d

æö

éùéùéù

=-=

ç÷

êúêúêú

ëûëûëû

èø

æö

éùéùéùéù

=--=

ç÷

êúêúêúêú

-

ëûëûëûëû

èø

-

éùéùéùéùéù

=---=

êúêúêúêúêú

-

ëûëûëûëûëû


oleObject1.bin

