Solution of the wave equation
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Our goal is now to solve the wave equation satisfied by E and B. In addition one needs to make
sure that the solutions still satisfy Maxwell's equations. In this way one will find a relationship
between the fields E and B.

Plane waves

We start by looking at a special class of solutions, in which the wave propagates along one
direction, say the x axis, and the fields do not depend on the other two space coordinates. The

solutions in this class are referved to as plane waves.

Let's analyze the divergence of E in this context es o
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One can always add a posteriori constant contribution to the solutions of Maxwell's
equation. Therefore we are allowed to choose E_x and B_x simply equal to zero.

The solution that we are looking for is therefore of the form

C(x,t) = E(x,‘ﬂf
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That means that we are looking for a solution where the electric field remains
along the same line all the time (i.e. We are looking for a linearly polarized wave).

The wave equation then becomes
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The most general solution of the equation above has the form
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The generic solution outlined above can be written as a superposition of sinusoidal
waves of fixed frequency. These waves are called monochromatic waves. A general

monochromatic wave can be written as
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In order to determine B once E is known we turn again to the equation for the

curl of E
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The electric and magnetic fields oscillate in phase and they are perpendicular to

each other \ﬂ
at F(xeal t

T direction of
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Since Maxwell's equations are linear in E and B, any linear combination of
sinusoidal functions is still a valid solution of Maxwell equations. By using Fourier
analysis one can build waves of essentially arbitrary shape. But be careful, the
shape of the wave might be not constant in time.

A useful notation can be introduced at this point, we can define complex electric
and magnetic fields with the understanding that the physical fields are either the
real of the imaginary part of the fields
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It is convenient to do this because it is easier to manipulate exponentials than to

manipulate sine and cosine functions.

It (s important to point out that if E_1 and E_2 are two complex solutions of
Mazwell's equations, any linear combination of these two fields is still a solution of

Maxwell's equations. This is a consequence of the linearity of the equations.



