Multipole expansion
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If one is looking to a generic charge distribution from far away, is it possible to systematically
calculate the potential in a series expansion in which subsequent terms become numerically less

relevant?

Let's restart from the generic expression for the potential
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Our goal is now to expand the denominator in the integral under the assumption
that r >> v
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The polynomials depending on cos & are a special set of polynomials called
Legendre Polynomials. They satisfy several interesting relations and they appear in
this expansion since one can in general write

_ _I - lz (%) Pn(CoSo()

l
'C

lr-v) I n=o T
LQ%Q[/\G[/L ,Doajnowu'a‘(
PO(COSM: l PMCoS L) = os X
(\Dl<(os ok) T (—2 <5COSZO§\-(>

[

?3 ((oso& = 7 (?COSBOQ — 2 <o c><> jSc,

The potential can then be written as
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Example 1 (from Griffith, problem 27)

Consider a sphere of radius R, centered at the origin of the reference frame, which
has the following charge density

p(F) = K Lj—l (R-2v) sind

Find the potential for a point along the z axis
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Example 2 (from Griffith problem 2.8)

A circular ring in the x-y plane has radius R and it is centered at the origin. The
ring carries a constant charge per unit length lambda. Evaluate the first three
terms in the Multipole expansion for an arbitrary point of spherical coordinates r
and theta.
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