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Ordinary derivatives

A derivative is measure of how rapidly a function f changes if the argument x
changes by an infinitesimal amount dx
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The derivative at a given point is the slope of f at that point.

Gradient
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The gradient is a vector.

Geometrical interpretation of the gradient

Consider the temperature in a room as a function of the position in the room. The
temperature is then a scalar function of three variables T(x.y,z). An infinitesimal
temperature change which results from an infinitesimal change in position can be

written as
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If one keeps the magnitude of the gradient fixed, the largest dT is obtained when
the angle theta is zero. Therefore the gradient points in the direction of maximum

increase of the function T.

A two dimensional example is easier to visualize
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Divergence

The divergence is a scalar obtained from the scalar product of a del operator with

a vector
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Geometrical interpretation of a divergence

The divergence is a measure of how much a vector spreads out (i.e. diverges) from
a given point.
Two dimensional examples
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Curl

The curl is the cross product of the del operator with a vector function. The curl is

a vector A
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In Einstein's notation
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Geometrical interpretation of the curl

The curl is a measure of how much the vector v swirls around the point in which

the curl (s calculated.
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Two dimensional examples

m/ >

N

//// e =3
N ey A mEacy xS SRR

curf in the

/x lf/<\ of(rec{%om(f(?@kt '(’\Dno( ru(é)

\\
|
v




Product rules

Given two objects, which can be either scalar or a vector, we have two ways to

form a scalar and two ways to form a vector
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One can then calculate the gradient of the two scalars

V(%gﬁ:)ﬁﬁJrngﬁ ()
V(28 )= Bx(<B) + Bx(Vxa)+ (5.V)B +Bv)A
)

One can also calculate the divergence of the two vectors

V{a)= {(vA) + A-(vf) ((it)
V-(FTXE): E'(VXA_)—E'(VX€> (iv)
Or the curl of the two vectors

Vx (£8)= f (7x&) - Ax (7f) (V)
Vx (AxB)= (B-V)A-[ATV)® +A(v8)-E(A)

(vi)
Homework: Check the six relations above by using components and your preferred

computer algebra system. Hint: It is often convenient to use components notation.
Ex
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Second derivatives

By combining gradients, divergence and curl one can build five different kinds of
second derivatives

1) Divergence of gradient \V& (V 9)

2) Curl of a gradient Vx (VF)
3) Gradient of a divergence W ( V.-v )
4) Divergence of a curl V- (V) x v)
5) Curl of a curl VX(VYV>
Case 1)
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V= A

The Laplacian can also be applied to a vector, with the understanding that the
operator must be applied to each component of the vector

A= (D) h+ (bvy) 54 (A )k

Case 2)
Vi (VL) =0 ALWAYS |
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Case 3) V) (V-V)

Seldom used, it is not the same as the Laplacian



Case 4)
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it out in compone nts .

Case 5)
Vx (v )= W (P7)- A7
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Consider now the x component
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The other components follow a similar pattern



