
0DQ\�SUREOHPV�UHTXLUH�WKH�XVH�RI�QRQ�FDUWHVLDQ�FRRUGLQDWHV��HLWKHU�EHFDXVH�RI�WKH�V\PPHWU\�RI�

WKH�SUREOHP��H[��6SKHULFDO�V\PPHWU\��!�VSKHULFDO�FRRUGLQDWHV��D[LDO�V\PPHWU\��!�F\OLQGULFDO�

FRRUGLQDWHV��RU�EHFDXVH�WKH�REMHFW�V��WKDW�DUH�LQ�WKH�SUREOHP�DUH�FRQVWUDLQHG�WR�PRYH�RQ�D�

VXUIDFH�RU�D�OLQH�RI�D�JLYHQ�VKDSH�

7KH�HTXDWLRQV�RI�1HZWRQLDQ�PHFKDQLFV�EHFRPH�FRPSOLFDWHG�YHU\�UDSLGO\�LQ�QRQ�FDUWHVLDQ�

V\VWHPV��,W�LV�XVHIXO�WR�GHYHORS�D�IRUPXODWLRQ�RI�PHFKDQLFV�WKDW�ZRUNV�HTXDOO\�ZHOO�LQ�GLIIHUHQW�

FRRUGLQDWH�V\VWHPV�DQG�WKDW�DOORZV�WR�DFFRXQW�IRU�FRQVWUDLQWV�LQ�DQ�HDVLHU�DQG��QDWXUDO��ZD\��

7KLV�LV�WKH�SXUSRVH�RI�/DJUDQJLDQ�PHFKDQLFV��/DJUDQJLDQ�PHFKDQLFV�LV�EDVHG�XSRQ�WKH�

�YDULDWLRQDO�SULQFLSOH���7KH�ODWWHU�LV�DQ�LGHD�WKDW�FDQ�EH�DSSOLHG�VXFFHVVIXOO\�LQ�VHYHUDO�GRPDLQV�

LQ�3K\VLFV���

%HIRUH�ZH�WXUQ�WR�WKH�YDULDWLRQDO�SULQFLSOH�DQG�ZH�GHULYH�/DJUDQJH
V�HTXDWLRQV�ZH�QHHG�WR�

EHFRPH�IDPLOLDU�ZLWK�WKH�FDOFXOXV�RI�YDULDWLRQV

&DOFXOXV�RI�YDULDWLRQV

7KH�PDLQ�SXUSRVH�RI�WKH�FDOFXOXV�RI�YDULDWLRQV�LV�WR�ILJXUH�RXW�ZKLFK�LQWHJUDQG�PDNHV�D�JLYHQ�

TXDQWLW\��GHILQHG�WKURXJK�DQ�LQWHJUDO��PD[LPXP�RU�PLQLPXP�
([DPSOH��)LQG�WKH�VKRUWHVW�SDWK�EHWZHHQ�WZR�JLYHQ�SRLQWV�RQ�D�SODQH�

&DOFXOXV�RI�YDULDWLRQV�� LQWURGXFWLRQ
^ƵŶĚĂǇ͕��ƵŐƵƐƚ�ϭϴ͕�ϮϬϭϵ ϯ͗ϱϮ�WD



:KDW�IXQFWLRQ�\�[��PLQLPL]HV�WKH�OHQJWK�/"

([DPSOH��)HUPDW
V�SULQFLSOH

:KDW�LV�WKH�SDWK�WKDW�OLJKW�ZLOO�WDNH�ZKHQ�JRLQJ�IURP�DQ�LQLWLDO�WR�D�ILQDO�SRLQW"�,I�

ZH�VWD\�LQ�WKH�VDPH�PHGLXP��WKH�LQGH[�RI�UHIUDFWLRQ�VWD\V�WKH�VDPH�DQG�WKH�

DQVZHU�LV�D�VWUDLJKW�SDWK��+RZHYHU��ZKHQ�WKH�SDWK�QHHGV�WR�FURVV�ERXQGDU\�

EHWZHHQ�WZR�RU�PRUH�PHGLD��WKH�DQVZHU�LV�PRUH�FRPSOLFDWHG��(YHQ�PRUH�LQ�

JHQHUDO��WKH�LQGH[�RI�UHIUDFWLRQ�FDQ�LQ�SULQFLSOH�FKDQJH�IURP�SRLQW�WR�SRLQW�DORQJ�

WKH�SDWK��3LHUUH�GH�)HUPDW�������������RI��)HUPDW�ODVW�WKHRUHP��IDPH��

FRQMHFWXUHG�FRUUHFWO\�WKDW�OLJKW�WDNHV�WKH�SDWK�WKDW�WDNHV�WKH�VKRUWHVW�DPRXQW�RI�

WLPH�WR�WUDYHO�IURP�RQH�SRLQW�WR�DQRWKHU��2QH�FDQ�IRUPXODWH�WKH�SUREOHP�

PDWKHPDWLFDOO\�DV�IROORZV��7KH�OLJKW�WUDYHOV�LQ�D�PHGLXP�ZLWK�VSHHG�Y� �GV�GW��,Q�

DGGLWLRQ�Y� �F�Q���7KHUHIRUH�GW� �GV�Y� �Q�F�GV��&RQVHTXHQWO\��WKH�WRWDO�WLPH�RI�

WUDYHO�LV�

,I�Q�LV�FRQVWDQW��WKH�VKRUWHVW�WLPH�RI�WUDYHO�ZLOO�FRUUHVSRQG�WR�WKH�VKRUWHVW�GLVWDQFH�

WUDYHOHG��+RZHYHU��LI�Q�LV�QRW�FRQVWDQW��WKHQ�WKH�VKRUWHVW�GLVWDQFH�WUDYHOHG�ZLOO�QRW�

FRUUHVSRQG�WR�WKH�VKRUWHVW�WLPH�RI�WUDYHO�

:H�NQRZ�WKDW�IRU�D�IXQFWLRQ��D�QHFHVVDU\�FRQGLWLRQ�WR�KDYH�D�VWDWLRQDU\�SRLQW�

�PD[LPXP��PLQLPXP�RU�DQ�LQIOHFWLRQ�SRLQW�ZLWK�DQ�KRUL]RQWDO�WDQJHQW��LV�WKDW�WKH�

ILUVW�GHULYDWLYH�RI�WKH�IXQFWLRQ�YDQLVKHV��IRU�DQ�LQIOHFWLRQ�SRLQW��DOVR�WKH�VHFRQG�

GHULYDWLYH�ZLOO�YDQLVK���7KLV�PHDQV�WKDW�WKH�IXQFWLRQ�I�[��GRHV�QRW�FKDQJH�PXFK�LI�

RQH�PRYHV�[�LQ�DQ�LQILQLWHVLPDO�LQWHUYDO�DURXQG�WKH�SRLQW�LQ�ZKLFK�GI�G[� ��

,Q�WKH�FDVH�LQ�ZKLFK�WKH�SUREOHP�UHTXLUHV�WR�ILQG�WKH�VWDWLRQDU\�SRLQWV�RI�DQ�

LQWHJUDO��ZH�QHHG�WR�DVN�RXUVHOYHV�ZKDW�DUH�WKH�LQWHJUDQGV�WKDW�UHVXOW�LQ�DQ�

LQWHJUDO�WKDW�GRHV�QRW�FKDQJH�PXFK�LI�WKH�LQWHJUDQG�LV�YDULHG�E\�DQ�LQILQLWHVLPDO�

DPRXQW��7KH�FDOFXOXV�RI�YDULDWLRQ�GHDOV�ZLWK�KRZ�LQWHJUDOV�FKDQJH�ZKHQ�WKH�

LQWHJUDQGV�DUH�FKDQJHG�E\�DQ�LQILQLWHVLPDO�DPRXQW��


