
,Q�RUGHU�WR�NHHS�DQ�RVFLOODWRU�LQ�PRWLRQ�LQ�SUHVHQFH�RI�D�GDPSLQJ�IRUFH��LW�LV�QHFHVVDU\�WR�VXSSO\�

D�GULYLQJ�IRUFH��)RU�H[DPSOH��WKH�SXVK�WKDW�LV�VXSSOLHG�E\�D�SHUVRQ�RQ�WKH�JURXQG�WR�NHHS�D�

VZLQJ�LQ�PRWLRQ�LV�DQ�H[DPSOH�RI�D�GULYLQJ�IRUFH��7KH�HTXDWLRQ�RI�PRWLRQ�VDWLVILHG�E\�D�

GDPSHG�GULYHQ�RVFLOODWRU�FDQ�WKHQ�EH�ZULWWHQ�DV

7KH�HTXDWLRQ�FDQ�EH�UHZULWWHQ�E\�GLYLGLQJ�HDFK�WHUP�E\�WKH�PDVV��VR�WKDW�WKH�

FRHIILFLHQW�RI�WKH�VHFRQG�GHULYDWLYH�LV�QRUPDOL]HG�WR���

7KLV�LV�DQ�LQKRPRJHQHRXV�OLQHDU�GLIIHUHQWLDO�HTXDWLRQ��,QGHHG�RQH�FDQ�GHILQH�D�

OLQHDU�GLIIHUHQWLDO�RSHUDWRU�'�DV�IROORZV

7KH�RSHUDWRU�LV�OLQHDU�EHFDXVH��JLYHQ�WZR�VROXWLRQV�RI�WKH�KRPRJHQHRXV�HTXDWLRQ�

�GDPSHG�EXW�QRW�GULYHQ�RVFLOODWRU��DQ\�OLQHDU�FRPELQDWLRQ�RI�WKH�WZR�VROXWLRQV�LV�

VWLOO�D�VROXWLRQ�RI�WKH�KRPRJHQHRXV�HTXDWLRQ

7KH�HTXDWLRQ�WKDW�ZH�ZDQW�WR�VROYH�LV�DQ�LQKRPRJHQHRXV�HTXDWLRQ�EHFDXVH�WKH�

RSHUDWRU�'�DSSOLHG�WR�WKH�IXQFWLRQ�[�LV�QRW�HTXDO�WR�]HUR

'ULYHQ�GDPSHG�RVFLOODWRU
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6ROXWLRQ�RI�WKH�LQKRPRJHQHRXV�HTXDWLRQ�

,I�RQH�PDQDJHV�WR�ILQG�RQH�VROXWLRQ�RI�WKH�LQKRPRJHQHRXV�HTXDWLRQ�DQG�D�JHQHUDO�

VROXWLRQ�RI�WKH�KRPRJHQHRXV�HTXDWLRQ��WKHQ�RQH�FDQ�ILQG�DOO�VROXWLRQV�RI�WKH�

LQKRPRJHQHRXV�HTXDWLRQ��,Q�IDFW

7KH�VXP�RI�WKH�SDUWLFXODU�DQG�KRPRJHQHRXV�VROXWLRQV�GHSHQGV�RQ�WZR�LQWHJUDWLRQ�

FRQVWDQWV��WKHUHIRUH�LW�LV�DOUHDG\�WKH�PRVW�JHQHUDO�VROXWLRQ�RI�D�VHFRQG�RUGHU�

GLIIHUHQWLDO�HTXDWLRQ��QRW�D�ULJRURXV�SURRI�RI�FRXUVH��

&DVH�RI�VLQXVRLGDO�GULYLQJ�IRUFH

,W�LV�FRQYHQLHQW�WR�FRQVLGHU�WKH�FDVH�LQ�ZKLFK�WKH�GULYLQJ�IRUFH�LV�D�VLQXVRLGDO�

IXQFWLRQ��7KLV�KDV�WZR�SXUSRVHV��$�VLQXVRLGDO�IXQFWLRQ�UHDVRQDEO\�DSSUR[LPDWHV�

PRVW�SHULRGLF�IXQFWLRQV��6HFRQGO\��DQ\�GULYLQJ�IRUFH�FDQ�EH�ZULWWHQ�E\�PHDQV�RI�

)RXULHU�DQDO\VLV�DV�D�VXSHUSRVLWLRQ�RI�VLQXVRLGDO�IRUFHV��7KH�GLIIHUHQWLDO�HTXDWLRQ�

WKDW�RQH�QHHGV�WR�VROYH�LV�WKHQ

,Q�RUGHU�WR�VROYH�WKH�HTXDWLRQ��LW�LV�FRQYHQLHQW�WR�FRPELQH�WKH�HTXDWLRQ�DERYH�ZLWK�

WKH�UHODWHG�HTXDWLRQ

2QH�FDQ�WKHQ�GHILQH�D�FRPSOH[�IXQFWLRQ�]�W��WKDW�VDWLVILHV�D�GLIIHUHQWLDO�HTXDWLRQ�

ZKHUH�RQH�ILQGV�DQ�H[SRQHQWLDO�UDWKHU�WKDQ�D�VLQXVRLGDO�IXQFWLRQ�



6LQFH�WKH�GHULYDWLYH�RI�DQ�H[SRQHQWLDO�LV�WKH�H[SRQHQWLDO�LWVHOI��RQH�FDQ�WU\�WKH�

$QVDW]

,W�LV�FRQYHQLHQW�WR�ZULWH�WKH�FRQVWDQW�&�LQ�WHUPV�RI�D�UHDO�DPSOLWXGH�DQG�D�SKDVH�



2QH�FDQ�QRZ�ZULWH�WKH�VROXWLRQ�RI�WKH�FRPSOH[�HTXDWLRQ�DQG�WKHQ�WDNH�WKH�UHDO�

SDUW�RI�LW�DV�WKH�SDUWLFXODU�VROXWLRQ�RI�WKH�HTXDWLRQ�IRU�WKH�RVFLOODWRU�GULYHQ�E\�D�

VLQXVRLGDO�GULYLQJ�IRUFH

7KH�JHQHUDO�VROXWLRQ�IRU�WKH�GULYHQ�RVFLOODWRU�FDQ�WKHQ�E\�ZULWWHQ�E\�DGGLQJ�WR�WKH�

SDUWLFXODU�VROXWLRQ�IRXQG�DERYH�WKH�JHQHUDO�VROXWLRQ�IRU�WKH�KRPRJHQHRXV�SDUW�RI�

WKH�HTXDWLRQ��QDPHO\�WKH�HTXDWLRQ�IRU�WKH�GDPSHG�RVFLOODWRU�

$V�WKH�WUDQVLHQW�SDUW�GLHV�RXW�ZLWK�WLPH��WKH�RVFLOODWRU�ZLOO�HYHQWXDOO\�RVFLOODWH�DW�

WKH�GULYLQJ�IUHTXHQF\�Ɖ�

5HVRQDQFH

%\�ORRNLQJ�DW�WKH�H[SUHVVLRQ�RI�WKH�DPSOLWXGH�$�LQ�WKH�GDPSHG�GULYHQ�RVFLOODWRU�

RQH�FDQ�VHH�WKDW�WKH�DPSOLWXGH�UHDFKHV�LWV�PD[LPXP�ZKHQ�WKH�QDWXUDO�IUHTXHQF\�

DQG�WKH�GULYLQJ�IUHTXHQF\�DUH�FORVH�WR�HDFK�RWKHU�

,I�RQH�NHHSV�Ɖ�IL[HG�DQG�RQH�FDQ�YDU\�WKH�QDWXUDO�IUHTXHQF\�WKH�PD[LPXP�

DPSOLWXGH�LV�REWDLQHG�IRU�



,I�RQH�LQVWHDG�YDULHV�Ɖ�NHHSLQJ�WKH�QDWXUDO�IUHTXHQF\�IL[HG��WKH�PD[LPXP�RI�WKH�

DPSOLWXGH�LV�UHDFKHG�IRU

,QGHHG�E\�VWXG\LQJ�WKH�VHFRQG�GHULYDWLYH�RI�WKH�GHQRPLQDWRU�RQH�ILQGV



7KH�VLWXDWLRQ�FDQ�EH�LOOXVWUDWHG�DV�IROORZV

:LGWK�RI�WKH�UHVRQDQFH�

,Q�RUGHU�WR�JHW�D�VHQVH�RI�KRZ�ZLGH�RU�QDUURZ�D�UHVRQDQFH�LV��LW�LV�LQVWUXFWLYH�WR�

VWXG\�WKH�ZLGWK�RI�WKH�DPSOLWXGH�VTXDUHG�KDOI�ZD\�WR�WKH�PD[LPXP��7KLV�LV�FDOOHG�

WKH�IXOO�ZLGWK�DW�KDOI�PD[LPXP�RU�):+0

)RU�D�VPDOO�GDPSLQJ�IDFWRU�ŵ�WKH�PD[LPXP�LV�REWDLQHG�IRU�Ɖ�HTXDO�WR�WKH�QDWXUDO�

IUHTXHQF\��WKHUHIRUH



&RQVHTXHQWO\��WKH�):+0�LV�DSSUR[LPDWHO\��ŵ��7KH�VPDOOHVW�WKH�GDPSLQJ�IDFWRU��

WKH�QDUURZHU�WKH�UHVRQDQFH�


