Range in the case of linear drag
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After solving the equations for x and y as a function of t in the case of linear drag, one can now
exploit the fact that the two equations decouple in order to describe the two dimensional
motion of a projectile that has non zero initial velocity along x and y. For simplicity, we assume
that the initial position of the projectile coincides with the origin of the frame of reference.
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Notice that in this case it is more convenient to take a y axis going upward. In this

case, one needs to change the sign of the terminal velocity in the equation for y, so
that one finds
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In order to find the trajectory of the projectile one needs to solve for t the first
equation and then substitute what is found this way in the second equation
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One can observe that y goes to minus infinity when
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Horizontal range

The range of the projectile (i.e. The distance at which the projectile will reach for a
second time the height y = O) can be found by solving the equation
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This is a transcendental equation that cannot be solved analytically in terms of

"simple" functions.

However one can look for an approximate solution, valid in the case in which the
drag force is relatively small. In this case, the time tau is large, since it will take a
lot of time to the projectile to reach the terminal velocity. Therefore one can
consider the fraction in the argument of the log as a number which is small with
respect to 1. One can then apply the expansion
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So that the equation becomes
ter L
\/o/r_ \/0/76 (
4 5
/ rd | X
TRV =2~ 7 Veer T
V, o T 3 Vs T
Vo | Vier \ 3
O= 9 x — — = ero L e o
\/le 2 \/H/L T 3 Vo/};c T F

As usual, one discards the trivial solution x=0, since when know that when the

projectile is thrown upward y =0.

5 \/o,\j l \/-éef‘ d | \/tc(‘ 2
T T A Y E W —
Vo,K 2 Vo T 3 \/”/’("T
I Veer Vo,\j | Vier %
1 T 2SI —1 1- 3A S
2 vo/x, ,T \/o/x 2 Vo/:(_ |
2
| 2\/0,(\/0/97 ,i 2
Vo x T
vkef > 4
m
Ve nn Vter = _@ (?ram Can @ 275 {*{om oﬁ
[
gor C@,S>
n
T = I_ —_ \/Eer = é’\l’
L 2., v, . x°
“\ x = / ’59 -



Z \/O/X \/”/7’

- rw\g{ th aquMq of C{fag = RVBC
One could now solve the quadratic equation, but we already assumed that the drag

is small, so that the solution of the equation above is not too different from the
range on vacuum. Therefore

X = Rvac+gR

2
Rt §R = R =l (Rysc +6R)
L\/ac VacC —_2: \/o/yc (\r
2
>R

v 2 Rue 4 Ryvac SR
3 VoxT 3 Vos T
2
SR & - & Rue |
3 v
O/X’T 1 i Rvac
> Vo T
N
smoat!
2 2
L 2; RV?C/ = -—_Z_ Z( \/0;' \/0/7
T 3 ~
\/0/’( | 81\/@7((7/
< Z VO\' \/0\
:]2': RV?C (}—,{_ //): R\/ZC(}—\/Z: 77 >
3 %‘T 3 v%e/

Obviously, one can get to the same solution by solving the full quadratic equation
for x
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