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MAT 1475 INTRODUCTION TO CALCULUS I

Section 1: Finding Limits Graphically and Numerically

1. Afunction f(x) has a limit if the value of f(x) is the same as you approach x from both sides.
lim f(x)=L If f(x) equals L as x approaches“a ” from the left and right directions.
X—a

3
.ox =1

Example: Find im
-l x—1

, x=1

x Approaches 1 from the left x Approaches 1 from the right

X .75 .9 .99 .999 1 1.001 1.01 1.1 1.25
f(x) 2.313 2.170 2.970 2.997 Error 3.003 3.030 3.310 3.813

f(x) Approaches 3

f(x) Approaches 3

As x approaches 1 from the left and right directions, the values of f(x) approach 3.

5, 9= 17

lin i’l' of ‘F[X) |

os A appreces

0 i< |
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MAT 1475 INTRODUCTION TO CALCULUS I

2. Create a table with values on both sides of the value x approaches and draw a graph to confirm the
limit for each question.

aim 25 )95 = %

5 x? —2x—15 e

X 4.75 4.9 4.99 4.999 5 5.001 5.01 5.1 5.25

f@ |25 1,026 | .S ks | — 125 | s |23 |z)

N = ) O O
T

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I
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MAT 1475 INTRODUCTION TO CALCULUS I

d) Im L
—>-4x+4

x -4

S )

N = ) 0 O
T
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MAT 1475 INTRODUCTION TO CALCULUS I
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MAT 1475 INTRODUCTION TO CALCULUS I

f) lim 1 5
=2 (x=2)
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MAT 1475 INTRODUCTION TO CALCULUS I

3) Limits That Fail to Exist

a) Behavior that differs from the right and left

6 9

44

b) Unbounded behavior
' 1C)m ] T
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MAT 1475 INTRODUCTION TO CALCULUS I

c) Oscillating behavior OSC) }}&%‘Aj J\{(OJ\“"J\ l/\'_l'\/

l
9;@_( @
/ Lin cos(%.) DNE

an) [ ) o=

 lhelde doesn'd camverse)

Liw coS (%5 D’} €

P w30+
(f.‘ab| ¢ doesn't uv“/ﬁrﬁ{)

Section 2: One-Sided Limits, Infinite Limits, and Continuity

1) One-Sided Limits

Left-hand limit: im f(x) means: compute the limit of f(x) as x approachesa from the left

xX—a

Right-hand limit: lim /'(x) means: compute the limit of f(x) asx approachesa from the right

xX—>a

Example: The left hand limit: ~ lim f(x)=3 ‘]

xX—>a

The right hand limit;"  lim f(x) =1

xX—a

2) The lim f(x)=L ifandonlyif lim f(x)=L andlim f(x)=L.

Explain:

Limit existe of ndl o'h]y n'{: lef4- hand
imt ond right= hand [nd are Hhe seme
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MAT 1475 INTRODUCTION TO CALCULUS I

3) Infinite Limits
Infinite Limits: lim f(x)=o0
xX—>a

lim  FX)= o°
: >~
: . : | )
-10 -5 JLJ 1o >< ,_f- ,
5 : o°° Since 5;;\" ‘F(x) 00~ )(\“;H.Fé()
_ = _
ol Yol —F(x) 00

Infinite Limits: lim f(x)=—o0
X—a

Bk lim £ x) =
: x|~
_______ IR
e iy f6) e
LoSace Lo f6—pa= [ K
[~ _
Wl yoo| —F(x) oo
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MAT 1475

7) Draw a sketch of each of the following infinite limits.

5
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MAT 1475 INTRODUCTION TO CALCULUS I

8) Find the limits and values.
Bt;— L,'
28Ty
é\z€§7.B:T;:_ Lf
Z<BT,—
e\ 6

B.Fs;,— Z

= |

2

é\v?5 b DN 'E

B:Fu; - 3

BT, Z
T; = -L

L BT S 2_
Bs; = q'\Jl'F\.'\"’A

Z<BT: 2
e\ 5
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9) Find the limits and values.

Bit; = "l 6 -

Z<BT,

e\ 66 — 44

Z<B.T, = ¥

8\ 67 — s~ ) ] /\

e\é.BT’ DNE J 1

B:Fs; — ) -6 4 2 0 2 H 6
C ®

é\Z?<5g BT, = , 4

ALY } 1

Zc*BT =

e\ ?5 ’ o

B:Fu; = ‘

Z<* BT, =

&\ 276

ot BT |

L BT ONE

B:s; = de*fp{l\fa\

Z<*B:T, = l
8\ 5
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MAT 1475 INTRODUCTION TO CALCULUS I

10) Find the limits and values.
10

By;

2T I

Z B T;

e\ ;7

Z BT,
e\ ;

-10 -
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11) Find the limits and values. 104

-10

5 10
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MAT 1475 INTRODUCTION TO CALCULUS I

12) Sketch the graph of a function f(x) that

at a =—3 shows that f(—3)is not defined,
at a =2 shows that lim f(x) does not exist,
x—2

at a =7 shows that lim f(x) # f(7), but is continuous elsewhere
x—7 ‘___)

Yowy v evs
MY VW\/.

hu)e
[ 10
| o

) 6
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I 10

13) Sketch the graph of a function f(x) that

;/8 8 10

At o k=
at a =—6 shows that hm f(x) does not exist, &~ Y6 ]‘h @

at a =0 shows that f(0)is not defined, &gy’md’#‘ﬁ UAB l“ )‘e

X< 0

at a =5 shows that hn'é f(x)# f(5), butis continuous elsewhere

lMI-!,)

\ 10
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MAT 1475 INTRODUCTION TO CALCULUS I

14) Continuity at a Point

A function f'is continuous at c if the following three conditions are met.
1. f(c)is defined.

2. ])f_l?cf(x) exists. (C/ 'F(C))
Cs. lim £(x) = f(c)

15) Discontinuity ‘ ‘pn ~ vP (X)._ ’F(X) )w .F[ ) ‘F [ C‘>

The function below is an example o?‘r? able discontinuity T efunct|on below is an example of a jump discontinuity
6 — 6 —

-6 4 6 4 6
-2 4 2 -
-4 - -4
-6 - -6
Consider the function: Consider the function:

P x<1 e x<l1

flx) = 29—x x>1 f(x):= 2_(X_1)2 x> 1

1 x=0 1 x=0

Then then point x0=1 is a removable discontinuity. Then then point x0=1 is a jJump discontinuity.

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS 1

Section 3: Evaluating Limits Analytically

1) Properties of Limits

Suppose ! is a constant and the limits lim f(x)and lim g(x) exists.
xX—a xX—a

Limit Properties

1. Sum

2. Difference

3.  Scalar
multiple

4.  Product

5. Quotient

6. Power

7.

8.

9.

10.

11. Root

lim( £(x) + g(x)] =lim f(x) +lim g(x)
lim( /(x) - g(x)] =lim f(x) - lim g(x)

lim[cf (x)]=clim f(x)

tim( £(x)g(x)]=lim £(x) o lim g(x)

lim
hmf((xizi‘;;f((x)) if lim g(x)#0
xX—a g X g X x—a

lim[ /(x)]" = [lim /()]
where " is a positive integer

Imc=c

xX—a

Imx=a _—
xX—>a

Imx" =a”"

xX—>a

where "

lim4/x =4/a where" isa positive integer

xX—a

If" is even, we assume thata >0

lim §/f (x) =/lim 1 (x)

xX—>a xX—a

where " is a positive integer

If "#s even, we assume that Iim f(x) >0
x—>a

is a positive integer

Example:
Let f(x)=2x" and g(x)=x

’}(2#4' x)~ J5, L+ lin

s “lbd zz k5 2

R S

v~

15, 2431 = 243

Lim _
X212 X = ’2

X3):23: 8

=

¥
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MAT 1475 INTRODUCTION TO CALCULUS I

2) Strategies for Finding Limits

Method 1: The Direct Substitution Property is valid for all polynomial and rational functions with
nonzero denominators.

Example: Find the limit.

. X +6x-17
a) ]irr13(4x2+5)2 b) lim 22X~ 7

:@(sy #5)”

Method 2: Dividing Out Technique — Factor and divide out any common factors

Example: Find the limit.

a)

lim x> +3x-10 __\\2 !

=5 x+5 o
)‘F wve SI»LJJ‘MC K= —’S

o X g 510

x9-S x+S

Lim M (x~1)
(457

2
b)limx +7x

x—>0 X

= %3-S
- i~ _
X5 (’( Z)

(-3)-2= ~7

A\l

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

Method 3: Rationalizing Technique — Rationalizing the numerator of a fractional expression

Example: Find the limit.

ferio " e S (J’—w \BXJM’M?

a)hm = - o
i «;‘ | o TP X N\ ts
~ 3 A+ 2
'i-%( =) J?J?Hl) e (B) - (B)
0 X (NZ+e
e ot o sras
= Lli~ (“—-X —()* = 7‘(’90 X \r—+ 3
X0 x(h +1) ' ( 3
= lism XH"~L e )( !.:;o_,__‘ — '_;—-
20 + -
3)’§|-r?dothe |ﬁ1.(tm+l> ” X(‘r:' ) )_f:'”' X=30 X(d—/ +\E>
. s e JE-I'T"') z _ b~ ] —
) B sx) R\
=o= - 8
20 - 4
b) lim 2x +4
° x—>1x)2€:§x
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MAT 1475 INTRODUCTION TO CALCULUS I

x—=7
x>-7 x> —49

d)

. x*=3x-10

e) 5 x? —8x+15

f)

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

— LeDof - x#5, S, )
8) yglox+§— 5 i S(X.;.g)
)] S' (
= Y% x+mf7§?é+5>>:3'" (ﬁfj /Mj
xJ\ses)) T 5»<(x+>)
~ [i~ S + xt§ . ﬂ _”_ u«d?‘f-"?}
T S (x+5) T *¢ §x(x+S\ 0
fktdc - ¢c-ded )\'“x"_')j' Y%
VM X‘HD g
%00~ SxiS) R
“'4 )('l"}O ll""" ——l__
07 S les)  ¥20-\ X
2.
= T TP =-m
i ﬁmm_?’ l\/v\ x+|0 s
=4 x—4
X204  S(xS)
— “J‘ X""’O [[M __)—‘
X204+ \g[X7‘S> X204 X
- ; 0D = O
LY
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MAT 1475 INTRODUCTION TO CALCULUS I

Section 4: The Derivative of a Function

Calculus is primarily the study of change. The basic focus on calculus 1s divided 1n to two
categories, Differential Calculus and Integral Calculus. In this section we will introduce differential
calculus, the study of rate at which something changes.

Consider the example at which Tis to be the independent variable and Uthe dependent variable.
If there 1s any change ¢ Tin the value of T, this will result in a change ¢ Un the value of UThe

resulting change in Ufor each unit of change in Tremains constant and 1s called the slope of the
line.

The slope of a straight line 1s represented as:

iU|_ L%’)L%’ Sf.%ﬁit_sw...“”'f'(of_:t
T T TSR ST T fot

157

TANGENT LINES

Calculus 1s concerned with the rate of change that 1s not constant. Therefore, it 1s not possible to

determine a slope that satisfies every point of the curve. The question that calculus presents 1s:

“:KDW LV WKH UDWH RI FKDQJHinDW s\WpK & s Rilg@\Whe3d he $QG ZH FD
curve at point P by the method of differentiation. A tangent line at a given point to a plane curve 1is

a straight line that touches the curve at that point.

1549

L S R TR SR BRI B
* P——f®

NEW YORK CITY COLLEGE OF TECHNOLOGY




MAT 1475 INTRODUCTION TO CALCULUS I

SECANT LINES

Like a tangent line, a secant line 1s also a straight line; however a secant line passes through two
points of a given curve.

154

* P o Q )]

Therefore we must consider an infinite sequence of shorter intervals of ¢ T resulting in an infinite
sequence of slopes. We define the tangent to be the limit of the infinite sequence of slopes. The
value of this limit is called the derivative of the given function.

~ ~ ~ ~ ~ (1 ~
L] £ — [ ] 0 | *~—
S :t Z i S_:F f /00 I L ('I'Ze'\<4 _ T

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

THE DEFINITION OF THE DERIVATIVE
THE DIFFERENCE QUOTIENT

To find the slope of the tangent line to the function UL B:T;at, we must choose a point of
tangency, : TéB: T;;and a second point : TE DaB: TE D;;, where DL ¢T

The derivative of a function f at x 1s defined as:
Bﬁ:T; L Z(.(,_l L Z(‘U:é>¢é;?U:é;: Z(p:éED,?U:é;
D 4 D

LB\ 4¢e 8\ 4 cé

Consider the example where the function B:T; L yTE s sFind B%:T; by using the definition of
the derivative.

B:T, LyTEss
BTED Ly:TED, Ess

Now by the defimition of the derivative:

Y. TED EsskF yTEss
4 D

YTEYDEssFyTFss
4 D

B:T; L Z yD
U E&G D

B:T; L gzry;
BT Ly

Therefore the derivative of B: T;1s 7.

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

Consider the example where the function C:T; L uT® E xTF { Find C:T;by using the
definition of the derivative.

CT; L uTPEXTF{
CTED L uTEDPEX:TED F{

Now by the defimition of the derivative:

uTED' EXTED F{ FkuT EXTF {o

C:T: L 5

ONK«

<
r

uT EtTDE D; EXTExDF{ FuT F xTE{
D

Q.
=
r
OINI

uT EXTDE uDE XTE x DF { F uTt F xTE{
D

C:T: L Z«
Dr

CT L 5 XTDEUDEXD
Dr D

cC:T: LgﬁrxTEu[Ex;
C:T;LXTEu:r; Ex
C:T; L XTEX

Therefore the derivative of C. T;is XTE X.

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

3) Find the derivative of the following functions using the definition of derivative.

a) f(x)=3x"—4x

b) g(x)=+1-5x

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

6
0 h(y)=—>
y+1

d) p(x):\/;+x

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

1
2

e) k(t) =

4) What does derivative of f(x) mean graphically?
Answer: It is the slope (m ) of the tangent line of the graph y = f(x) at the point (x, )

TR (1) T T

The slope of the tangent line is given by

m =1imf(x+h)_f(x):limf(x+h2_f(x)

tan gent 70 (x + h) —x 70

= f"(x) if this limit exists.

This is actually the derivative of f(x).

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

5) Find the slope of the tangent line to the curve f(x)=x’+2 at the point (—1,3) using the definition

of the derivative, and find the equation of the tangent line.

By definition, the slope of the tangent line at any point is given by f"'(x).

Therefore f"'(x)equals to the following:

i LG~ ()
h—0 h
2 2
m = lim (x+h)y"+2)—(x"+2)
h—0 h
. (X H2xh+ R +2)—x" -2
m =lim
h—0 h
. 2xh+h?
m =lim——
h—0 h
m —lim h(2x+h)
h—0 h
m =lm(2x+h)
h—0
m=2x+0
m=2x

Now this is the slope of the tangent at a point (x, f(x)) of the graph. Since the line is tangent at (—1,3),
we have to evaluate m at (—1,3). Therefore, m =2(-1)=-2.

The slope of the tangent at (—1,3)is —2.

To find the equation of the tangent line to the curve f(x) = x* + 2 use the point-slope formula to find
the equation:

y=0B)==2(x-(=D)

y—3=-2x-2

y=-2x+1

The equation of the tangentis y =—2x+1.

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

6) Find the slope of the tangent line to the curve f(x) = —3x> + x at the point (2,—10) using the

definition of the derivative, and find the equation of the tangent line.

7) Find the slope of the tangent line to the curve f(x) = x* at the point (—2,—8) using the definition of

the derivative, and find the equation of the tangent line.

NEW YORK CITY COLLEGE OF TECHNOLOGY
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! p at the point (5,—1) using the definition

8) Find the slope of the tangent line to the curve f(x) =

of the derivative, and find the equation of the tangent line.

NEW YORK CITY COLLEGE OF TECHNOLOGY
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Section 5: Differentiation Rules

1) The Differentiation Formulas

d
1. Derivative of a Constant Function d_ (C) =0
x
d n n—
2. The Power Rule d_ (x")=nx :
X
where " is any real number
d d
3. The Constant Multiple Rule —[cf (X)]=c— f(x)
dx dx
d d d
4.  The Sum Rule —[f(D)+g(x)]=— f(x)+—g(x)
dx dx dx
d d d
5.  The Difference Rule —[f(x)—g(x)]=—f(x)——g(x)
dx dx dx
d d d
6. The Product Rule —[/(Dg)]=f(x)—[g(X)]+ g(x)—[f(%)]
dx dx dx

or in prime notation

(f9)'=rfe'+gf"’
7. The Quotient Rule I ] EO- - f() g
E{g(x)} [g(0)]”
or in prime notation
H _g -
g g’
d d d
8. The Chain Rule L (N]=—[f (g} &)

2) Examples:

NEW YORK CITY COLLEGE OF TECHNOLOGY




MAT 1475 INTRODUCTION TO CALCULUS I

— _ d
1. | Derivative of a Constant Function —(c)=0
dx
a) f(x) =60 b) UL=S2 E2® b sty xant
- 7:= 8, y
d n n—1 "o
2. | The Power Rule d_ (x")=nx where " is any real number
x
5 -6
y=x d) g(x)=3x
: d d
3. | The Constant Multiple Rule —[cf (x)]=c— f(x)
dx dx
e) y=—4x f) p(x) =3x’

NEW YORK CITY COLLEGE OF TECHNOLOGY
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4. | The Sum Rule

L@+ 8= f()+2g(0)

1 2
g) y=2x%+4x3

h) t(x) =2x7 +4x+1

5. | The Difference Rule

%[f(x)+g(x)]=%f(x)+%g(x)

i) y=-2x"—5x"—Tx

i) h(x)=4x" =3x"

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

di[ F@2@]1= £ L2+ gL ()]
I dx dx

6. | The Product Rule

orin prime notation (fg)'= fg'+ gf”’

k) y=x*(2x+3) ) a(x) = Bx—7)(x" + 6x)

d d
d { f(x)} _ g(x) /I - f(x)_-[e(x)]

dx| g(x) [g(x)]?
7. | The Quotient Rule
- | H g f
or in prime notation = 5
8 g
X 9x2
= X)=
)y 3x+1 " q(x) 3x2 -2

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

5. | Thechainule | [/ (g()]=- [/ (g

o) y=(x>+3)* p) s(x) =2(5x—500)"""

3) Find the derivative of the following functions:

a) f(x)=5x"+3x"°-2

b) y=6\/;—3\/;

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

¢ h(t) = (4t +3)t—T)

x+5

x*-9

d p(x)=

e) s(t)y=1¢> +ti2

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

x*—4x* +8
fy y=—"7""
X

-3 1
g) m(x)=x?% +3x°

h) y=-4x"(2x’ —14)*

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

x> =2x+1

WOEE

2
) y==+%

Ux

k) v(x)=—x>(2—4x)""

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

4)

a) Find the slope of the tangent line to the curve f(x)=—3x> + x at the point (2,—10) using the

differentiation formulas, and find the equation of the tangent line.

b) Find the slope of the tangent line to the curve f(x)=x" at the point (—2,—8) using the

differentiation formulas, and find the equation of the tangent line.

NEW YORK CITY COLLEGE OF TECHNOLOGY m
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! p at the point (5,—1) using the

c) Find the slope of the tangent line to the curve f(x) =

differentiation formulas, and find the equation of the tangent line.

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

Section 6: The Derivative of Trigonometric Functions

Derivative of all six Trigonometric Functions

1.

Sine

Cosine

Tangent

Cosecant

Secant

Cotangent

@|@ @|@ @|@ @|@ ®|@

@|@
=

_|.

—t

=i

—

_|.

A
e
-
—

N

oo L FeceT;

~
!|

#

+
H

=

LF..

;L e%8:T;

b.T;

L ef:§ —foT,

NEW YORK CITY COLLEGE OF TECHNOLOGY



MAT 1475 INTRODUCTION TO CALCULUS I

Example: Find the derivative of the trigonometric function B:T; L t T” ... * sT: using the rules of
differentiation.

A derivative that requires the Product Rule

@ L, . @ @
@.TIT Y I d@.IIT h % EtT d@T. T h

Therefore, the derivative of the function B: T;is XT® ... %I  Ft T’ e <o T;

2) Find the derivative of the following trigonometric functions using the rules of differentiation.

a) ULye<sTFT

b) NT; L T. .¢T5;

NEW YORK CITY COLLEGE OF TECHNOLOGY
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¢ CT;L —f-:lgv;

amg;
6gqgt?78,

d)

e) J:T, L w. %T, FecetT;
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f) UL ¥e<®6.T.Ew

g) RT,L-fWi Eto

h) CT, L tT6e$6:2T;
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i) B:T, L uT®e<sT; et nT;

j) Given B:T; L — f«T;and C:T; L * $6:T; Show —e BT, L CT.

NEW YORK CITY COLLEGE OF TECHNOLOGY n



MAT 1475 INTRODUCTION TO CALCULUS I

Section 7: Implicit Differentiation

IMPLICIT DIFFERENTIATON
Consider the two equations:

UL T Fw and TEWLV
The first equation defines Uas a function of Texplicitly. For each value of T the equation returns
an explicit formula UL B: T, for finding the corresponding value of UHowever, the second

equation does not define a function, as it fails the vertical line test.
If we look at a general case, consider the example:

TEWVLN

This 1s an equation of a circle with the radius NIn order for us to solve for the derivative %,.vae

may treat Uas a function of Tand apply the chain rule. This process 1s called implicit

differentiation.
TEWLLN
QU QU @
CRECAA
@ U
tTEt U@ + r

e

The dervative of an implicit function C: U;is defined as
@ -
— CU L CiUU:T;
Rl

Example: Find U T;for T*UP F t TL v F vUusing the method of implicit differentiation.

@ 9. .
@TTeLﬁFtT, L—@TVFVU,

tTWET:tUU'T; Ft L FVU'T;
HtTLEVUT, Lt FtTWL

G L FtTU;
T tTSUEV
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1) Find the derivative U T;using the method of implicit differentiation for the following.

a) PEULL{

b) WUETLV

0 TUUWLT
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d tTTUEXUL sFtT

e) YUTFuU L tr

f) s<«sU FUWLsw
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g) YtTEUFW LU

h) —faw; FTW L uT
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Section 8: Solutions

*
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