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Section 1:  Finding Limits Graphically and Numerically 
 
1.  A function )(xf  has a limit if the value of )(xf is the same as you approach x  from both sides. 
 Lxf

ax
=

→
)(lim  If )(xf  equals  L  as x  approaches “ a ” from the left and right directions. 

Example:  Find
1
1lim

3

1 −
−

→ x
x

x
,  1zx  

 
 
 

x  .75 .9 .99 .999 1 1.001 1.01 1.1 1.25 
)(xf  2.313 2.170 2.970 2.997 Error 3.003 3.030 3.310 3.813 

 
 
 
 
 
 
As x  approaches 1 from the left and right directions, the values of )(xf  approach 3.  
  

Therefore the limit is 3 or 3
1
1lim

3

1
=

−
−

→ x
x

x
 

 
 

 
 

x  Approaches 1 from the right  
 

x  Approaches 1 from the left  
 

)(xf  Approaches 3 )(xf  Approaches 3 

  

a
fat II

o f D undefined

flu I Thole 113

o ii i e

limit of fad
as x approaches

0 is I
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2. Create a table with values on both sides of the value x  approaches and draw a graph to confirm the 
limit for each question. 
    

a) 
152

5lim 25 −−
−

→ xx
x

x
 

 
x  4.75 4.9 4.99 4.999 5 5.001 5.01 5.1 5.25 

)(xf           

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

I 125 L
129 1126 125.125 125 125.123 121
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c) 
x
x

x

sinlim
0→

 

 
x      0     

)(xf           

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ol OO 0001 00001 00001,0001 0.001

001.99gI 1 I I 1 I 999

c

y is closer y is closer

to 1 to I
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d) 
4

1lim
4 +−→ xx

 

 
x      - 4     

)(xf           
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e) 
x

x
x

33lim
0

−+
→

 

 
x      0     

)(xf           
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f) 22 )2(
1lim
−→ xx

 

 
x      2     

)(xf           
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3) Limits That Fail to Exist 
 
a) Behavior that differs from the right and left 

 
 
 
b) Unbounded behavior 
 

 
 
 

jump discontinuity

z
fk 2

Left

Lin thx 4
X 721

right

if finz fldt lying fat

infinite
bing.tk DNE

discontinuity gal
51 six as

it six A

Un
x SK DNE
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c) Oscillating behavior 

 
 
 
 
Section 2:  One-Sided Limits, Infinite Limits, and Continuity 
 
1)  One-Sided Limits 
 
 Left-hand limit: )(lim xf

ax −→
means: compute the limit of )(xf  as x approachesa from the left 

 Right-hand limit: )(lim xf
ax +→

means: compute the limit of )(xf  as x approachesa from the right 

 
 Example:  The left hand limit:     3)(lim =

−→
xf

ax
  

 
   The right hand limit:     1)(lim =

+→
xf

ax
 

 
2)  The Lxf

ax
=

→
)(lim  if and only if Lxf

ax
=

−→
)(lim   and Lxf

ax
=

+→
)(lim . 

 Explain:   
 
 
 
 
_________________________________________________________ 
 
_________________________________________________________ 
 
 

oscillating discontinuity

y
Hx

o
cost I DNE

table doesn't converge

t o cosCtx DNE

table doesn't converge

limit exists if andonly if left hand

limit andright hand limit are thesame
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3)  Infinite Limits 
 Infinite Limits:   f=

→
)(lim xf

ax
    

 
 

Infinite Limits:   −f=
→

)(lim xf
ax

 

  
 
 
 
 

7 fCx as

5 It f Cx es

ooosince i f G as If HAD

fCx as

7 fCx as

If It f Cx D

ooosince fat as 3 G

f G as
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7)  Draw a sketch of each of the following infinite limits. 
 
 f=

−→
)(lim xf

ax
     f=

+→
)(lim xf

ax
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 −f=

−→
)(lim xf

ax
    −f=

+→
)(lim xf

ax
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

It

I I
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8)  Find the limits and values. 
 

�B�:�t�;  
 
�Ž�‹�•

�ë�\ �6�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �6�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �6����
�B�:�T�;                   

 
�B�:
F�s�; 
 
�Ž�‹�•

�ë�\ �?�5�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�5�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�5����
�B�:�T�; 

 
�B�:
F�u�; 
 
�Ž�‹�•

�ë�\ �?�7�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�7�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�7����
�B�:�T�; 

 
�B�:�s�; 
 
�Ž�‹�•

�ë�\ �5�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �5�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �5����
�B�:�T�; 

 
 
 
 
 
 
 
 
 
 
 

4
4

37

4
4

2 f fk
I
2 t s

f

DNE
3

2
2

2
undefined

I

I
I
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9)  Find the limits and values. 
 

�B�:�t�;  
 
�Ž�‹�•

�ë�\ �6�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �6�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �6����
�B�:�T�; 

 
�B�:
F�s�; 
 
�Ž�‹�•

�ë�\ �?�5�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�5�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�5����
�B�:�T�; 

 
�B�:
F�u�; 
 
�Ž�‹�•

�ë�\ �?�7�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�7�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�7����
�B�:�T�; 

 
�B�:�s�; 
 
�Ž�‹�•

�ë�\ �5�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �5�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �5����
�B�:�T�; 

 
 
 
 
 
 
 
 
 
 

1

2
2 RA

DN E A 0
1 OI

3

DNE
undefined

I
I
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10) Find the limits and values. 
 
�B�:�y�; 
 
�Ž�‹�•

�ë�\ �;�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �;�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �;����
�B�:�T�; 

 
�B�:�w�; 
�� 
�Ž�‹�•

�ë�\ �9�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �9�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �9����
�B�:�T�; 

 
�B�:�s�; 
 
�Ž�‹�•

�ë�\ �5�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �5�7
�B�:�T�; 

 
�Ž�‹�•
�ë�\ �5��

�B�:�T�; 
 
�B�:
F�v�; 
 
�Ž�‹�•

�ë�\ �?�8�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�8�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�8��
�B�:�T�; 
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11) Find the limits and values. 
 

�B�:
F�y�;  
 
�Ž�‹�•

�ë�\ �?�;�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�;�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�;����
�B�:�T�; 

 
�B�:
F�x�; 
 
�Ž�‹�•

�ë�\ �?�:�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�:�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�:����
�B�:�T�; 

 
�B�:
F�u�; 
 
�Ž�‹�•

�ë�\ �?�7�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�7�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �?�7����
�B�:�T�; 

 
�B�:�u�; 
 
�Ž�‹�•

�ë�\ �7�6
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �7�7
�B�:�T�; 

 
�Ž�‹�•

�ë�\ �7����
�B�:�T�; 
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12)  Sketch the graph of a function )(xf  that  

at 3−=a  shows that )3(−f is not defined, 
at 2=a  shows that )(lim

2
xf

x→
 does not exist,  

 at 7=a  shows that )7()(lim
7

fxf
x

z
→

, but is continuous elsewhere 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
13)  Sketch the graph of a function )(xf  that  

at 6−=a  shows that )(lim
6
xf

x −→
 does not exist, 

at 0=a  shows that  )0(f is not defined,  
at 5=a  shows that )5()(lim

5
fxf

x
z

→
, but is continuous elsewhere 

 
 
 
 

 
 
 
 
 
 
 
 
 
 

hole
1 Your answers

I may vary1 00

no limit x 6

asymptote or hole x O
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14)  Continuity at a Point 
 
 A function f is continuous at c if the following three conditions are met.  
  1. )(cf is defined. 
  2. )(lim xf

cx→
 exists.  

  3. )()(lim cfxf
cx

=
→

 

 
 
15)  Discontinuity  
 

 
 

 
 

I Tifa
Ic f G t

c
fix of fcc
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Section 3:  Evaluating Limits Analytically 
 
 
1)  Properties of Limits 
 
 Suppose !  is a constant and the limits )(lim xf

ax→
and )(lim xg

ax→
exists. 

 
Limit Properties Example: 

              Let 22)( xxf =  and xxg =)(  

1. Sum  )(lim)(lim)]()([lim xgxfxgxf
axaxax →→→

+=+  

 

 

2. Difference  )(lim)(lim)]()([lim xgxfxgxf
axaxax →→→

−=−  

 

 

3. Scalar 
multiple 

)(lim)]([lim xfcxcf
axax →→

=   

4. Product  )(lim)(lim)]()([lim xgxfxgxf
axaxax →→→

•=  

 

 

5. Quotient  

)(lim

)(lim

)(
)(lim

xg

xf

xg
xf

ax

ax

ax
→

→

→
=    if 0)(lim z

→
xg

ax
 

 

6. Power  n

ax

n

ax
xfxf )](lim[)]([lim

→→
=                 

 where "  is a positive integer 

 

7.  cc
ax

=
→

lim  

 

 

8.  ax
ax

=
→

lim  

 

 

9.  nn

ax
ax =

→
lim     where "  is a positive integer 

 

 

10.  nn

ax
ax =

→
lim    where "  is a positive integer 

If "  is even, we assume that a > 0 

 

11. Root  n
ax

n
ax

xfxf )(lim)(lim
→→

=   

where "  is a positive integer 
If "#is even, we assume that 0)(lim !

→
xf

ax
 

 

 
 
 
 
 

a 2 4 7 a 2 4 fax
t a 2x x aw IIax

a3.2127 3.2 a 2x

a 24.31 24,31

ax 12

21 7 23 8
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2) Strategies for Finding Limits 
 
Method 1: The Direct Substitution Property is valid for all polynomial and rational functions with 
 nonzero denominators. 
 
 Example: Find the limit. 

 a) 22

3
)54(lim +

→
x

x
    b) 

2
76lim

2

1 +
−+

−→ x
xx

x
  

 
 
 
 
 
 
 
 
 
 
 
 
 Method 2: Dividing Out Technique – Factor and divide out any common factors 
 
 Example: Find the limit. 
 

 a) 
5

103lim
2

5 +
−+

−→ x
xx

x
    b) 

x
xx

x

7lim
2

0

+
→

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4 3 5
2

36 55
1521

E
if we substitute 5

tins
w

56 D
txt

Ii x 2
x 7 5

C 5 2 7
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Method 3: Rationalizing Technique – Rationalizing the numerator of a fractional expression 
 
Example: Find the limit. 
 

a) 
x

x
x

11lim
0

−+
→

    b) 
x
x

x

33lim
0

−+
→

 

 
 
 
 
 
 
 
 
 
 
 
 
3) Find the limit. 
  
  a)  )5(lim 23

4
xx

x
+−

−→
 

 
 
 
 
 
 
 b)  42lim

6
+

→
x

x
 

 
 
 
 
 
 

 c) 
xx

x
x 3

5lim 21 −
−

−→
 

 
 
 
 
 
 
 
 

l
o I frtxIEtr

h Ttx B 2Et o xtrsb Cab d b

oI
ox x

Lin I

Izr
zog Is
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d) 
49
7lim 27 −

−
−→ x
x

x
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 e) 
158
103lim 2

2

5 +−
−−

→ xx
xx

x
 

 
 
 
 
 
 
 
 
 
 
 
 

 f)  
2
8lim

3

2 −
−

→ x
x

x
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g)  
x

x
x

5
1

5
1

lim
0

+
+

→
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 h) 
x

x
x

66lim
0

−+
→

 

 
 
 
 
 
 
 
 
 
 
 
 

 i) 
4

35lim
4 −

−+
→ x

x
x

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

LCDof X15 5 I
is 51 5

t.fisD

iii
o

o E too u defined

Mini

its

x o sit
Is as as

x'Iot sT

x'Iot
g ti txt

Zs as as
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Section 4:  The Derivative of a Function 
Calculus is primarily the study of change. The basic focus on calculus is divided in to two 
categories, Differential Calculus and Integral Calculus. In this section we will introduce differential 
calculus, the study of rate at which something changes. 
Consider the example at which �T is to be the independent variable and �U the dependent variable. 
If there is any change �¿�T in the value of �T, this will result in a change �¿�U in the value of �U. The 
resulting change in �U for each unit of change in �T remains constant and is called the slope of the 
line. 
 
The slope of a straight line is represented as: 

�¿�U
�¿�T


L��
�U�6�?�U�5
�T�6�?�T�5


L
���Š�ƒ�•�‰�‡���‹�•���–�Š�‡���U���…�‘�‘�”�†�‹�•�ƒ�–�‡
���Š�ƒ�•�‰�‡���‹�•���–�Š�‡���T���…�‘�‘�”�†�‹�•�ƒ�–�‡

 

 

 
TANGENT LINES 

 
Calculus is concerned with the rate of change that is not constant. Therefore, it is not possible to 
determine a slope that satisfies every point of the curve. The question that calculus presents is: 
�´�:�K�D�W���L�V���W�K�H���U�D�W�H���R�I���F�K�D�Q�J�H���D�W���W�K�H���S�R�L�Q�W���3�"�µ���$�Q�G���Z�H���F�D�Q��find the slope of the tangent line to the 
curve at point P by the method of differentiation. A tangent line at a given point to a plane curve is 
a straight line that touches the curve at that point. 
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SECANT LINES 
 

Like a tangent line, a secant line is also a straight line; however a secant line passes through two 
points of a given curve. 

 
 

 

 
 

Therefore we must consider an infinite sequence of shorter intervals of �¿�T, resulting in an infinite 
sequence of slopes. We define the tangent to be the limit of the infinite sequence of slopes. The 
value of this limit is called the derivative of the given function. 
 

���Š�‡���•�Ž�‘�’�‡���‘� �̂��–�Š�‡���–�ƒ�•�‰�‡�•�–���ƒ�–���� 
L�� �Ž�‹�•
�¿�ë�\ �4

�¿�U
�¿�T

�� 
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THE DEFINITION OF THE DERIVATIVE  
THE DIFFERENCE QUOTIENT 

To find the slope of the tangent line to the function �U
L �B�:�T�; at, we must choose a point of 
tangency, �:�T�á�B�:�T�;�; and a second point �:�T
E�D�á�B�:�T
E�D�;�;, where �D
L �¿�T. 
 
The derivative of a function f  at x  is defined as: 

�B�ñ�:�T�; 
L�� �Ž�‹�•
�¿�ë�\ �4

�¿�ì

�¿�ë

L�� �Ž�‹�•

�¿�ë�\ �4

�Ù�:�ë�>�¿�ë�;�?�Ù�:�ë�;

�¿�ë
 = ���Ž�‹�•

�D�\ �4

�Ù�:�ë
E�D�;�?�Ù�:�ë�;

�D
 

 

Consider the example where the function �B�:�T�; 
L �y�T
E�s�s. Find �B�ñ�:�T�; by using the definition of 
the derivative. 

�B�:�T�; 
L �y�T
E�s�s 
 

�B�:�T
E�D�; 
L �y�:�T
E�D�; 
E�s�s 
 
Now by the definition of the derivative: 
 

�B�"�:�T�; 
L���Ž�‹�•
�Û�\ �4

�y�:�T
E�D�; 
E�s�s
F�:�y�T
E�s�s�;

�D
 

 

�B�"�:�T�; 
L �Ž�‹�•
�Û�\ �4

�y�T
E�y�D
E�s�s
F�y�T
F�s�s
�D

 

 

�B�"�:�T�; 
L �Ž�‹�•
�Û�\ �4

�y�D
�D

 

 
�B�"�:�T�; 
L �Ž�‹�•

�Û�\ �4
�:�y�; 

 
�B�"�:�T�; 
L �y 

 
Therefore the derivative of �B�:�T�; is 7. 
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Consider the example where the function �C�:�T�; 
L �u�T�6 
E�x�T
F�{. Find �C�ñ�:�T�; by using the 
definition of the derivative. 

�C�:�T�; 
L �u�T�6 
E�x�T
F �{ 
 

�C�:�T
E�D�; 
L �u�:�T
E�D�;�6 
E�x�:�T
E�D�; 
F �{ 
 
Now by the definition of the derivative: 
 

�C�"�:�T�; 
L �Ž�‹�•
�D�\ �r

�u�:�T
E�D�;�t 
E�x�:�T
E�D�; 
F�{ 
F
k�u�T�t 
E�x�T
F�{
o
�D

 

 

�C�"�:�T�; 
L �Ž�‹�•
�D�\ �r

�u�:�T�t 
E�t�T�D
E�D�t�;
E�x�T
E�x�D
F�{ 
F�u�T�t 
F�x�T
E�{
�D

 

 

�C�"�:�T�; 
L �Ž�‹�•
�D�\ �r

�u�T�t 
E�x�T�D
E�u�D�t 
E�x�T
E�x�D
F�{ 
F�u�T�t 
F�x�T
E�{
�D

 

 

�C�"�:�T�; 
L �Ž�‹�•
�D�\ �r

�x�T�D
E�u�D�t 
E�x�D
�D

 

 
�C�"�:�T�; 
L �Ž�‹�•

�D�\ �r
�:�x�T
E�u�D
E�x�; 

 
�C�"�:�T�; 
L�x�T
E�u�:�r�;
E�x 

 
�C�"�:�T�; 
L �x�T
E�x 

 
Therefore the derivative of �C�:�T�; is �x�T
E�x . 
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3)         Find the derivative of the following functions using the definition of derivative.  
 
 a)  xxxf 43)( 2 −=  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 b)  xxg 51)( −=  
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 c)  
1

6)(
+

=
y
yyh  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d)  xxxp +=)(  
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e)  2

1)(
t

tk =  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4)  What does derivative of )(xf  mean graphically? 

Answer: It is the slope (m ) of the tangent line of the graph )(xfy =  at the point ),( yx  

########$%"&'"(#)*"'##########

#

# + = ,-./  

           

   ),( yx  

 

 

The slope of the tangent line is given by  

tan 0 0

( ) ( ) ( ) ( )lim lim
( )gent h h

f x h f x f x h f xm
x h x h→ →

+ − + −
= =

+ −
  = )(' xf  if this limit exists.  

This is actually the derivative of )(xf .  
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5) Find the slope of the tangent line to the curve 2)( 2 += xxf  at the point )3,1(−  using the definition 

of the derivative, and find the equation of the tangent line.  

 

By definition, the slope of the tangent line at any point is given by )(' xf .  

Therefore )(' xf equals to the following: 

0

2 2

0

2 2 2

0

2

0

0

0

( ) ( )lim

(( ) 2) ( 2)lim

( 2 2) 2lim

2lim

(2 )lim

lim( 2 )

2 0
2

h

h

h

h

h

h

f x h f xm
h

x h xm
h

x xh h xm
h

xh hm
h

h x hm
h

m x h

m x
m x

→

→

→

→

→

→

+ −
=

+ + − +
=

+ + + − −
=

+
=

+
=

= +

= +
=

 

Now this is the slope of the tangent at a point ))(,( xfx  of the graph. Since the line is tangent at )3,1(− , 

we have to evaluate m at )3,1(− . Therefore, 2)1(2 −=−=m .  

The slope of the tangent at )3,1(− is 2− . 

To find the equation of the tangent line to the curve 2)( 2 += xxf use the point-slope formula to find 

the equation: 

     ))1((2)3( −−−=− xy    

     223 −−=− xy  

     12 +−= xy  

 

 The equation of the tangent is 12 +−= xy . 
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6) Find the slope of the tangent line to the curve xxxf +−= 23)(  at the point )10,2( −  using the 

definition of the derivative, and find the equation of the tangent line.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

7) Find the slope of the tangent line to the curve 3)( xxf =  at the point )8,2( −−  using the definition of 

the derivative, and find the equation of the tangent line.  
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8) Find the slope of the tangent line to the curve 
6

1)(
−

=
x

xf  at the point )1,5( −  using the definition 

of the derivative, and find the equation of the tangent line.  
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Section 5:  Differentiation Rules 
 
 
1)  The Differentiation Formulas 
 

 
1. 

 
Derivative of a Constant Function 0)( =c

dx
d

 

 
2. 

 
The Power Rule 

1)( −= nn nxx
dx
d

  

 where "  is any real number 
 

3. 
 
The Constant Multiple Rule )()]([ xf

dx
dcxcf

dx
d

=  

 
4. 

 
The Sum Rule )()()]()([ xg

dx
dxf

dx
dxgxf

dx
d

+=+  

 
5. 

 
The Difference Rule )()()]()([ xg

dx
dxf

dx
dxgxf

dx
d

−=−  

 
6. 

 
The Product Rule )]([)()]([)()]()([ xf

dx
dxgxg

dx
dxfxgxf

dx
d

+=  

 
or in prime notation 
 

fggffg c+c=c)(  

 
7. 

 
The Quotient Rule 

2)]([

)]([)()]([)(

)(
)(

xg

xg
dx
dxfxf

dx
dxg

xg
xf

dx
d −

=»
¼

º
«
¬

ª
 

 
or in prime notation 
 

2g
gffg

g
f c−c

=
c

¸̧
¹

·
¨̈
©

§
 

 
8. 

 
The Chain Rule )())](([))](([ xg

dx
dxgf

dx
dxgf

dx
d

=  

 
 
 
 
 
 
 
 
 
 
2)  Examples:  
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1. Derivative of a Constant Function 0)( =c
dx
d

 

 

 a) 60)( =xf      b) �U
L �<�<�4�4�3�-�4

�7�:�=

E�8�4�è

�8�;

F �x�t�y�x�z�ä�u�t 

 
 
 
 
 
 
 
 

2. The Power Rule 1)( −= nn nxx
dx
d

    where "  is any real number 

 
 c) 5xy =      d) 63)( −= xxg  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

3. The Constant Multiple Rule )()]([ xf
dx
dcxcf

dx
d

=  

 
 e) xy 4−=      f) 73)( xxp =  
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4. 

 
The Sum Rule )()()]()([ xg

dx
dxf

dx
dxgxf

dx
d

+=+  

 

 g) 3
2

2
1

42 xxy +=     h) 142)( 5 ++= − xxxt  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5. The Difference Rule )()()]()([ xg
dx
dxf

dx
dxgxf

dx
d

+=+  

 
 i) xxxy 752 24 −−−= −     j) 17 34)( −− −= xxxh  
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6. The Product Rule 
)]([)()]([)()]()([ xf

dx
dxgxg

dx
dxfxgxf

dx
d

+=  

 
or in prime notation   fggffg c+c=c)(  

 
 
 k) )32(4 += xxy     l) )6)(73()( 2 xxxxa +−=  
 
 
 
 
 
 
 
 
 
 
 
 
 

7. The Quotient Rule 

2)]([

)]([)()]([)(

)(
)(

xg

xg
dx
dxfxf

dx
dxg

xg
xf

dx
d −

=»
¼

º
«
¬

ª
 

 

or in prime notation  2g
gffg

g
f c−c

=
c

¸̧
¹

·
¨̈
©

§
 

 

 m) 
13 +

=
x
xy     n) 

xx
xxq

23
9)( 2

2

−
=  
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8. The Chain Rule )())](([))](([ xg
dx
dxgf

dx
dxgf

dx
d

=  

 
 o) 82 )3( += xy     p) 1000)5005(2)( −= xxs  
 
 
 
 
 
 
 
 
 
 
 
 
 
3)  Find the derivative of the following functions: 
 
 a)  235)( 63 −+= −− xxxf  
 
 
 
 
 
 
 
 
 
 
 
 
 

 b)  36 xxy −=  
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 c)  )7)(34()( −+= ttth  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

d)  
9
5)( 2 −

+
=
x
xxp  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 e)  2
2 5)(
t

tts +=  
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 f)  2

23 84
x
xxy +−

=  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

g)  6
1

2
3

3)( xxxm +=
−

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 h)  432 )142(4 −−= xxy  
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 i)  
x
xxxf 125)(

2 +−
=  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 j)  x
x

y 92
3

+=  

 

 

 

 

 

 

 

 

 

k) 1003 )42()( xxxv −−=  
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4)   

a) Find the slope of the tangent line to the curve xxxf +−= 23)(  at the point )10,2( −  using the 

differentiation formulas, and find the equation of the tangent line.  

 
 
 
 
 
 
 
 
 
 
 

 

 

 

b) Find the slope of the tangent line to the curve 3)( xxf =  at the point )8,2( −−  using the 

differentiation formulas, and find the equation of the tangent line.  
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c) Find the slope of the tangent line to the curve 
6

1)(
−

=
x

xf  at the point )1,5( −  using the 

differentiation formulas, and find the equation of the tangent line.  
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Section 6:  The Derivative of Trigonometric Functions 
 
 
Derivative of all six Trigonometric Functions 

1. Sine �@
�@�T

�•�‹�•�:�T�; 
L �…�‘�•���:�T�; 
 

2. Cosine  �@
�@�T

�…�‘�•�:�T�; 
L 
F�•�‹�•���:�T�; 
 

3. Tangent �@
�@�T

�–�ƒ�•�:�T�; 
L �•�‡�…�6�:�T�; 
 

4. Cosecant �@
�@�T

�…�‘�–�:�T�; 
L 
F�…�•�…�6�:�T�; 
 

5. Secant  �@
�@�T

�•�‡�…�:�T�; 
L �•�‡�…�:�š�;�–�ƒ�•���:�T�; 
 

6. Cotangent �@
�@�T

�…�•�…�:�T�; 
L 
F�…�•�…�:�š�;�…�‘�–���:�T�; 
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Example: Find the derivative of the trigonometric function �B�:�T�; 
L �t�T�7�…�‘�•���:�T�; using the rules of 
differentiation.  
 

A derivative that requires the Product Rule 
 

 
�@
�@�T

�:�t�T�7�…�‘�•�:�T�;�; 
L 
d
�@
�@�T

�:�t�T�7�;
h�…�‘�•�:�T�; 
E�t�T�7
d
�@
�@�T

�…�‘�•�:�T�;
h 

 
 

Therefore, the derivative of the function �B�:�T�; is �x�T�6�…�‘�•�:�T�; 
F�t�T�7�•�‹�•���:�T�;. 
 
 
 
 
2) Find the derivative of the following trigonometric functions using the rules of differentiation. 
 
 
 

a) �U
L �y�•�‹�•�:�T�; 
F �T 
 
 
 
 
 
 
 
 
 
 
 
 
 

b) �N�:�T�; 
L �T�…�‘�•�:�t�T�6�; 
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c) �C�:�T�; 
L �–�ƒ�•�����:��
�7�v

�8
���; 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

d) �U
L
�a�m�q�:�v�;

�6�q�g�l���:�?�7�ë�;
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e) �J�:�T�; 
L �w�…�‘�•�7�:�T�; 
F �•�‹�•�:�t�T�;  
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f) �U
L��
¥�•�‹�•�6�:�T�; 
E�w 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

g) �R�:�T�; 
L �–�ƒ�•
k�¾�T�7 
E�t
o 
 
 
 
 
 
 
 
 
 
 
 
 
 

h) �C�:�T�; 
L �t�T�6�•�‡�…�6�:�z�T�; 
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i) �B�:�T�; 
L �u�T�6�•�‹�•�:�T�;�•�‡�…�:�w�T�; 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

j) Given �B�:�T�; 
L �–�ƒ�•�:�T�; and �C�:�T�; 
L �•�‡�…�6�:�T�;. Show  �×

�×�ë
�B�:�T�; 
L �C�:�T�;.  
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Section 7:  Implicit Differentiation 
 

IMPLICIT DIFFERENTIATON 
Consider the two equations: 
 

�U
L �T�6 
F�w   and   �T�6 
E�U�6 
L �v 
 
The first equation defines �U as a function of �T explicitly. For each value of �T, the equation returns 
an explicit formula �U
L �B�:�T�; for finding the corresponding value of �U. However, the second 
equation does not define a function, as it fails the vertical line test.  
If we look at a general case, consider the example: 
 

�T�6 
E�U�6 
L �N�6 
 

This is an equation of a circle with the radius �N. In order for us to solve for the derivative �@�U
�@�T

, we 

may treat �U as a function of �T and apply the chain rule. This process is called implicit 
differentiation. 

�T�6 
E�U�6 
L �N�6 
 

�@�U
�@�T

�T�6 
E
�@�U
�@�T

�U�6 
L
�@�U
�@�T

�N�6 

 

�t�T
E�t�U
�@�U
�@�T


L �r 

 
�@�U
�@�T


L 
F
�T
�U

 

 
The derivative of an implicit function �C�:�U�;��is defined as 
 

�@
�@�T

�C�:�U�; 
L �C�ñ�:�U�;�U�"�:�T�; 

 
Example:  Find �U�ñ�:�T�; for �T�6�U�6 
F �t�T
L �v
F �v�U��using the method of implicit differentiation.  

 

�@
�@�T

�:�T�6�U�6
F �t�T�; 
L
�@
�@�T

�:�v
F�v�U�; 

 
�t�T�U�6 
E�T�6�:�t�U�;�U�ñ�:�T�; 
F�t 
L 
F�v�U�"�:�T�; 

 
�:�t�T�U�6 
E�v�;�U�ñ�:�T�; 
L �t 
F�t�T�U�6 

 

�U�ñ�:�T�; 
L
�:�t 
F �t�T�U�6�;

�t�T�6�U
E�v
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1) Find the derivative �U�ñ�:�T�; using the method of implicit differentiation for the following. 
 

a) �T�9 
E�U�8 
L �{ 
 
 
 
 
 
 
 
 
 
 
 
 
      

b) �w
¥�U
E�¾�t�T
L �v 
 
 
 
 
 
 
 
 
 
 
 
 
 

c) �T�U
F�u�U
L �T 
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d) �t�T�7�U
E�x�U
L �s
F�t�T 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e) 
¥�U�T
F�u�U�7 
L �t�r  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

f) �•�‹�•�:�U�; 
F �U�6 
L �s�w 
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g) 
¥�t�T
E�U
F �w�T�6 
L �U 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

h) �–�ƒ�•�:�w�U�; 
F �T�U�6 
L �u�T 
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Section 8:  Solutions 
!"#$%&'()(

*+,+( -+./ ( 0+)*102* (

(

*+3+( 40+)( 0+11522-(

(

( -+1( 0+)*6/5* ( ( 40+0)( 0+111152(
( -+11( 0+)*/)/6 ( ( 40+00)( ) (
( -+111( 0+)*/0)6 ( ( 40+000)( ) (
( / ( 7'8"9%'"8 ( ( 0( 7'8"9%'"8 (
( /+00) ( 0+)*-15- ( ( 0+000)( ) (
( /+0) ( 0+)*-5-- ( ( 0+00)( ) (
( /+) ( 0+)*2-/. ( ( 0+0)( 0+111152(
( /+*/ ( 0+)*)*)* ( ( 0+)( 0+11522-(
( :&;"(<( �@�w�á

�5

�<
�A=(>?<(�T
L 
F�u�á(:?(<( �U
L �r( (

( ( :&;"(<( �:�r�á�s�;(

( ( ( ( ( ( ( ( ( (
*+#+( 4-+)( 4)0 (

(

*+8+( 40+)( 0+*1))** (

(

( 4-+0)( 4)00 ( ( 40+0)( 0+*551)6(
( 4-+00)( 4)000 ( ( 40+00)( 0+*55611(
( 4-+000)( 4)0000 ( ( 40+000)( 0+*556.5(
( 4- ( 7'8"9%'"8 ( ( 0( 7'8"9%'"8 (
( 42+1111( )0000 ( ( 0+000)( 0+*556.2(
( 42+111( )000 ( ( 0+00)( 0+*556/) (
( 42+11( )00 ( ( 0+0)( 0+*55-2/ (
( 42+1( )0 ( ( 0+)( 0+*56201(
(

>?(<( �T
L 
F�v=(:?(<(�U
L �r(
( (

:&;"(< ���@�r�á�¾
�7

�:
�A=(:?(<(�U
L �r=(@'8A&%'$(<(�@
F�u�á�¾

�7

�7
�A(

( ( ( ( ( ( ( ( ( (
*+"+( )+1( )00 (

(

( ( ( ( (
( )+11( )0000 ( ( ( ( ( (
( )+111( )000000 ( ( ( ( ( (
( )+1111( )@B05( ( ( ( ( (
( * ( 7'8"9%'"8 ( ( ( ( ( (
( *+000)( )@B05( ( ( ( ( (
( *+00)( )000000 ( ( ( ( ( (
( *+0)( )0000 ( ( ( ( ( (
( *+)( )00 ( ( ( ( ( (
( >?(<( �T
L �t=(:?(<(�U
L �r( ( ( ( ( (
( ( ( ( ( ( (

.+(( ?'CD"EC(F,G(H,EG+(
(
(
(
(
(
(
(
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(
5+( �B�:�t�; 
L �v  

 
�Ž�‹�•

�ë�\ �6�6
�B�:�T�; 
L �v 

 
�Ž�‹�•

�ë�\ �6�7
�B�:�T�; 
L �v 

 
�Ž�‹�•
�ë�\ �6����

�B�:�T�; 
L �v                   
 
�B�:
F�s�; 
L �t 
 
�Ž�‹�•

�ë�\ �?�5�6
�B�:�T�; 
L �s 

 
�Ž�‹�•

�ë�\ �?�5�7
�B�:�T�; 
L �t 

 
�Ž�‹�•

�ë�\ �?�5����
�B�:�T�; 
L �&�0�' 

 
�B�:
F�u�; 
L �u 
 
�Ž�‹�•

�ë�\ �?�7�6
�B�:�T�; 
L 
F�t 

 
�Ž�‹�•

�ë�\ �?�7�7
�B�:�T�; 
L 
F�t 

 
�Ž�‹�•

�ë�\ �?�7����
�B�:�T�; 
L 
F�t 

 
�B�:�s�; 
L 7'8"9%'"8  
 
�Ž�‹�•

�ë�\ �5�6
�B�:�T�; 
L �s 

 
�Ž�‹�•

�ë�\ �5�7
�B�:�T�; 
L �s 

 
�Ž�‹�•
�ë�\ �5����

�B�:�T�; 
L �s  
(

1+( �B�:�t�; 
L 
F�s  
 
�Ž�‹�•

�ë�\ �6�6
�B�:�T�; 
L �t 

 
�Ž�‹�•

�ë�\ �6�7
�B�:�T�; 
L 
F�t 

 
�Ž�‹�•
�ë�\ �6����

�B�:�T�; 
L �&�0�' 
 
�B�:
F�s�; 
L �s 
 
�Ž�‹�•

�ë�\ �?�5�6
�B�:�T�; 
L �s 

 
�Ž�‹�•

�ë�\ �?�5�7
�B�:�T�; 
L �s 

 
�Ž�‹�•

�ë�\ �?�5����
�B�:�T�; 
L �s 

 
�B�:
F�u�; 
L �s 
 
�Ž�‹�•

�ë�\ �?�7�6
�B�:�T�; 
L �u 

 
�Ž�‹�•

�ë�\ �?�7�7
�B�:�T�; 
L �s 

 
�Ž�‹�•

�ë�\ �?�7����
�B�:�T�; 
L �&�0�' 

 
�B�:�s�; 
L 7'8"9%'"8  
 
�Ž�‹�•

�ë�\ �5�6
�B�:�T�; 
L 
F�s 

 
�Ž�‹�•

�ë�\ �5�7
�B�:�T�; 
L 
F�s 

 
�Ž�‹�•
�ë�\ �5����

�B�:�T�; 
L 
F�s 
(

)0+( �B�:�y�; 
L �y 
 
�Ž�‹�•

�ë�\ �;�6
�B�:�T�; 
L 
F�s 

 
�Ž�‹�•

�ë�\ �;�7
�B�:�T�; 
L 
F�s 

 
�Ž�‹�•
�ë�\ �;����

�B�:�T�; 
L 
F�s 
 
�B�:�w�; 
L �u 
�� 
�Ž�‹�•

�ë�\ �9�6
�B�:�T�; 
L 
F�w 

 
�Ž�‹�•

�ë�\ �9�7
�B�:�T�; 
L �u 

 
�Ž�‹�•
�ë�\ �9����

�B�:�T�; 
L �&�0�' 
 
�B�:�s�; 
L �u 
 
�Ž�‹�•

�ë�\ �5�6
�B�:�T�; 
L �u 

 
�Ž�‹�•

�ë�\ �5�7
�B�:�T�; 
L �x 

 
�Ž�‹�•
�ë�\ �5��

�B�:�T�; 
L �&�0�' 
 
�B�:
F�v�; 
L �u 
 
�Ž�‹�•

�ë�\ �?�8�6
�B�:�T�; 
L �x 

 
�Ž�‹�•

�ë�\ �?�8�7
�B�:�T�; 
L �u 

 
�Ž�‹�•

�ë�\ �?�8��
�B�:�T�; 
L �&�0�' 

(

))+(( �B�:
F�y�; 
L 
F�s  
 
�Ž�‹�•

�ë�\ �?�;�6
�B�:�T�; 
L 
F�s 

 
�Ž�‹�•

�ë�\ �?�;�7
�B�:�T�; 
L 
F�s 

 
�Ž�‹�•

�ë�\ �?�;����
�B�:�T�; 
L 
F�s 

 
�B�:
F�x�; 
L 7'8"9%'"8 (

 
�Ž�‹�•

�ë�\ �?�:�6
�B�:�T�; 
L �u 

 
�Ž�‹�•

�ë�\ �?�:�7
�B�:�T�; 
L 
F�» 

 
�Ž�‹�•

�ë�\ �?�:����
�B�:�T�; 
L �&�0�' 

 
�B�:
F�u�; 
L �u 
 
�Ž�‹�•

�ë�\ �?�7�6
�B�:�T�; 
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