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the subtraction algorithm for whole numbers, we can get around this difficulty by
computing as follows:
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Again, the second line makes use of (2.14) on page 97.
The whole computation looks longer than it actually is because we interrupted

it with explanations. Normally, we would have done it the following way:
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which is exactly the same as before.

Finally, there is a similar subtraction algorithm for finite decimals that
allows finite decimals to be subtracted as if they were whole numbers provided
they are aligned by their decimal points, and then the decimal point is restored in
the final result at the end. The reasoning is exactly the same as the case of ad-
dition (of decimals) and will therefore be left as an exercise (Exercise 10 on page 42).

Pedagogical Comments. We wish to address the issue of why TSM’s stan-
dard formula for the addition of fractions in terms of their least common denomi-
nator is pedagogically unsound. Given k

! and m
n , students are told to add k

! + m
n by

first finding the least common denominator of the fractions, which is by definition
the LCM32 of the denominators ! and n, say B. Then if B = !n′ = !′n for some
whole numbers !′ and n′, the sum of these two fractions—according to TSM—is
given by
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First of all, TSM usually offers this formula as a definition of the sum of fractions,
and this is certainly unacceptable because it bears no resemblance to the intuitive
notion of addition as "combining things". But even as a formula for addition, it
is no less objectionable because, as we have seen in (1.12) on page 33, it is not
necessary to use the LCM of ! and n when the product of the denominators, !n, is
both adequate and more natural as a common denominator. Finally, this formula
is destructive in terms of mathematics learning because many students confuse the
LCM of two whole numbers with their greatest common divisor (see page 138 for
this concept) and there is no reason to complicate the learning of a simple skill by
artificially inflating its complexity.

The same comment applies to the use of least common denominator for the
subtraction of fractions.

32Least common multiple. For a precise definition, see Exercise 4 on page 156.
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Be sure to take every opportunity to eradicate this approach to the addition
and subtraction of fractions from your teaching, because it has caused great harm
to mathematics learning. End of Pedagogical Comments.

Mathematical Aside: The use of the least common denominator for the defini-
tion of the addition of fractions is more than just a pedagogical disaster. From a
mathematical perspective, it is conceptually incorrect. If it were necessary to find
the LCM of the two denominators before the addition of two fractions could be de-
fined, it would imply that addition cannot be performed in the field of quotients of
an integral domain unless the latter has the special property that any two elements
in it have an LCM. This is almost the statement that addition cannot be defined
in the field of quotients of an integral domain unless the domain has the unique
factorization property. However, we know that this is false because addition can be
defined in the field of quotients of any domain.

Exercises 1.3.
(1) Use the definition of the sum of two fractions on page 33 to show that the

addition of fractions satisfies the associative and commutative laws. (See
(1.56) and (1.57) on page 87 for the precise statement of these two laws
and the subsequent discussion for their significance.)

(2) Compute (you may use a four-function calculator for the arithmetic com-
putations; no need to simplify your answers but you have to show all your
steps):
(i) 5

18 + 8
27 , (ii) 5

34 − 7
51 , (iii) 24 5

12 + 3211
15 , (iv) 3153

8 − 31213
20 .

(3) Compute (for the addition of three numbers, see Section 1.8 on page 86):
(i) 5

6 + 1
4 + 7

8 , (ii) 5
8 + 4

15 + 7
16 , (iii)

(
2
3 + 3

4

)
− 13

16 .

(4) Compute 118 3
52 − 267

13 in two different ways, and check that both give
the same result. (Large numbers are used on purpose. You may use a
four-function calculator to do the calculations with whole numbers, but
only for that purpose.)

(5) (a) We have an algorithm for adding two fractions: k
! + m

n = kn+!m
!n . Now

explain as if to an eighth grader how to obtain an algorithm for adding
three fractions k

! + m
n + p

q . Make sure you can justify the algorithm.
(b) If a, b, c are nonzero whole numbers, what is 1

ab + 1
bc + 1

ac ? Simplify
your answer as much as possible.

(6) Show a sixth grader how to do the following problem by using the number
line: I have two fractions whose sum is 18

11 and whose difference (i.e., the
larger one minus the smaller one) is 1

2 . What are the fractions? (Caution:
No need to consider simultaneous linear equations.)

(7) Explain as if to a fifth grader why 1.2 is bigger than 1.1987.
(8) Explain as if to a sixth grader how to get 5.09 + 7.9287 = 13.0187.
(9) (a) Which is closer to 3

7 , 4
9 or 11

21? (b) Which whole number is closest to
the sum

1300

1305
+

312

51
?

(Don’t forget to prove it!)


