Day 15 - Topics in Number Theory #2:
GCD, Euclid’s Lemma

Vocabulary
- linear combination - Euclid’s Lemma
- ged
- prime

Definitions

e Definition. Given two integers a,b, a linear combination of a and b is an expression of the
form ax+by, for some integers X,y.

e Proposition NT1.2: Suppose a,b,c are integers. If cla and c|b and ax + by is a linear
combination of a and b, then c divides ax + by.

e Definition. A natural number n is prime if it has exactly two distinct positive divisors, 1 and n.
Definition. If ¢ and b are integers and are not both zero, then the greatest common divisor or
gcd of @ and b is the largest integer d such that d|a and d|b. It is written d = gcd(a, b).

e HINT: To prove that a number x is the gcd of @ and b, show two things:

1. xis acommon divisor of « and b (that is, x|a and x|b)
2. x s the greatest common divisor (if y|a and y|b, then x = y)

Example 1. a) gcd(15,20) b) ged(9,27) c¢) ged(15,28) d) ged(-6,21)

“The gcd of two numbers can be written as a linear combination.”

Proposition NT 2.1: Suppose a, b € Z are not both zero. Then there exist x, y € Z such that
gcd(a, b) = ax + by.

Proposition NT 2.2: (Euclid’s Lemma) Let p be prime and a,b integers with p|ab. Then p|a or p|b.
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